Math 609
Problem set 4 due February 14, 2008
Dr. Epstein

Reading: Chapter 3 of Stein-Shakarchi.

Homework assignment: The solutions to the following problems should be carefully
written up and handed in.

1. Suppose that is a holomorphic function irD;"(0), continuous up td;" (0) N R,
suchthat lin_,o+ | f (X +-iy)| = 1. Show that

f(z) ifze D (0)
F@=1 1y, Dr_(O @)
@ € br 0,
defines a holomorphic extension bto the lower half ofD, (0). Hint: Consider the

behavior of the holomorphic functidm(z) = i%r;, along|z| = 1.

2. Stein-Shakarchi page 69, problem 4.

3. Prove that a polynomial ifx, y) is harmonic if and only if each homogeneous part
is harmonic. For each € N find a basis for the two dimensional, real vector
space,#,, of homogeneous, harmonic polynomials of degne&ou must prove
that dim#, = 2.

4. Prove a version of the Runge theorem for harmonic funsti@uppose th& is a
compact simply connected subset®andu is harmonic in a neighborhood .
There exists a sequence of harmonic polynomials, (x, y) > such that

1
lu— pnllLek) < 0 (2)
5. If o € 6 (R?), then
1
() = - [ o(a.bylogi(x — )2 + (y — by?Idach, @

R2

is a¢>°-function, which solves\u = ¢. Show that ifp € €>*°(R?), then there also
exists a solution ta\u = ¢.



6. Suppose thdt (z, w) is a power series in, w,

F(zow)=> > ajz v’ (4)

j =0 k=0

that converges absolutely for dlt, w) € C2. If f(z) is holomorphic inQ c C,

then show thaf (z, f (2)) is also holomorphic if2. Suppose thag is an analytic
continuation off to Q' © Q. If F(z, f(2)) = 0inQ, thenshowthaF(z, g(z)) =0

in Q.

7. LetU c C\ {0}, be a simply connected open set. Show that, for each?2, the
function f,(z) = Z", has an analytic inversg,(z) defined inU. If V c C\ {0}
is also simply connected, adl NV is non-empty and connected, thgnhas an
analytic continuation t&/, which is also an inverse t§,. Give an example to show
that if U N V is not connected, then such an analytic continuation neeéxist.
Prove thatf, does not have an analytic inverse define@in{0}.



