Math 644, Problem set 6 due December 6, 2007
Dr. Epstein

Reading: Taylor sections 4.1,4.4,4.5,5.1

1. Taylor page 274, problem 1.
2. Taylor page 275, problem 9.

3. Suppose that € HK*L(R") andg € HX(R"). Show that the unique solution to the
wave equation

Uit = AuonR x R" with u(0, x) = f(x) andu;(u, X) = g(x), (1)
satisfiesu(t, -) € HKL(RM) andug(t, -) € HK(RM) for all t € R.
4. If f € HK@®M), k > 2, then the distributional solution to
ur = Auwith u(0, x) = f(x), (2)
satisfiesu(t, -) € CO([0, co); HK(R™) N CL([0, c0); HX"2(RM)).

5. Letf € €°(R) and letu = 6(x) f (y) define an element of’ (R?). Show that the
equation

1 .
0z =U, 0z= é(ax +10y), (3)

has a solutiom € ¥'(R?) given by

v = E xu, whereE(Xx,y) =

oY) )

Prove thaw is a holomorphic function itC \ {x = 0}, and give a simple explicit
formula foro in the components of \ {x = 0}. Show that, at least in the sense of
1-dimensional distributions, we have

im [o(e.y) = (e, )1 = F¥). ©)

What is singsupp? Can you show that has a continuous extension to each of the
half planegx < 0} and{x > 0}?



6. Letu(t, X, y) solve the 2-dimensional wave equation
Utt = Uxx + Uyy With U0, X, y) =0, w0, X,y) =g(X,y) € ¥(R?).  (6)

For eacht show that

singsupp(t, -)
C {(X,y): thereis apointa, b) € singsupm, with ||(X, y) — (a, b)|| = |t|}.
(7)

7. The function ,

e7>4(1_t
g, t) = § Vamt fort >0 )
0 fort <O

defines an element &f (R?). What is singsupp? If f € C9([0, o0); #(R)), then
show that

t o
u(x, t) = / / ot — s, x — y) (s, y)dyds, ©)
0 —o©

solvesu;—Uyy = f in (0, co) xR andu(0, x) = 0. Prove thati € C1([0, 00): ¥(R)).
Hint: Use the Parseval relation to re-exprass



