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One dimensional formal group laws

a one-dimensional formal group law over a comm. ring R

= a one-dimensional comm. smooth formal group G over R
+ arigidification Spf(R[[x]]) — G
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a one-dimensional formal group law over a comm. ring R

One dimensional
formal group laws

= a one-dimensional comm. smooth formal group G over R
+ arigidification Spf(R[[x]]) — G
= a formal power series G(x,y) € R][[x,y]] such that
= Gx,y) = G(y,x)
m G(x,y) =x+y (mod degree > 2)
= G(x,G(y,2)) = G(G(x,y),2)



One dimensional formal group laws

a one-dimensional formal group law over a comm. ring R
= a one-dimensional comm. smooth formal group G over R
+ arigidification Spf(R[[x]]) — G
= a formal power series G(x,y) € R|[x,y]] such that
= G(x,y) = G(y,x)
m G(x,y) =x+y (mod degree >?2)
m G(x,G(y,2)) = G(G(x,y),2)

A homomorphism from G(x,y) to F(x,y) over R is (represented
by) a formal power series ¢ (x) € R[[x]] such that

F(9(x),¢(y)) = ¢(G(x,y))
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The height of a one-dimensional formal group

Let k O I, be a field of char. p > 0. Let G(x,y) be a one-dim.

formal group law over k.

lots) = {

0 height = oo
x"  (mod ¥”"+1) height = h
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The height of a one-dimensional formal group

Let k O I, be a field of char. p > 0. Let G(x,y) be a one-dim.

formal group law over k.

o) 0 height = oo
X) = h
¢ x"  (mod ¥”"+1) height = h

If k = k¥2, then G(x,y) is determined by its height up to
non-unique isomorphisms.
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The height of a one-dimensional formal group

Let k O I, be a field of char. p > 0. Let G(x,y) be a one-dim.

formal group law over k.

o) 0 height = oo
X) = h
¢ x"  (mod ¥”"+1) height = h

If k = k¥2, then G(x,y) is determined by its height up to
non-unique isomorphisms.

Examples.
m G,(x,y) = x+y, height = o in char. p >0
m Gy (x,y) =x+y+xy, height = 1 in char. p.
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Let & be a positive integer, fixed from now on. Let ks = F .
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Notation: a Lubin-Tate formal group

Let & be a positive integer, fixed from now on. Let ks =F .

p

- h 2h
= (%) ::ZjeNPﬁXp/h :X+%+xz—z+...

@ Define Gyy(x, € Zgy[lx3]]  W(K,)[[x.y]] by

Gw(x) (%) =g, ' (gn(x) + gn(y))
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Let & be a positive integer, fixed from now on. Let ks = F .

One dimensional
formal group laws

T h 2h
m gn(x) = Ljen p O = x4
m Define Gy € Zg[[x,y]] € W(i;)[[x,y]] by

Gw(x) (%) =g, ' (gn(x) + gn(y))

Remark. Gyy(y) is a Lubin-Tate formal group for W(F ,):

EndW(KS) (GW(K_;) ) >~ W(th )
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Let & be a positive integer, fixed from now on. Let ks = F .

One dimensional
formal group laws

./ h 2h
= gu(x) = Ljen p 7" = x
m Define Gyy(y,) € Zy)[[x,y]] C W(k;)[[x,y]] by

Gw(x) (%) =g, ' (gn(x) + gn(y))

Remark. Gyy(y) is a Lubin-Tate formal group for W(F ,):
EndW(K})(GW(K‘S)) =~ W(th)

m Let G; be the closed fiber of Gyy(y,); itis a
one-dimensional formal group (law) over I, of height .
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Let & be a positive integer, fixed from now on. Let ks = F .

One dimensional
formal group laws

./ h 2h
= gu(x) = Ljen p 7" = x
m Define Gyy(y,) € Zy)[[x,y]] C W(k;)[[x,y]] by

Gw(x) (%) =g, ' (gn(x) + gn(y))

Remark. Gyy(y) is a Lubin-Tate formal group for W(F ,):
EndW(K})(GW(K})) >~ W(th)
m Let G; be the closed fiber of Gyy(y,); itis a

one-dimensional formal group (law) over I, of height .

m It is well-known that Endy, (Gy) is the maximal order of
End(,)cx (Gs) = a central division algebra over Q, of
dimension 42. So Auty, (G,) = Endy, (Gy)* is a compact
h*-dimensional p-adic group with center Zy~.



