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§1. Moduli of Elliptic curves

31.1. Def. An elliptic curve over C is the quotient of a

one dimensional vector space V" over C by a lattice I'

inV.

Concretely, we can take V' = C, and a lattice I" in C
has the form

I'=72Zwi + Zws

wi,ws € C, linearly independent over R.

The quotient E/(I") = C/T" of C by a lattice ' is a
compact one-dimensional complex manifold, and is

also an abelian group.



31.2. The Weistrass g-function
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[(u — mwi — nwe)?  (mwi + nws)?
is a meromorphic function on £(I").

Define complex numbers g2(I"), g3(I") by Eisenstein

series
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Letz. = p.(u), Yy, = L. (u). Then the two
meromorphic functions z ., y,. on E(I") satisfy the

polynomial equation
D= da} — go(D)  — g3(T)
yF 'CCF 92 ZCI‘ 93

This equation tells us that the pair (., y,.) defines a
map 2 from the elliptic curve F/(I") to algebraic curve in

P? cut out by the cubic homogeneous equation
Y27 =4X° - go(0) X 2% - g3(T) Z°;

the map 2 turns out to be an isomorphism. (The affine

equation
2 __ 3
y* =4z° — go(I') x — g3(I')

with = 2,y = % describes E(I') \. {0}.)



§1.3 Moduli of elliptic curves

Two elliptic curves F1, E5 attached to lattices ', I'o

in C are isomorphic iff they are homothetic, i.e.
INeCst. N T =1
To parametrize lattices, for I' = Z w1 + Z w9, write
(w1,w2) = A(1,1), 7€ C—R =: X

The group GL2(Z) operates on the right of X+ by

r1) ¢ ) = (eray (2D

1
b d ct +d’ )

a,b,c,d € Z,ad — bd = £1.



Elliptic curves corresponding to lattices Z 7; + Z.,
1 = 1, 2 are isomorphic iff 71 - v = 7o for some

oS GL» (Z)

Algebraically, one can attach to every elliptic curve E a
complex number j(E'), such that F'; and Fs are
isomorphic iff j(E1) = j(FE2). For an elliptic curve

given by a Weistrass equation
P =41° —gox — g3, A :293—27932) =+ 0,

g3
g3 — 2793

the j-invariantis j(F) = 1728
For an elliptic curve defined by

y2 :ZC(1—$)()\—ZE‘), )‘#0717

08 (1=A(1-)))?
22 (1—N)2

the j-invariantis j(\) =



31.4 Hecke symmetries

(1) A Hecke correspondence on X =/ GLo(Z) is
defined by a diagram

X*/CGLy(2) & X+t L X*/GLy(2)

with v € GLa(Z).

(2) The Hecke orbit of an element 7 (x) of
X*/ GLy(Z) is the countable subset
m(xz - GLo(Q)) of X /G Lo (7).

(3) Geometrically, the Hecke orbit of the modular point
|[E] is the subset consisting of all [ E1] such that there
exists a surjective holomorphic homomorphism from

E — E/ (called an isogeny.)



(4) Another way to look at Hecke orbits:

Let G(n) be the set of all 2 x 2 matrices in GL2(Z)
which are congruent to Ids modulo . We have a
projective system

X := (X*/G(n))

’I’LGNZl

of modular curves, with the indexing set N> ordered
by by divisibility. We have a large group GL2(A ¢)
operating on the tower X, and X / GLo(Z) is
isomorphic to the j-line X/ GLo(Z). (Here

Z :=1im(Z/nZ), Ay = Z ®7 Q)

The Hecke correspondences on X / GLQ(z) are
induced by the action of GLy(Af) on X.



32. Moduli of abelian varieties

§2.1. Def. A complex torus is a compact complex
group variety of the form V' /T", where V is a finite
dimensional complex vector space and I is a

cocompact discrete subgroup of I';

rank(I") = 2 dim¢ (V).

Def. A complex torus V/I" is an abelian variety if it can
be holomorphically embedded in PV this happens iff
there exists a definite hermitian form on V' whose
imaginary part induces a Z-valued symplectic form on
I'. Such a form, called a polarization, is principal iff the

discriminant of the symplectic form is 1.



