
Math 644, Problem set 3 due October 23, 2007

Dr. Epstein

Reading: Taylor sections 2.5, 2.6, 2.8

1. Let a, b, c be constants and suppose thatac − b2 > 0, explain how the solutions
of the equationauxx + 2buxy + cu yy = 0 are related to harmonic functions. If
ac − b2 < 0, then explain how solutions of the equationauxx + 2buxy + cu yy = 0
are related to solutions of the 1d wave equation.

2. Leta(q), b(q), c(q), d(q), e(q) be continuous functions in a bounded setq ∈ � ⊂

R
2. Suppose that there is a constantM > 0 so that, for all(ξ, η), we have

a(q)ξ2 + 2b(q)ξη + c(q)η2 ≥ M(ξ2 + η2) for all q ∈ �. (1)

(a) Suppose thatu is continuous in� and

Lu = a(q)uxx + 2b(q)uxy + c(q)u yy + d(q)ux + e(q)u y > 0. (2)

Show that supq∈� u(q) = supq∈b� u(q).

(b) Now assume thatu is continuous in� and

Lu = a(q)uxx + 2b(q)uxy + c(q)u yy + d(q)ux + e(q)u y = 0. (3)

Show that supq∈� u(q) = supq∈b� u(q). Hint: consideru +ǫv, for an apprpri-
ate choice ofv.

(c) Show that, if it exists, the solution to the Dirichlet problem Lu = f, in �,

u ↾b�= g, is unique.

3. Let � ⊂ R
n, x0 ∈ � and suppose that1u = 0 in � \ {x0}. Suppose thatu(x) =

o(‖x − x0‖
2−n). Prove thatu has a smooth extension to�, satisfying1u = 0.

4. For each real numbers define the hypersurface inR4

Hs = {(x, y, z, t) : x2 + y2 + z2 − t2 = s}.

Show thatHs is spacelike if and only ifs < 0.
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5. A solution to the wave equation is called a “plane wave” ifu(x, t) = f (x ·ξ −t), for
a constant vectorξ. Describe all plane wave solutions. Why are they called “plane
waves?”

6. Prove that there is no classical solution touxx − ut t = 0 supported in the exterior of
the region{(x, t) : |x | ≤ |t |}.

7. Suppose thatu solvesut t = 1u in R
3 × R. Use energy estimates to show that

u(0, 0, 0, T ) is determined by the initial data(u(x, 0), ut(x, 0)) in the ball‖x‖ ≤ T .

8. If the initial data for the wave equation inRn is radial, i.e. u(x, 0) = f (‖x‖),

ut(x, 0) = g(‖x‖), then show that the solution, with this initial data, must also be
radial inx for all latter times.

(a) Forn = 3 show that the most general radial solution to the wave equation is
of the form:

u(x, t) =
F(‖x‖ + t) + G(‖x‖ − t)

‖x‖
. (4)

(b) If the initial data isu(x, 0) = 0, ut (x, 0) = g(‖x‖), then

u =
1

2r

r+t∫

r−t

sg(s)ds, wherer = ‖x‖. (5)

9. Solve the initial value problem for the PDEwt t = wxx − λ2w with w(x, 0) =

0, wt(x, 0) = g(x) by descent from the two dimensional wave equation. That is
consideru(x, y, t) = cos(λy)w(x, t). Find an explicit formula for the solution in
terms of the function:

J0(z) =
2

π

π
2∫

0

cos(z sin(θ))dθ. (6)

Does finite propagation speed hold for this equation?

10. A matrix A defines a Lorentz transformation if, for all(x, t) ∈ R
3 × R,

〈A(x, t), A(x, t)〉 = 〈(x, t), (x, t)〉, (7)

where〈(x, t), (x, t)〉 = ‖x‖2 − t2. If A is a Lorentz transformation andu(x, t)
solves the wave equation inR3 × R, then show thatv(x, t) = u(A(x, t)) does as
well.
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