The Lubin-Tate deformation functor

Let Art, be the category whose objects consists of pairs
(R,€: K; — K), where

B R is an Artinian commutative local ring,
B K =R/mpg,

B € is a ring homomorphism.
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How TO COMPUTE

The Lubin-Tate deformation functor THE LUBIN-TATE
ACTION
Ching-Li Chai
Let Art, be the category whose objects consists of pairs
(R, € : K; — k), where
® R is an Artinian commutative local ring, Ihe Lubin-Tate

B K =R/mpg,
B € is a ring homomorphism.

The deformation functor
Pef (Gy) : Art, — Sets

sends each object (R, € : R — k) of Art, to the set of all
isomorphism classes of pairs

(CD7 y:P ><Spec(R)SpeC(K) — D XSpec(Ks),espeC(K)> )

where @ is a one-dimensional formal group over R.



The Lubin-Tate moduli space

Equivalently, Zef (Gs)(R,€) is the set of all x-isomorphism
classes of one-dimensional formal group laws ® over R whose
closed fiber is €,G;.

Recall: An isomorphism ¢ (x) from G| to G, over R is a
s«-isomorphism if ¢ (x) =x (mod mg).
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How TO COMPUTE

The Lubin-Tate moduli space THE LUBIN-TATE

ACTION

Ching-Li Chai

Equivalently, Zef (Gs)(R,€) is the set of all x-isomorphism _
classes of one-dimensional formal group laws ® over R whose wion
closed fiber is €,G;.

Recall: An isomorphism ¢ (x) from G| to G, over R is a
s«-isomorphism if ¢ (x) =x (mod mg).

Fact. Zef (G;) is representable by a formal scheme .2, which
is formally smooth over W(k;) of relative dimension 42— 1. In
other words there is a universal one-dimensional deformation
®ypiy over .}, such that every deformation of G over (R, €) is
the pull-back of @y, via a unique morphism Spf(R) — ..



The Lubin-Tate action

The compact p-adic group Aut(Gp) = End(Gy)* operates on
M, by “change of marking”, as follows:

V(@ y)] = [(@,70y)]  V[(®@,y)] € Z(Gi)((R.€))

for any y € Aut(G;) and any object (R, €) in Art,..
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The Lubin_Tate aCtiOn THE LUBIN-TATE

ACTION
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The compact p-adic group Aut(Gp) = End(Gy)* operates on
M, by “change of marking”, as follows:

7 [(@,9)] = [(@,70w)]  V[(® W) € Z(G,)((R,g)) el
for any y € Aut(Gy) and any object (R, €) in Arty,.

Equivalently, applying the above to the universal deformation
Dyniv: VY € Aut(Gy), we have a commutative diagram

447

M) spec(W() — Ahspec(W(x,))

where & () is an automorphism of ./, and E(y) is a formal
group isomorphism with &(7)|g, = 7.



The Lubin-Tate action, continued

Remark. 1. This action ¥+ p(7) of Aut(Gy) on the
Lubin-Tate moduli space .#), was first studied by Lubin and
Tate in 1966. It is also known as (the essential part of) the
Morava stabilizer subgroup action in chromatic homotopy
theory.
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The Lubin-Tate action, continued

Remark. 1. This action ¥+ p(7) of Aut(Gy) on the
Lubin-Tate moduli space .#), was first studied by Lubin and
Tate in 1966. It is also known as (the essential part of) the
Morava stabilizer subgroup action in chromatic homotopy
theory.

2. If one passes to the divided power envelope

W) w1,y war )] W] /nllnemi<n—1

of the coordinate ring W(x;)[[wi,...,ws—1]], one can
“linearize” the action by crystalline theory.

However this is not very useful for studying the action of
Aut(Gy) on the characteristic p fiber of .#,.
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Fix a prime number p. Our base ring A is cast in a quadruple
(A,K,a,0), where
m K is a commutative ring with 1, Honda's formalicm
m A is a subring of K containing 1,
m a C Ais anideal of A, and

m 0: K — K is aring endomorphism,
such that conditions (a)—(c) below are satisfied.
(a) pea,
(b) o(A) C A,
(c) o(a)=a? (mod a) foralla € A,
(d) o((A:a)) C(A:a),where (A:a):={yeK|y-aCA}



A twisted power series ring

Let K[[d]]s be the ring of formal power series in d with
coefficients in K such that db = o (b)d forall b € K, i.e.