32.2. A lattice in CY9 which admits a principal

polarization can be written as
C- (079 +79)

for some C' € GL,;(C) and some symmetric
(2 € M, (C) with definite imaginary part. The set Xgi
of all such period matrices {2's is called the Siegel

upper-and-lower half-space.

The group GSp,,(Q) operates on the right of Xgi by:

A C
B D

= (QC+D) ' (QA+ B)

Here GSpy, denotes the group of 2g X 2g matrices
which preserve the standard symplectic pairing up to

scalars.



§2.3. The isomorphism classes of g-dimensional
abelian principally polarized abelian varieties is

parametrized by
X,/ GSpay(Z)

Just as in the elliptic curve case, we have a projective

system

X = (X7/G(n))

neN>1

Here Gi(n) consists of elements of GSp,,(Z) which
are congruent to Idgg modulo 1. Again the group
GSpy, (A ) operates on the tower X . This action
induces Hecke correspondences on Xgi/ GSpo,(Z).
The Hecke orbit of a point [A] is the countable subset
consisting of all principally polarized abelian varieties

which are symplectically isogenous to A.
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§3. Modular varieties with Hecke symmetries

33.1. Generalizing §2, consider (a special class of)

—~

Shimura varieties (X = (Xn)neNs; ; G),where
( is a connected reductive group over QQ,

X is a moduli space of abelian varieties with

prescribed symmetries (of a fixed type)

The group G is the symmetry group of the “prescribed
symmetries”, giving the “type” of the prescribed

symmetries.

11



33.2. Hecke symmetries on Shimura varieties

The group G(A ¢) operates on the tower X:

AN G(Ay)
X=(>X,— Xg=X)

\ . 4

G(Z/n)

On the “bottom level” X = X, the symmetries from
G/(A r) induces Hecke correspondences; these

correspondences are parametrized by

G(Z)\G(Ay)/G(2).

Remark: For a fixed finite level X,, — X, the symmetry

subgroup preserving the covering map is G(Z/nZ).

12



§3.3. Modular varieties in characteristic p

Abelian varieties can be defined in purely algebraic
terms (Weil), so are the modular varieties classifying
them. In particular one can define these modular

varieties over a field k of characteristic p > 0.

In the case of elliptic curves, if p # 2, 3, then every

elliptic curve is defined by a Weistrass equation
2 3 3 2
y-=4x° —gox — g3, A:=g5—27g5 #0,

the moduli is given by the j-invariant; the j-invariant is
95
g5 — 2743

i(E) = 1728

13



The diagram for Hecke symmetries in characteristic p is

A GAP)
XZ("'—QXn—*“XOZXJ)

G(Z/nZ)

The indices n are relatively prime to p, and the Hecke
correspondences come from prime-to-p isogenies

between abelian varieties.

14



34. The Hecke orbit problem

Problem Characterize the Zariski closure
of Hecke orbits in a modular variety X .

— The closed subsets for the Zariski topology of X

consists of algebraic subvarieties of X .

— Each Hecke orbit is a countable subset of X .

15



5. Solution in characteristic 0.

Prop In characteristic 0, every Hecke orbit is dense in

the modular variety X .

Proof in the Siegel case: May assume that the base

field is C.

Claim: Every Hecke orbit is dense for the finer metric

topology on X .

The Hecke symmetries come from the action of the
group GSp,,(Q) on Xgi. Conclude by

e GSpy,(Q) is dense in GSpy,(R)

e GSpy,(IR) operates transitively on X glL

16



36. Fine structures in char. p
The base field £ has char. p from now on.

§6.1. Elliptic curves have Hasse invariant; explicitly, for

E:y’=z(1—-z)(A—x), p#2

s (A=)
j(A) =28 10 , then

r - r ? 1 _1 o
AW = (13 (1) ¥ =5

gives the Hasse invariant of F .

Def. The elliptic curve E' is supersingular if its Hasse
invariant vanishes, otherwise F is ordinary; E is

ordinary iff # has p points which are killed by p.

