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§1 Review of elliptic curves

m Weistrass theory
m the j-invariant

m CM elliptic curves
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Review of elliptic
curves

Equivalent definitions of anelliptic curve E:
m a projective curve with an algebraic group law;
m a projective curve of genus one together with a rational
point (= the origin);
m over C: a complex torus of the form E; = C/Zt + Z,
where T € §) := upper-half plane;
m over a field F with 6 € F*: given by an affine equation

V=4 —gx—g3, g,83€F.
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For E; =C/Z1+Z, let

Review of elliptic
curves

xi(z) = @(7,2)

S,y < L )
z (mm)Z(0.0) (z—mt—n)? (mt+n)?

ye(2) = £0(7,2)

Then E; satisfies the Weistrass equation

i =4x3 — g2(7) xc — g3(7)

with
1
m 2(7) = 60 .
00)fmmeze (MT+)?
1
— 140 -
= 8(7) (mT+n)®

(0,0)#(m,n)€Z?



The j-invariant
Elliptic curves are classified by their j-invariant
&

j=1728
g —27g3

Over C, j(E:) depends only on the lattice Zt + Z of E-.
isamodular function for SLy(Z):

j<a7+b> _ i)

ct+d

for all a,b,c,d € Z with ad — bc = 1.

We have a Fourier expansion

1
J(T) = =+ 744+ 1968844 +214937604° + - - - ,
q

where g = g; = 2V -1t
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Let E be an elliptic curve over C. Then for
End’(E) := End(E) ®z Q we have

Z ,or
an imaginary quadratic field K

End’(E) := {

In the latter case, E is said to admit complex
multiplication,i.e.

m End(E) is an order in an imaginary quadratic field K
m E(C)=C/Zv+Zfor some T € K.
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§2 CM elliptic curves in the history of arithmetic

m Fermat
m Euler

m congruent numbers



Portraits of Fermat & Euler

Figure: Fermat

Figure: Euler
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Fermat

§2 CM elliptic curves in the history of arithmetic

1. The two Diophantine equations considered by Fermat,

Ayt =

and

By =7

both correspond to elliptic curves, with affine equations

and

respectively.
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Fermat’s curves, continued

The first curve u* + 1 = v? admits a non-trivial automorphism
(Lt,V) = ( \ _luav) )

so has endomorphisms by Z[v/—1].

Fermat’s method of descent for this curve is a 2-descent,
applied to the endomorphism [2] = [1 —+/—1]o [l ++/—1].

The second curve u® +1° = 1 has a non-trivial automorphism
(uv) = (7 Pu),

so has endomorphisms by z[(-1+v=3)/2].
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Euler

2. The birth of the theory of elliptic functions hands of Euler in
1751 (Euler’s addition theorem) was stimulated by Fagnano’s
remarkable discovery:

The differential equation

dx dy

S Jioy

hasa rational integral

x2y2+x2+y2 =1.

The curve u?> = 1 — x* is an elliptic curve with endomorphism

by Z[v/—1].
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CM elliptic curves in

3. Three equivalent formulations of a property for a positive the history of
arithmetic
square-free integer n:

m (Diophantus, Arithmetica V.7, II1.19, around 250 AD;
anonymous Arabic manuscript, before 972)
38 € Q such that 8% —n, 8% +n € Q*2.

m Jaright triangle with rat ional sides and area n.

3 _ n2x has a rational solution

m The cubic equation y* = x
(a,b) with b # 0.

Note that this elliptic curve has endomorphism by z[v/—1].



Congruent numbers, continued

An integer n satisfying these equivalent properties is called a
congruent number.
For instance 5 is a congruent number:

m (41/12)2—5=(31/12)%, (41/12)> +5 = (49/12)?

m (3/2)2+(20/3)2 = (41/6)%,5=(1/2) x (3/2) x (20/3).
Fermat proved that 1 and 2 are not congruent numbers.

Zagier showed that n = 153 is a congruent number, where the
denominator of § has 46 digits.
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§3 CM theory for imaginary quadratic fields:
From Kronecker to Weber/Fueter and Hasse/Deuring. EMitheory)fog

elliptic curves

m Kronecker’s Jugentraum
m explicit reciprocity law for imaginary quadratic fields

m +/j and \/j — 1728 for imaginary quadratic fields with
class number 1.
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Figure: Kronecker



Kronecker’s Jugentraum

Kronecker (1853), Weber(1886) proved:

Every abelian extension of Q is contained in a
cyclotomic field,

i.e. a field generated by the values of of function
exp(2m+/—1x) at rational numbers.