Define a left action of the ring K[[d]]s on power series rings
K{[t]]" by

( Y b-d) *g) =) b ( 1. 1)

JjeN JjEN
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Functional equations

m Anelement u € K[[d]]s is a special element if u has the
form _
uzl—Zsj'ﬁf, s;eK Vj>1
=

such thata-s; CAV;j > 1.
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Functional equations

m Anelement u € K[[d]]s is a special element if u has the
form _
uzl—Zsj'ﬁf, s;eK Vji>1
=
such thata-s; CAV;j > 1.
® Anelement i(x) € K[[t]] is u-integral if uxh € A[[t]].
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Functional equations

m Anelement u € K[[d]]s is a special element if u has the
form _
uzl—Zsj'ﬁf, s;eK Vji>1
=
such thata-s; CAV;j > 1.
® Anelement i(x) € K[[t]] is u-integral if uxh € A[[t]].
m Anelement f(x) € K[[x]]o (i.e. f(0) = 0) is said to be
regular u-integral if uxf € A[[x]] and f'(0) € A*. In other
words f(x) satisfies a “functional equation” of the form

fx)=g(x)+ Y5 (olf)(x?)

1

with g(x) € A[[x]], g(0) =0, and g'(0) € A*.
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Functional equation lemma

Proposition. Let u € K[[d]]s be a special element. Let f(x) be
a regular u-integral element in K[[x]]o
(1) The element F(x,y) :=f~'(f(x) +/(v)) € K[[x,y]] belongs
to A[[x,y]]. Hence F(x,y) is a formal group law over A.
(2) For any u-integral element &(z) € K|[t]]o = K[[t1, - - -, tm]]os
the element f ! (h(z)) € K[[t]]o belongs to A[[t]]o.

How TO COMPUTE
THE LUBIN-TATE
ACTION

Ching-Li Chai

Honda’s formalism



Functional equation lemma

Proposition. Let u € K[[d]]s be a special element. Let f(x) be
a regular u-integral element in K[[x]]o
(1) The element F(x,y) :=f~'(f(x) +/(v)) € K[[x,y]] belongs
to A[[x,y]]. Hence F(x,y) is a formal group law over A.
(2) For any u-integral element &(z) € K|[t]]o = K[[t1, - - -, tm]]os
the element f ! (h(z)) € K[[t]]o belongs to A[[t]]o.

(3) Suppose that a(z) € A[[z]]o = A[[z1,- - -, 2]
B(z) € K[[z]]lo = K[[z1,---,2]]o- Then for all r > 1

(z) = B(z) (mod a”) iff f(e(z)) =/(B(2)) (mod a).
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How TO COMPUTE
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Proposition. Let u € K[[d]]s be a special element. Let f(x) be
a regular u-integral element in K[[x]]o
(1) The element F(x,y) :=f~'(f(x) +/(v)) € K[[x,y]] belongs
to A[[x,y]]. Hence F(x,y) is a formal group law over A.
(2) For any u-integral element &(z) € K|[t]]o = K[[t1, - - -, tm]]os
the element f ! (h(z)) € K[[t]]o belongs to A[[t]]o.

(3) Suppose that a(z) € A[[z]]o = A[[z1,- - -, 2]
B(z) € K[[z]]lo = K[[z1,---,2]]o- Then for all r > 1

(z) = B(z) (mod a”) iff f(e(z)) =/(B(2)) (mod a).

Honda’s formalism

(4) Yy € A[[t]]o, the element f(y(z)) € K[[t]]o is u-integral.
(5) Vv e A[[d]]¢ and Vv € A[f]]o we have

ve(foy) = (vef)oy (mod a-Alli])



Essential uniqueness of functional equation

Proposition. Let u be a special element of K[[d]]s and let
f(x) € K[[x]] be regular u-integral. Suppose that

v=Y5-¢ €K[[d]o, 3 E€(A:a)Vj
jeN

and f is v-integral. Then 3!¢ € A[[d]]s such that v=c-u in
K[[d]]s- In particular if v is also a special element, then
veA[]]s - u.
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How to construct homomorhisms over A/a

Let u,v be special elements in K[[d]]s. Let f,g € K[[x]]o be
regular u-integral and v-integral respectively. Let ' and G be
the formal group laws over A with logarithms f and g.
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How to construct homomorhisms over A/a

Let u,v be special elements in K[[d]]s. Let f,g € K[[x]]o be
regular u-integral and v-integral respectively. Let ' and G be
the formal group laws over A with logarithms f and g.
Proposition. For any ¢ € A[[0]]s, let @g . £(x) := g~ (cxf).
(1) @gcr(x) € Alx]]o iff 3d € A[[d]]s such that v-c =d - u.