The (finite) set of supersingular elliptic curves is stable
Hecke correspondences. So the Hecke orbit of | E] is

dense iff £ is ordinary.

17



§6.2 From now on X = A, denotes the Siegel
modular variety in char. p; it classifies g-dimensional

principally polarized abelian varieties.

Source of fine structure on X (or X): Every family of
abelian varieties A — S gives rise to a Barsotti-Tate

group
A[p™]s :=lim A[p"|s,

n

an inductive system of finite locally free group schemes
Alp"| := Ker([p"] : A — A); the height of A[p°]
is 2g = 2dim(A/S). The Frobenius

Fa: A— AP and Verschiebung V4 : AP) — A
pass to A[p™].

18



36.3. The slope stratification

The slopes of a Barsotti-Tate group A |[p°°] over a field

k /T, is a sequence 2g of rational numbers
)‘:()‘j)a OS)\lgé)\ZgSlv

such that A; + Agy11—; = 1. The denominator of
each )\j divides its multiplicity. The slopes are defined
using divisibility properties of iterations of the

Frobenius.

The slope sequence, a discrete invariant, defines a

X =]]xx
A

The Zariski closure of each stratum X, is equal to a

stratification

union of (smaller) strata.

19



(a) A7 is the union of two strata.

(b) The open dense stratum of Ag corresponds to

ordinary abelian varieties, with slopes

(0,...,0,1,...,1). The minimal stratum of A,
corresponds to supersingular abelian varieties, with
slopes (5, ..., 3), and has dimension |g*/4|
(Li-Oort).

36.4. Ekedahl-Oort stratification

The isomorphism type A|p] of the p-torsion subgroup
of a principally polarized abelian variety A, together
with the Weil pairing on it, turns out to be a discrete

invariant and gives rise to a stratification of X .

20



7. Foliation and a conjecture of Oort

37.1 Replacing the discrete invariants (such as
slopes) of the Barsotti-Tate groups by their
Isomorphism types , one gets a much finer
decomposition of the modular variety X = A,,
Introduced by Oort. One can also define the foliation

structure for more general modular varieties.

Def. The locus of X with a fixed isomorphism type of

(A[p™°] + polarization) is called a leaf.
e Each leaf is a locally closed subset of X, smooth
over IETp.

e (With a one exception) there are infinitely many
leaves on M . For instance the leaf containing a

supersingular point in A, is finite.

e The dense open slope stratum of X is a leaf. For
instance if there exists an ordinary fiber A, then the

ordinary locus in X is a leaf.

21



37.2. Characterize leaves by Hecke symmetries

Clearly the foliation structure of M is stable under all
prime-to-p Hecke correspondences. A recent
conjecture of Oort predicts that the leaves are

determined by the Hecke symmetries.

Conj. (HO). The foliation structure is
characterized by the prime-to-p Hecke
symmetries: For each point x € X, the prim-to-p
Hecke orbit of « is dense in the leaf containing .

Note: Each Hecke orbit is a countable subset of X .

22



38. Hecke orbits of ordinary points

The first piece of evidence supporting Conj. (HO) is the

case of the dense open leaf in X.

Thm. Conj. (HO) holds for the ordinary locus of .Ag.
Every ordinary symplectic prime-to-p isogeny class is

dense in A,.

Rmk: The same holds for modular varieties of
PEL-type C (CLC). But the density of Hecke orbits on
the dense open leaf has not been established for all

PEL-type modular varieties.

23



39. Canonical coordinates for leaves.

Thm. (Serre-Tate) The formal completion of any closed
point of the ordinary locus of X has a natural structure

as a formal torus over the base field k.