Kronecker’s Jugendt raum: special values of elliptic
functions should be enough to generate all abelian extensions
of imaginary quadratic fields.

General idea: generate abelian extensions by
special values of useful functions.
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For imaginary quadratic fields, carried out by
m Weber, Lehrbuch der Algebra, Bd. 3, 1906),
m Fueter, 1(1924), 11(1927);
m Hasse (1927, 1931), and
m Deuring (1947, 1952)
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Portraits of Weber & Fueter

Figure: Weber

Figure: Fueter
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Photos of Hasse & Deuring

Figure: Hasse

Figure: Deuring

COMPLEX
MULTIPLICATION

Ching-Li Chai

CM theory for
elliptic curves



CM curves and class fields

Let E be an elliptic curve s.t. ¢ = End(E) is an order & in an
imaginary quadratic field K.

Theorem

m j(E) is an algebraic integer, and K(j(E)) is the
ring class field of K attached to the order 0.
m [f O = Ok then K(j(E)) is the Hilbert class field Hg of K,
i.e. the maximal unramified abelian extension of K;
its Galois group is the ideal class group of K.
m [f o € Gal(Hk/K) corresponds to an Ok-ideal I,
then © 'j(C/J) = j(C/I-J) for every Ok-ideal J.
m In particular if hg = 1, then j(C/Ok) € Z;
moreover j(C/Ox) is a cube.
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For the 9 imaginary quadratic fields of class number 1

J(vV/=1)=1728=2°.3?
J(v/=2) =8000 =2° .53

) T
p=3 0
p=71 33.5°
p= 11 _215
p=19 2.3
p=43 218.3%.5
p =067 215.33.53.113
p=163 || —218.3%.53.233.293

(1) =1+744 41968849+ 0(q), q=e™'"

" V1032262537412640768743.99999999999925007259...
J(AIE) = —262537412640768000
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j(—*”z\/j”) —1728
CM theory for

p=3 —3.20.32 elliptic curves
p=1 —7.36

p=11 —11.26.77

p=19 —19.26.36

p=43 —43.26.38.72

p=67 —67.26.36.72.317

p=163 || —163-26.3%.72.112.19%. 127>
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§4 Modern CM theory:

From Shimura/Taniyama to Deligne/Langlands. Hodem e

Use moduli coordinates of abelian varieties with lots of
symmetries (endomorphisms) to generate abelian extensions of
CM fields.
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Figure: Taniyama
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B Anabelian variety over afield is a complete group
variety.

m Over C an abelian variety “is” a compact complex torus

which can be embedded into a complex projective space.
Modern CM theory

m A homomorphism between abelian varieties is an
isogeny if it is surjective with a finite kernel.

m Every abelian variety is isogenous to a product of
simple abelian varieties.

m An abelian variety A has sufficiently many
complex multiplication (smCM) if
End’(A) D a commutative semisimple algebra E
with dimg(E) = 2dim(A).
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m ACM field Lis atotally imaginary quadratic extension
of a totally real field.
m Then the complex conjugation 1 is in the center of ffritn CI] sy
Gal(L™/Q).

m If A is a simple abelian variety over C with smCM, then
End’(A) is a CM field.

m If Aisan isotypic abelian variety with smCM, then
End’(A) contains a CM field.
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m Let (A,L — End’(4)) /C» be an abelian variety with
endomorphisms by a CM field L, [L : Q] = 2dim(A).
m Lie(A) corresponds to a subset & C Hom(L,C) with
Hom(L,C) = dLI 'b.
m @ is called the CM type of (A,L < End’(A)).
m (L, ®) determines (A, L < End’(A)) up to L-linear
isogeny.
m The reflex field ofa CM type ® for a CM field
L C C s, equivalently,
(@) Q(Loew (X)) es
(b) the field of definition of ® C Hom(L,C),
a subset of a Gal(Q/Q)-set.

Modern CM theory
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Let L be a CM field and let @ be a CM type for L.
Moduli tower attached to (L, D)

For every (sufficiently small) compact open subgroup
ACTL, OLw C ALy, let Z1 ok be the moduli space of
quadruples Modern CM theory

(A,L — End’(A), 1, V)
where
m A is a polarization of A up to Q* s.t. L is stable under the
Rosati involution Ros)
m  is a K-coset of a L-linear polarization y : L/ 0}, S Awor

Let 210 = { 21k } ¢ be the projective system of moduli

spaces 21 @k, indexed by compact open subgroups

KC[]OLw ALy
w
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Shimura/Taniyama
(significance of the reflex field) The moduli tower 27 o is

defined over the reflex field L' = ref(L, D).