(2) Ifv-c=d-uandd € A[[d]]s, then the image of ¢f, . in
(A/a)][[x]] defines an (A/a)-homomorphism

[@g.cr] 1 (F moda)— (G mod a).

(3) Suppose that w-is a special element in K[[d]]s, h € K[[x]]o
is w-regular and H is the formal group law over A with
logarithm A. Suppose ¢,d € A[[d]]s and w-¢’ =d’-v. Then

[(Ph,c’,g] © [(Pg,c,f] = [(Ph,c/c,f]'
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The universal p-typical formal group law

Let R = Z,)[v] = Zy)[vi,v2,v3,...], and let & : R — R be the
ring homomorphism such that 6 (v;) = vf forallj>1
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The universal p-typical formal group law

Let R = Z,)[v] = Zy)[vi,v2,v3,...], and let & : R — R be the
ring homomorphism such that 6 (v;) = Vf forallj>1

Let G, (x) € R[[x,y]] be the one-dimensional p-typical formal
group law over R whose logarithm

g()GRl/p Zan

n>1

satisfies

How TO COMPUTE
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The universal
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Remarks on the formal group law G,

Remarks. (1) The above “functional equation” is a recursive
formula for the coefficients a, (v) € p™ - Z,)[v1,v2,. .., Va] of

gv(x).

How TO COMPUTE
THE LUBIN-TATE
ACTION

Ching-Li Chai

The universal
p-typical formal
group law



Remarks on the formal group law G,

Remarks. (1) The above “functional equation” is a recursive
formula for the coefficients a, (v) € p™ - Z,)[v1,v2,. .., Va] of

gv(x).

(2) Explicitly:
, L R
an(v) = Z p HVZ
ifsigoir>1 s=1
i1+ tir=n
B _, i i1 +in it
= Y Pl v

i] 40 seeesir >1
iy +tir=n
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Remarks on the formal group law G,

Remarks. (1) The above “functional equation” is a recursive
formula for the coefficients a, (v) € p™ - Z,)[v1,v2,. .., Va] of

gv(x).

(2) Explicitly:
Ly Y pittets
a)= 3 I
i1, 5enir>1 =1
i1+ tir=n
_ i1 i +ip i+t
- r- . . . ...
= X op v i
i 4i iy >1
iy +tir=n

Note that a,(v) is a homogeneous polynomial in vy,...,v, of
weight p" — 1 when vj is given the weight P—1VY>1.

How TO COMPUTE
THE LUBIN-TATE
ACTION

Ching-Li Chai

The universal
p-typical formal
group law



How TO COMPUTE

Remarks on the formal group law GE THE LUBIN-TATE

ACTION

" . . . . Ching-Li Chai
Remarks. (1) The above “functional equation” is a recursive e

formula for the coefficients a, (v) € p™ - Z,)[v1,v2,. .., Va] of

gv(x).

(2) Explicitly:
The universal
r inAeeeti p-typical formal
e -r, vpll Hatto group law
an(v) = p
i1, 5enir>1 =1
i1 ++ir=n
_ i i +ip i+t

pr r . L . . ...
= Y p v v, Vi

i 4i iy >1

iy +tir=n

Note that a,(v) is a homogeneous polynomial in vy,...,v, of
weight p" — 1 when vj is given the weight P—1VY>1.

(3) The formal group law G, over R is “the” universal
one-dimensional p-typical formal group law.