This classical result generalizes to every leaf in X:

Thm. The formal completion of every leaf is the
maximal member of a finite projective system (Y7,)
of smooth formal varieties, indexed by a finite partially
ordered set /. The poset / is the set of all segments of
a linearly ordered finite set S = {1,...,n}. Each

map

Tij @ Xap] = Xjat1,8) X x Xlab-1]

[a+1,b—1]

has a natural structure as a torsor for a p-divisible

formal group over k.
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310. Known cases of Conj. (HO):

§10.1. Examples
(1) A, forg = 1,2, 3 (with Oort)

(2) The HB varieties (work in progress with C.-F. Yu).
Write F' @g Qp = ®; Fy,,

Ax[p™°] = ®A;[p:°] =: B;. Each B; has two
slopes £, °t with multiplicity g; = [Fp, : Qp]. Then

1

the dimension of the leaf passing through x is
i lri — sil.

(3) The Hecke orbit of a “very symmetric” ordinary point

of a modular variety of PEL-type is dense.

(4) PEL-type modular varieties attached to a quasi-split
U(n,1).

25



§10.2. Local Hecke orbits

The following result is a local version of the Hecke orbit

problem.

Thm. Let k£ be an algebraically field of char. p > 0. Let
X be a finite dimensional p-divisible smooth formal
group over k. Let ' = End(X) ®z, Q,. Let G be a
connected linear algebraic group over Qp. Let
p:G— E be a homomorphism of algebraic groups
over Qp such that the trivial representation 1 is not a
subquotient of (p, F). Suppose that Z is a reduced
and irreducible closed formal subscheme of the
p-divisible formal group X which is closed under the
action of an open subgroup U of G(Z,). Then Z is
stable under the group law of X and hence is a

p-divisible smooth formal subgroup of X.

Rem. It is helpful to consider first the case when X is a

formal torus and G is (3,,,. We sketch a proof.

26



Prop. Let X be a finite dimensional p-divisible smooth
formal group over p. Let k be an algebraically closed
field. Let R be a topologically finitely generated
complete local domain over k. In other words, R is
isomorphic to a quotient k[[x1, . .., xy]|/ P, where P
IS a prime ideal of the power series ring
kllx1,...,xy]]. Then there exists an injective local
homomorphism ¢ : R — k[[y1, ..., yq]] of complete

local k-algebras, where d = dim(R).

Prop. Let k be a field of characteristic p > 0. Let

g = p" be a positive power of p, r € Ny . Let
F(xi,...,xm) € klx1,...,Tm] be a polynomial
with coefficients in k. Suppose that we are given
elements cq, . .., ¢y, in k and a natural number

no € N such thatF(c%n, e ,c%:) = 0in k for all
n > ng,n € N. Then F(c(fn,...,c%:) = ( for all
n € N;in particular F'(c1,...,cn) = 0.

27



Prop. Let k be a field of characteristic p > 0. Let
f(u,v) € kl[u,v]],u= (u1,...,uq),

v = (v1,...,Up), be aformal power series in the
variables u1, ..., Uqg, V1, . . ., Up With coefficients in k.

letx = (T1,---,Tm), Y = (Y1, - - -, Ym ) be two
new sets of variables. Let

g(x) = (g1(x), ..., gq(x)) be an a-tuple of power
series without the constant term: g;(x) € (x)k|[x]]
fori =1,...,a.Leth(y) = (h1(y),...,hs(y)),
with h;(y) € (y)k[ly]]forj =1,...,b. Letg =p"
be a positive power of p. Let ng € N be a natural
number, and let b’ be a natural number with

1 <b¥ <b. Let (dy)nen be asequence of natural
numbers such that lim,, .~ % = (. Suppose we
are given power series R, ,(v) € k[[v]],
j=1,...,b,n > ng,suchthat R; ,(v) =0
mod (v)® forallj = 1,...,band alln > ny.

28



For each m > ng, let ¢, (v) = U?n + Rjpn (V) if

1 <j <V andletpjn(v) = Rjn(V)if

b+ 1< 7 <b. Let

P, (V) = (d1.n(V),. .., Ppn(V)) foreach n > ny.
Assume that 0 = f(g(x), ®,(h(x))) =

f(1(x), ..., 9a(X), P10 (M(X)), ..., Ppn(R(x)))
in k[[x]], for all n > ng. Then 0 =

fg1(x); ..., ga(x), ha(y), - -, b (y),0,...,0)
in k[[x,y]].
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