The action of Gal(Q/L’) on 27 ¢ factors through
Gal (L/ ab /L/) . Modern CM theory

(Shimura/Taniyama formula) Through the Artin
reciprocity law 7mo(A} /L*) = Gal(L'* /L),
Gal(L'®/L') acts on Z1.e via a homomorphism

No : AZ’,f — Az,f

Here Ng : Res;, /QGm — Resy, /Q(Gm is a homomorphism
of algebraic tori over QQ, called reflex type norm
attached to (L, D).
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Deligne/Langlands

m Replace L' by Q, i.e. consider the moduli tower Ryt @i g

2L = {‘%L,‘I’J(}cb,[(
(include a11 CM types @ for L)

m The action of Gal(Q/Q) on 27 is described in terms of
the Taniyama group defined by Langland.

m Key ingredient (Deligne): Any Galois conjugate of a
Hodge cycle is Hodge.
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§5 CM points on Shimura varieties: The case of .27,

CM points on Siegel modular varieties

. . . CM points on
m Siegel modular varieties Shimura varicties

® André/Oort conjecture

m Application: abelian varieties not isogenous to jacobians
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Definition B
A point [(A,A)] on o7, over C (or Q) is a CM point if A has
smCM.

It is a Weyl CM point if End’(A) is a CM field L with

Gal(Lnormal closure/(@) ~ (Z/zz)g X Sg . CM points on

Shimura varieties

m Among CM fields of degree 2g, those with Galois group
(Z/27.)8 x S, are (supposed to be) “general”.

m Weyl CM points are (supposed to be) the general CM
points.
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André/Oort conjecture
If X is a subvariety of o7, over C with a Zariski dense subset of
CM points, then X is a Shimura subvariety.
X is a Shimura subvariety of .7, means
m X(C) is the quotient of a bounded symmetric
CM points on

domain attached to a semisimple subgroup G C Sp,,
by an arithmetic subgroup of G(Q).

Shimura varieties

m X is “defined” (or, “cut out”) by Hodge cycles.

Status

m A few low-dimensional cases known
(e.g. when X C (j-line) x (j-line))
m (Ullmo/Yafaev) True under GRH



Application: a conjecture of Katz

Abelian varieties NOT isogenous to a jacobian

Suppose g > 4. Is there a g-dimensional abelian variety over Q
which is not isogenous to a jacobian?

Strong Answer, under GRH; w. F. Oort

Assume either GRH or (AO). There are only a finite number of
Weyl CM jacobians of genus g, for any g > 4.
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Proof.

Let Z be the Zariski closure in ,szfg of all Weyl CM
jacobians. By (AO) every irreducible component of Z is a
Shimura subvariety.

(group theory) Let [(A,A)] be a Weyl CM point of an
irred. component X C .27, with dim(X) > 0. Let ¥ be the
roots of the subgroup G C Sp,, attached to X Copmmnen
¥ is a subset of roots of Sp,, stable under W(Sp,,).
The only possibility: W is the set of all long roots.
i.e. X is a Hilbert modular subvariety attached to the max.
real subfield F of L := End’(A).

(de Jong/Zhang 2007) .#, does not contain any Hilbert
modular subvariety attached to a totally real field F if
either g > 4 or if g =4 and Gal(F"°/Q) = S,.

Conclusion: dim(Z) = 0. Q.E.D.
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§6 CM lifting problems
m Review: Weil & Honda/Tate
m Known result: 3 CM lifting after base field
extension and isogeny CM liftings

m (I): CM lifting up to isogeny (same base field)

m (NI): CM lifting over normal base up to isogeny
(same base field)
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Theorem (Weil, Honda/Tate)

Let A be an abelian variety over a finite field F, be a finite field
with q elements.

Fry € End(A) has a monic characteristic
polynomial with integer coefficients,
whose roots o; are Weil-q-numbers:

|O£,'| = q1/2 . CM liftings

IfAis isotypic, then there exists a CM field
L C End’(A) with Fry € Land [L: Q] = 2dim(A).

Theorem (Honda/Tate)

Let o be a g-Weil number. Then there exists an abelian variety
A over F, with Fry = .
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Let (A,L < End’(A)) be a CM abelian variety over a finite
field k.
Theorem (Honda/Tate)
There exist

m a finite extension field '/ x,

m an abelian variety B over K’ isogenous to A x> G igs
m a char. (0,p) local domain (or dvr) (R,m),
]

an abelian scheme B over R with endomorphism by an
order in L

s.t. (B,L < End’(B)) is a lifting of (B,L — End°(B)) over R
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Let (A,L — End’(A)) be a CM abelian variety over a finite
field k O F,.