The universal formal group over .}, made

explicit

LetR=R, =

W(E)[[Wl,WQ, e ,Wh_l]].
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The universal formal group over .#}, made THE LUBIN-TATE
ACTION
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LetR=R; = W(E)HWDWQ, R ,Wh_l]].
Let T = 7, : R — R be the ring homomorphism such that

The u.niversal
wi if 1 S I S h—1 E;L);lﬁcii;formal
tviy=< 1 if i=h
0 if i>h+1



The universal formal group over .#}, made
explicit

LetR=R; = W(E)HWDWQ, R ,Wh_l]].
Let T = 7, : R — R be the ring homomorphism such that
wi if 1<i<h—1
71'(\1,‘> = 1 if i=h
0 if i>h+1

The classifying morphism Spf(R) — .}, for the deformation
7.G, of Gy is an isomorphism.
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The universal formal group over .#), made T LuBIN-TATE

ACTION

explicit Ching-Li Chai

LetR=R; = W(E)HWDWQ, R aWh—l]]-
Let T = 7, : R — R be the ring homomorphism such that

The universal

Wi if 1 S I S h—1 g;zi‘iii;formal
tviy=< 1 if i=h
0 if i>h+1

The classifying morphism Spf(R) — .}, for the deformation
7.G, of Gy is an isomorphism.

We will identify ., with Spf(R) and the universal deformation
Guniv of Go with the formal group underlying the formal group
law Gg := 7.G,.



The universal strict isomorphism

Let Zy [v,1] = Z
0 : Zp)[v,t] =
before, with o (v

Zip)
i) =

[V],VQ,V:;,

S, 13, .. ] and let
)[v,] be the obvious Frobenius lifting as
Wand o(1;) =

thlZl.
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The universal strict isomorphism

Let Z(p) [y,g] = Z(p) [Vl,vZ,V3, R S T 70 2 TR .], and let
0 : Z)[v,1] = Z)[v,1] be the obvious Frobenius lifting as
before, with 6(v;) =V and o(;) =& Vi > 1.

Let G,(x,y) be the one-dimensional formal group law over
Zy)[v,t] whose logarithm g, ,(x) satisfies

gvt —X—FZZ‘, xp'{'zi gt
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It is known that o, == g,/ 0 g, € Z )|y, 1][[x]], and defines a
strict isomorphism
Oy Gy — Gy,

between p-typical formal group laws over Z,)[v, 1].
Universal
isomorphism
p-typical formal
group laws



The universal strict isomorphism, continued

It is known that o, == g,/ 0 g, € Z )|y, 1][[x]], and defines a
strict isomorphism
% Gy — Gyy

between p-typical formal group laws over Z,)[v, 1].

(A strict isomorphism is an isomorphism between formal group
laws which is = x modulo higher degree terms in x.)
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The universal strict isomorphism, continued

It is known that o, == g,/ 0 g, € Z )|y, 1][[x]], and defines a
strict isomorphism
% Gy — Gyy

between p-typical formal group laws over Z,)[v, 1].

(A strict isomorphism is an isomorphism between formal group
laws which is = x modulo higher degree terms in x.)

Moreover @, is “the” universal strict isomorphism between
one-dimensional p-typical formal group laws.
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By the universality G, for p-typical formal group laws, there
exists a unique ring homomorphism

N : Z)v] = Zgy) v, 1]

such that
T’*GX = sz. Universal

isomorphism
p-typical formal
group laws



Parameters of G, ; e

ACTION

Ching-Li Chai

By the universality G, for p-typical formal group laws, there
exists a unique ring homomorphism
N Zp)lv] = Zy v, 1]
such that
n* GX — sz. Universal

isomorphism
p-typical formal
group laws

The elements
Vn =V (V1) € Zp)[v,t], n €Ny

are the parameters of the p-typical formal group law G, ;.



A known recursive formula for the parameters of
Gy,

Vo= vatptat Y (il =59

_'_j_ill an,,(V) . (Vj')n_/ _vjpn_,>
SYanw X ()
k=2 ik
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A known recursive formula for the parameters of
Gy,

Vn:Vn‘i‘ptn“‘ Z (lef]—llvp)

N J
i+j=n
ij>1
n_l n—j i
+ ¥ i) (=)
=1
n=l1 n—k n—i n—k . n—j
t L) ¥ (5 -)
k=2 i+j=k

(This formula contains high power of p in the denominators.
Consequently it is not very useful for our purpose.)
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How TO COMPUTE

An integral recursion formula for v, (v,?) i LUBIN-TATE

ACTION

Ching-Li Chai

(useful for computing the Lubin-Tate action)

T = va Pt = X Tt
j=1

n—1 nll

! n—I—, lon—
+ Z V[ Z . a” k— l (pl) ' {(‘_)/((p))p o - (vpk )p o Universal

isomorphism
p-typical formal

+Zfﬁ#w%4ﬂwﬂ} e

1+j:1k
ij=>
n—1 1 1
+Xw el oo oy - o]}
_ i+j=n—

for every n > 1.



