Math 644, Problem set 2 due October 9, 2007
Dr. Epstein

Reading: Taylor sections 2.1, 2.2,2.4

1. The functionGa(x, y) = [27 ] tlog|/x — y|| is defined forx # y in R?. Show that
if 9 € C2(R?) has compact support, then

u) = [ Galx. yioy)dy ®
R2
is aC?-function satisfyingAu = ¢. Show that limit
= lim M
x—o0 logr

exists and give a formula for its value. Under what cond#idonesy = 07?

2. Letry be the rotation oR? defined by the matrix
o — (C0% — sing
= \sind cosp )
We let Ry denote the operator defined Pigyu)(X) = u(rgx).

(@) ShowthatA o Ry = Ry o A.
(b) Show that ifu is a harmonic function defined iBr(0) then
2r

1
v(X) = —/u(rgx)de
2
0
is harmonic inBr(0) and rotationally invariant, that iRyo = o for anyé.
(c) Give a formula fon (which you must prove) and use it to give a new proof of
the mean value property for harmonic functions.

3. Show that iff is a holomorphic function if2 ¢ R?, thenu = log| f| satisfies the

mean value inequality
1
uix) < — udA,
00 =2 //

Br (X)

providedB, (x) C Q. Show that if f ~1({0}) # @, then the inequality is sometimes
strict.



4. Show that iff is aC?-function defined in an open subsetRSf, which satisfies the
mean value property, thenf = 0.

5. Exercise 3 (a)—(c) on page 139 of Taylor.

6. Show that, fon > 3, there is a constamt,, so that

C

_ n
P00 = g2

is a fundamental solution for the Laplace operator®¥n That is, we define the
operator

Guf (00 = [ anx = ) f()dy:
Rn
if fe CE(R”), thenA o Ghf = G0 Af = f. Describec, geometrically. Prove
that for everyf € CE(R”) the equatiomu = f has a unique, bounded solution.
7. Consider the operatdr = A + ¢ acting on functions defined iR3. Herec € R.
(a) Find all solutions to the equation
Lu=0

with spherical symmetry, that is depending only|oj.

(b) Prove that

cos(c]x — yII)
K(x, y) = — X7 V)
) = = X =i

is a fundamental solution fdr; that is if we define

Kf(x) = / k(x, y) f (y)dy,
R3

then for f € C2(R%) we have

KoLf=LoKf=*H.



8. Assume that in a neighborhood @, yo) € R?, u(x, y) is a smooth solution to the
guasi-linear PDE:

a(Ux, Uy)Uxx + 2b(Uyx, Uy)Uxy + C(Ux, Uy)Uyy = O.
Suppose that in some neighborhood>xy, yo) the variables
zj = Ux(X, y) n= Uy(Xa y)

define local coordinates; sgt= Xuy 4 yuy — u. Prove that, as a function &£, 7),
¢ satisfiex = ¢¢, y = ¢, and theinear PDE:

alg, Moy, — 20(E, Mpey + (&, Mpee = 0.