CM lifting question, optimistic version

(CML) Does there exist a CM abelian scheme over a 0 local

domain (R, m) which lifts (Az ,L — End’(Ag ))?

Answer to (CML) CM liftings
NO!

m First counter-example: F. Oort, 1992.

m Ubiquitous counter-examples: If Ap|(F,) = (Z/pZ) with
f <dim(A) —2, then 3 an isogeny A — B over F,, s.t.
(B,L — End’(B)) /, cannot be lifted to char. 0.
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CM Lifting up to isogeny, same finite field x
m (I) Does there exist a k-isogeny A — B and a CM abelian
scheme (B, L — End’(B)) over a char. 0 local domain
(R, m) which lifts (B,L — End°(B))?
CM liftings

m (NI) Does there exist a k-isogeny A — B and a CM
abelian scheme (B, L < End’(B)) over a char. 0 normal
local domain (R, m) which lifts (B, L < End’(B))?
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Theorem (w. B. Conrd & F. Oort)
m (I): Yes
B (NI): There is an obstruction to (NI), from the size of the
residue fields above p of the Shimura reflex fields of all
CM-types of L:
CM liftings

m Needs: 3 a CM-type ® of L with the same slopes as A
whose reflex field has a place above p whose residue field
is contained in I

m This residual reflex conditionisthe only
obstruction.



COMPLEX

A tOy mOdel MULTIPLICATION

Ching-Li Chai
Example
A JE o abelian surface with Fry = p {,, p =2,3 (mod 5).

(A /F» Z[s] — End(A JF, )) cannot be lifted to char. 0.

(NI) fails for (45 ,,Q(Cs) = End’(A)).

(A,Q(&s) < End®(A)) can be lifted to characteristic 0.

CM liftings

Proofs of 1 & 2

Complex conjugation in Z[{s] corresponds to Fr ., so the
action of Z[{s] on the tangent space of a lift corresponds
to two embeddings o1, 0, : Z[{s5] — C with ‘o] = 0.

The reflex field of any CM type of Q({s) is Q(&s), with

residue field 4 bigger than I .



COMPLEX

The toy model, continued MuLTIPLICATION

Ching-Li Chai
Proof of 3: CM lift for the toy model
m 3 a Z[{s]-linear isogeny over F 4 §: B — A/Fp4, and
Ker(&) = o, is the only subgroup scheme of B of order p.
® B admits an unramified lift to R = W(F ).
(The Z[{s] action on Lie(B) corresponds to a CM type of M lfings

Q(&s); lift the Hodge filtration.)

m Pick a point of order p in B over a (tame) extension R’ of R
to get lift of (A, Q(&s) — EndO(A))FP4.

m Conclude by deformation theory.
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Sketch proof of (I)
1. “Localize” and reduce to a problem on p-divisible groups:
Given (A[p*], 0y ® Z, — End(A[p~])) over F,, need to find
® an O ® Z,-linear isogeny Y — (A[p™] over F,
m alifting (Y,L®Q, < End’(Y)) of
(Y,L®Q, = End’(Y)) to a char. 0 local ring R s.t. the
L-action on Lie(Y) “is” a CM type for L.
2. How to find a good 0} ® Z,-linear p-divisible group Y: ChHitines

n (Y, 0,7, Y)/]Fq) is determined by its Lie type
[Lie(Y)] in a Grothdieck group R(, @ F,,).

m Every Gal(F,/F,)-invariant effective element of
R(O, ®F,) with the same slope as Lie([A]) is the Lie type
of a p-divisible group Y (0 ® Z,)-linearly isogenous to
Alp~] over IF,.
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3. Localize at the maximal real subfield L of L.
3a For every place v of Ly above p, try to find a Fy-rational
element 8, € R(0, ® F,)
with the same slopes as [Lie(A[v™])], and satisfies
8,+' 6, = [0, ®F,], 1 = cpx. conjugation
CM liftings

(Then 3 Y, isogenous to A[v*] over I, which admits an
L-linear lift to char. O with self-dual local CM type.)
3b The only situation when 3a fails (say v is a “bad place”):
m L, is a field; let w be the place of L above v
m e(L,/Q,)is odd
m f(L,) =0 (mod 4)
® [k, : (K,NF,)]is even



Existence of CM lifting up to isogeny, continued

Reduction to the toy model
4. How to handle a bad place w/v of L/Lj above p:

m Jan O,-linear isogeny Y,, — A[w™] over F, such that

(Yy, Oy — End(YW))/E =0, Dw(E ) (toy model)[p™]

m The construction of the CM lift for the toy models gives a

lift of (Y,,, L, < End’(Y,,)) with self-dual local CM type.

Q.ED.
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