. . . . How TO COMPUTE
The groupoid underlying the universal strict THE LUBIN-TATE
ACTION
1isomorphism Ching-Li Chai

Let Xo := Spec(R), X1 := Spec(I"). Consider the diagram

target

Xl XO?

source

Xo

where the source arrow corresponds to R < I" and the target

arrow corresponds to the ring homomorphism 7 : R — I". The

above diagram is part of a natural groupoid structure such that

the (partial) product e i i

Hu 1 X4 Xs,XO,tXI — X4

corresponds to composition of strict isomorphisms between
p-typical formal group laws.



Three ways to think about the moduli space .7,

1. All p-typical deformations of G; whose parameters satisfy
vi=1,vpp1 =vppo=---=0.
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Three ways to think about the moduli space .7,

1. All p-typical deformations of G, whose parameters satisfy
vi=1,vpp1 =vppo=---=0.

2. All p-typical deformations of G; whose parameters satisfy
Vht1 = Vpyo = --- = 0, up to/modulo scaling by units
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Three ways to think about the moduli space .7,

1. All p-typical deformations of G, whose parameters satisfy
vi=1,vpp1 =vppo=---=0.

2. All p-typical deformations of G; whose parameters satisfy
Vht1 = Vpyo = --- = 0, up to/modulo scaling by units

3. All p-typical deformations of G, modulo the equivalence
relations generated by

m strict x-isomorphisms, and

m scaling by units.
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. How TO COMPUTE
Rough idea

THE LUBIN-TATE
ACTION

Ching-Li Chai

Start with an element y € Aut(G;).

1. Use Honda’s formalism to construct an isomorphism

Yy : Fy — .G, in equi-characteristic p whose closed fiber is
equal to 7.

The big picture



Rough idea

Start with an element y € Aut(G;).

1. Use Honda’s formalism to construct an isomorphism
Yy : Fy — .G, in equi-characteristic p whose closed fiber is
equal to 7.

2. Compute the parameters vq,v2,V3,... of Fyy. (By recursive
relations).
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How TO COMPUTE

Rough idea THE LUBIN-TATE

ACTION

Ching-Li Chai

Start with an element y € Aut(G;).

1. Use Honda’s formalism to construct an isomorphism
Yy : Fy — .G, in equi-characteristic p whose closed fiber is
equal to 7.

2. Compute the parameters vq,v2,V3,... of Fyy. (By recursive
relations).

3. Change F'y by a strict isomorphism with suitable parameters
t,0,13,. .., to anew p-typical formal group law whose (new)
parameters satisfy vy = vjpyo =--- =0.

(Implicit function theorem applied to eo-dimensional spaces)

The big picture



How TO COMPUTE

Rough idea THE LUBIN-TATE

ACTION

Ching-Li Chai

Start with an element y € Aut(G;).

1. Use Honda’s formalism to construct an isomorphism
Yy : Fy — .G, in equi-characteristic p whose closed fiber is
equal to 7.

2. Compute the parameters vq,v2,V3,... of Fyy. (By recursive
relations).

3. Change F'y by a strict isomorphism with suitable parameters
t,0,13,. .., to anew p-typical formal group law whose (new)
parameters satisfy vy = vjpyo =--- =0.

(Implicit function theorem applied to eo-dimensional spaces)

The big picture

4. Rescale to make v, = 1.



Step 1

Given an element ¥ € Aut(Gy), construct

How TO COMPUTE
THE LUBIN-TATE
ACTION
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m a p-typical one-dimensional formal group law F = Fy over

R whose closed fiber is equal to Gy, and

Sketch of the steps



How TO COMPUTE

Step 1 THE LUBIN-TATE

ACTION

Given an element ¥ € Aut(Gy), construct Ching-Li Chai

m a p-typical one-dimensional formal group law F = Fy over
R whose closed fiber is equal to Gy, and

® an isomorphism
V=V, Fg—Gg

over R:=R/pR=F,[[wi,...,wy_1]] whose restriction to
the closed fibers is

(W‘GO . G() — G()) =Y. Sketch of the steps

Here Fg = F ®rR, Gz = Gp ®rR.



