Math 644, Problem set 3 due October 23, 2007
Dr. Epstein

Reading: Taylor sections 2.5, 2.6, 2.8

1. Leta, b, c be constants and suppose that— b? > 0, explain how the solutions
of the equatiorauxx + 2buyy + cuyy = O are related to harmonic functions. If
ac — b? < 0, then explain how solutions of the equatiaumy + 2buyy + cuyy = 0
are related to solutions of the 1d wave equation.

2. Leta(q), b(q), c(q), d(g), e(q) be continuous functions in a bounded get Q C
R?. Suppose that there is a constdht> 0 so that, for all&, #), we have

a(@)¢? + 2b(@)cn + c(@)n? = M + 7?) forallg € Q. (1)
(a) Suppose thatis continuous ir and
Lu = a(q)uxx + 2b(qQ)uxy + c(@uyy + d(q)ux +e(@uy > 0.  (2)

Show that sup., U(q) = SURyepe U(Q)-
(b) Now assume that is continuous irQ and

Lu = a(q)uxx + 2b(qQ)uxy + c(q)uyy + d(q)ux +e(@uy =0.  (3)

Show that sup.q u(q) = SURepg U(Q). Hint: consideu +ev, for an apprpri-
ate choice ob.

(c) Show that, if it exists, the solution to the Dirichlet ptem Lu = f, in Q,
U [po= @, IS unique.

3. LetQ c R", xg € Q and suppose thatu = 0in Q \ {Xo}. Suppose thati(x) =
o([Ix — Xoll>~"). Prove thau has a smooth extension®, satisfyingAu = 0.

4. For each real numberdefine the hypersurface iRt
HS: {(X’yazat): X2+y2+22—t2:S}.

Show thatHs is spacelike if and only i§ < 0.



10.

A solution to the wave equation is called a “plane wavei(X, t) = f (x-&—t), for
a constant vectaf. Describe all plane wave solutions. Why are they called “plan
waves?”

Prove that there is no classical solutiomjg — uy; = 0 supported in the exterior of
the region{(x, t) : |X| < |t|}.

Suppose that solvesuy; = Au in R3 x R. Use energy estimates to show that
u(0, 0,0, T) is determined by the initial data(x, 0), ut(x, 0)) in the ball||x|| < T.

If the initial data for the wave equation R" is radial, i.e. u(x,0) = f(||x|),
ut(x, 0) = g(JIx|), then show that the solution, with this initial data, musbdie
radial inx for all latter times.

(a) Forn = 3 show that the most general radial solution to the wave enuat

of the form:
u(x, 1) = FIx| +t) + G(Ix]] —t). (@)
X1l
(b) If the initial data isu(x, 0) = 0, ut(x, 0) = g(|Ix]), then
r+t
u= % / sg(s)ds, wherer = ||x]|. (5)

r—t

Solve the initial value problem for the PDEt = wxx — 22w with w(X, 0 =
0, wt (X, 0) = g(x) by descent from the two dimensional wave equation. That is
consideru(x, y,t) = cogAy)w(x,t). Find an explicit formula for the solution in
terms of the function:

Jo(2) = % co9qzsin(#))do. (6)

o —_ -

Does finite propagation speed hold for this equation?
A matrix A defines a Lorentz transformation if, for &K, t) € R® x R,
(A(X, 1), A, 1)) = (X, 1), (X, 1)), (7)

where ((x, 1), (x,t)) = ||x|?2 — t2. If Ais a Lorentz transformation ana(x, t)
solves the wave equation i®® x R, then show thab(x, t) = u(A(x, t)) does as
well.



