
Math 644, Problem set 2 due October 9, 2007

Dr. Epstein

Reading: Taylor sections 2.1, 2.2, 2.4

1. The functionG2(x, y) = [2π ]−1 log‖x − y‖ is defined forx 6= y in R
2. Show that

if ϕ ∈ C2(R2) has compact support, then

u(x) =

∫

R2

G2(x, y)ϕ(y)dy (1)

is aC2-function satisfying1u = ϕ. Show that limit

γ = lim
x→∞

u(x)

logr

exists and give a formula for its value. Under what conditions doesγ = 0?

2. Letrθ be the rotation ofR2 defined by the matrix

rθ =

(

cosθ − sinθ

sinθ cosθ

)

.

We let Rθ denote the operator defined by(Rθ u)(x) = u(rθ x).

(a) Show that1 ◦ Rθ = Rθ ◦ 1.

(b) Show that ifu is a harmonic function defined inBR(0) then

v(x) =
1

2π

2π
∫

0

u(rθ x)dθ

is harmonic inBR(0) and rotationally invariant, that isRθv = v for anyθ.

(c) Give a formula forv (which you must prove) and use it to give a new proof of
the mean value property for harmonic functions.

3. Show that if f is a holomorphic function in� ⊂ R
2, thenu = log | f | satisfies the

mean value inequality

u(x) ≤
1

πr2

∫∫

Br (x)

ud A,

providedBr(x) ⊂ �. Show that if f −1({0}) 6= ∅, then the inequality is sometimes
strict.
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4. Show that if f is aC2-function defined in an open subset ofR
n, which satisfies the

mean value property, then1 f = 0.

5. Exercise 3 (a)–(c) on page 139 of Taylor.

6. Show that, forn ≥ 3, there is a constantcn, so that

gn(x) =
cn

‖x‖n−2

is a fundamental solution for the Laplace operator onR
n . That is, we define the

operator

Gn f (x) =

∫

Rn

gn(x − y) f (y)dy;

if f ∈ C2
c (Rn), then1 ◦ Gn f = Gn ◦ 1 f = f. Describecn geometrically. Prove

that for everyf ∈ C2
c (Rn) the equation1u = f has a unique, bounded solution.

7. Consider the operatorL = 1 + c2 acting on functions defined inR3. Herec ∈ R.

(a) Find all solutions to the equation

Lu = 0

with spherical symmetry, that is depending only on‖x‖.

(b) Prove that

k(x, y) = −
cos(c‖x − y‖)

4π‖x − y‖

is a fundamental solution forL; that is if we define

K f (x) =

∫

R3

k(x, y) f (y)dy,

then for f ∈ C2
c (R3) we have

K ◦ L f = L ◦ K f = f.
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8. Assume that in a neighborhood of(x0, y0) ∈ R
2, u(x, y) is a smooth solution to the

quasi-linear PDE:

a(ux , u y)uxx + 2b(ux , u y)uxy + c(ux , u y)u yy = 0.

Suppose that in some neighborhood of(x0, y0) the variables

ξ = ux(x, y) η = u y(x, y)

define local coordinates; setφ = xux + yu y − u. Prove that, as a function of(ξ, η),

φ satisfiesx = φξ , y = φη and thelinear PDE:

a(ξ, η)φηη − 2b(ξ, η)φξη + c(ξ, η)φξξ = 0.
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