How TO COMPUTE

Step 1 THE LUBIN-TATE

ACTION
i Ching-Li Chai
Given an element ¥ € Aut(Gy), construct ing-Li Chai

m a p-typical one-dimensional formal group law F = Fy over
R whose closed fiber is equal to Gy, and

® an isomorphism
V=V, Fg—Gg

over R:=R/pR=F,[[wi,...,wy_1]] whose restriction to
the closed fibers is

(W‘GO : GO — Go) = '}/ Sketch of the steps

Here Fg = F ®rR, Gz = Gpg ®rR.

Note that both the formal group law F over R and the
isomorphism Y over R depends on the given element
VAS Aut(Go) .



The formal group law F, c € W(F )~

For y = [c] € W(F,1)* = Aut(G), we can take F, to be the
formal group over R whose logarithm g.(x) satisfies

(wp=1 by convention).
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The formal group law F, c € W(F )~

For y = [c] € W(F,1)* = Aut(G), we can take F, to be the
formal group over R whose logarithm g.(x) satisfies

(wp=1 by convention).

Let
e (x) =logg! o(c-f.)
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The formal group law F, c € W(F )~

For y = [c] € W(F,1)* = Aut(G), we can take F, to be the
formal group over R whose logarithm g.(x) satisfies

(wp=1 by convention).

Let
e (x) =logg! o(c-f.)

We have y.(x) € R[[x]] and . defines an isomorphism from F

to Gg over R (not just over R!) with ¥, |, = [c].

How TO COMPUTE
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How TO COMPUTE

Step 2 THE LUBIN-TATE

ACTION
Ching-Li Chai
Compute the parameters

(ui e I,{i(WI’. .. ,thl))l.ENzl

for the p-typical group law F' = F, over R.

Sketch of the steps



How TO COMPUTE

Step 2 THE LUBIN-TATE

ACTION
Ching-Li Chai
Compute the parameters

(ui = ui(wi,...,Wh_1))ieN,,
for the p-typical group law F' = F, over R.
The above condition means that
&Gy =F,

where
Sketch of the steps

is the ring homomorphism such that

g(V,‘) = U; VlZ 1.



Parameters for F, c € W(F 1)~

In the case when y € Aut(Gy) lifts to an element [c] with
c € W(F,»)* ~ Aut(Gy), we have the following integral
recursive formula for the parameters u, = u,(c;w).

up(c;w) = c "y,

+ Z e [un—J(C W) —u,j(ew)|

}’lll’l—jl j n—i

—1+0""
P E La )t
j=lve i=

n—i—j

[(m(c;mw

where wy = 1, w,, = 0 Vm > h+ 1 by convention.

- (ui(c;w)p/)pniiij} W
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How TO COMPUTE

Parameters for F,., continued THE LUBIN.TATE

ACTION

Ching-Li Chai

Remark. The above recursive formula for the parameters
u,(c;w) can be turned into an explicit “path sum” formula for
uy(c,w), with terms indexed by “paths”.

Sketch of the steps



Step 3

Find/compute the uniquely determined element

and

such that

T € Mg, nENZl

i €emg,...,lp—1 €Emg, iy € 14+mg

Vn(itl,ftz,...,ﬁh,0,0,...;I) = Uy

Vn > 1.

How TO COMPUTE
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Remark. (1) The existence and uniqueness statement above is
an application the implicit function theorem for an infinite
dimensional space over R, applied to the “vector-valued”
function with components v, in the integral recursion formula
discussed before.
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Remark. (1) The existence and uniqueness statement above is
an application the implicit function theorem for an infinite
dimensional space over R, applied to the “vector-valued”
function with components v, in the integral recursion formula
discussed before.

(2) This step is a substitute for the operation
taking the quotient of the group “changes of coordinates”
in a space of formal group laws.
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Remark. (1) The existence and uniqueness statement above is
an application the implicit function theorem for an infinite
dimensional space over R, applied to the “vector-valued”
function with components v, in the integral recursion formula
discussed before.

(2) This step is a substitute for the operation
taking the quotient of the group “changes of coordinates”
in a space of formal group laws.

(3) The approximate solution coming from the linear term in
the 7; variables is often good enough for our application.
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Ching-Li Chai

Sketch of the steps



A congruence formula for v,

The follow formula helps to explain the last remark.

n .
Vn Evn—Z tj-vﬁ]_j
j=1

-1 PP 2 At =) [ (p—1)
D M PR
11,5150 051> 1
St tsptitj=n

S1—1 521 St 1
AP 4 Y4

n—sj n—sy—sy " Vn—sj——s;

mod (pty,tq - tp)ap>12Z[v, 1]
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Step 4

Rescale ity iy, . .., i1, as follows:
d! 79 € mg such that

(1 4—1‘0)”11_1 iy =1.

Let .
D= (1+1) 'ty fori=1,...,h—1

Let @ : R — R be the ring homomorphism such that

(D(V,') =it Vi> 1.
Let p : R — R be the W(FF,)-linear ring homomorphism such
that

p(W,') =V VIZ 1.

«O>» «F»r «

it
v
a
it
v
it

nae



Step 4

Rescale iy, iy, . .. , ity as follows:

3! 79 € mg such that

(142" "y,

1.
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How TO COMPUTE

Step 4 THE LUBIN-TATE

ACTION

A A ~ Ching-Li Chai
Rescale ity iy, . . ., i, as follows: ing-Li Chai

3! 79 € mg such that

(1+To)ph_l i, = 1.

Let .
b= (1+7) "o fori=1,....h—1.

Sketch of the steps



Step 4

Rescale iy, iy, . .. , ity as follows:
3! 79 € mg such that

h—1

(1 + To)p

Let

f/,-::(l—i-fo)”i_]-z)i fori=1,....,h—1.

Let @ : R — R be the ring homomorphism such that

(O(Vl') = ft,’

iy =1.

Vi>1.
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How TO COMPUTE

Step 4 THE LUBIN-TATE

ACTION

N A~ A Ching-Li Chai
Rescale ity iy, . . ., i, as follows: ing-Li Chai

3! 79 € mg such that

h_1

(I+7)" iy =1

Let .
b= (1+7) "o fori=1,....h—1.

Let @ : R — R be the ring homomorphism such that
Sketch of the steps

(O(Vl') = ft,’ Vi>1.

Let p : R — R be the W(F,)-linear ring homomorphism such
that
p(W[) =v; Vi>1.



The meaning of Steps 3 and 4

The universal strict isomorphism ¢, ; specializes to a strict

isomorphism

with OC|GO = IdGo-

o=04h::F— .G,
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How TO COMPUTE

The meaning of Steps 3 and 4 THE LUBIN-TATE

ACTION

Ching-Li Chai

The universal strict isomorphism ¢, ; specializes to a strict
isomorphism
o=04h::F— .G,

with (X‘GO = IdGo-

The rescaling in step 4 gives an isomorphism (not necessarily a
strict isomorphism)

ﬁ On GK — P« GR Sketch of the steps

with ﬁ‘Go = IdGo-



Conclusion

Combined with ¥, we obtain an isomorphism
yoa 'of ' :p.Gg— Gy

whose restriction to the closed fiber Gy is equal to the given
element y € Aut(Go).
(Here @ = a @R and = B ®zR.)

How TO COMPUTE
THE LUBIN-TATE
ACTION

Ching-Li Chai

Sketch of the steps



Conclusion

Combined with ¥, we obtain an isomorphism
yoa 'of ' :p.Gg— Gy

whose restriction to the closed fiber Gy is equal to the given
element y € Aut(Go).
(Here @ = a @R and = B ®zR.)

Conclusion. The given element ¥ € Aut(Gy) operates on the
equi-characteristic deformation space Spf(R) of G via the ring
automorphism p.

(Notice that ¥, a and 8 all depend on 7.)
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Ching-Li Chai
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Local rigidity for the Lubin-Tate moduli space:

the first non-trivial case

Proposition. Let Z C /35 = Spf(FF,[[w1,w>]]) be an

irreducible closed formal subscheme of . /3 over Fp
corresponding to a hight one prime ideal of [F,[[w1, w»]].
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Local rigidity for the Lubin-Tate moduli space:
the first non-trivial case

Proposition. Let Z C /35 = Spf(FF,[[w1,w>]]) be an
irreducible closed formal subscheme of .#3 over I,
corresponding to a hight one prime ideal of [F,[[w1, w»]].

If Z is stable under the action of an open subgroup of W (F ),
then Z = Spf(F,, [[w1,w2]]/(w1)).

How TO COMPUTE
THE LUBIN-TATE
ACTION

Ching-Li Chai

The first test
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