Mid-Term Exam I MATH 104, October 3, 2006.

1. Find the area of the region enclosed by the graph of the function y = z? and the line
y = 9z.

A) 27 B.) & C.) & D.) 81 E) & F.) &
The correct answer is E.)

The graphs of y = 23 and y = 9z intersect at x = —3,0,+3, and the area enclosed by
these graphs consists of two equal parts, one from x = —3 to x = 0, the other from x =0
to x = 3. For one of these parts we find the area by means of integration,

The area is 2 times this integral, so 871.

2. Find the volume of the solid obtained by rotating the region bounded by the curve y = 2

and the lines y = 0 and = = 2 and = = 4 about the y-axis as the axis of rotation.
A)) 1057 B.) 1107 C.) 1157 D.) 120 E.) 1257 F.) 1307
The correct answer is D.)

The method of cylindrical shells is preferable here. The volume of a single shell is 27rh dzx.
We see from a sketch of the graph that the radius of the shell is » = x, while the height
equals h = x2. Therefore,

4 4 1 4
V = 27r/ xxdr = 27r/ 22dr =21 [—x‘l] = 120r7.
2 2 4 2



3. Find the volume of the solid obtained by rotating the region bounded by the curve y = /z
and the lines y = 0 and x = 1, about the axis of rotation y = —1.

A) 1—517r B.) %71‘ C.) %ﬂ' D.) %71’ E.) %71’ F.) 2
The correct answer is B.)

You can use washers or shells for this problem. Using shells with volume 27rhdy (a y-
integral!), we have radius 7 = 1 + y, height h = 1 — y? (because y = /7 gives x = 3?).
And so,
1 1
VZZW/ (1+y)(1—y2)dy=277/ (I+y—y*—y')dy
0 0

1 1,0 11
=27 [y + §y2 — fracl3y® — Zy4]0 =5

If you want to use washers with volume 7(R? — r?) dx, you have to set up an z-integral.
Inner radius r = 1, outer radius R = 1+ z!/2, and for a single washer you find,

7[(1+ 2% =12 = 7(22"/? + 2)d.

Integration gives the total volume,

' 4 1,00 1
V= TF/ 222 + 2)de = n | 2232 + Z2?| = =7
0 3 2 ], 6

4. Find the volume of the solid obtained by rotating the region bounded by the curves y* =
and y = 22 about the y-axis.

A) 1—787'(' B.) 1—757'(' C)ir D.) %7‘( E.) L7 F.) 8r

—_

The correct answer is A.)

As before, for this problem can be solved using either washers or shells. A single shell has
volume 27rh dz, and we must set up an a-integral. We find r = z, and h = 2/ — 22, and

! 4 1 7
V= 277/ (x5/4 — m3)dx — o | =294 — 24| = .
0 9 4 18

Using washers, you must evaluate the y-integral V =« fol(R2 — r2)dy, where the outer

1/2

radius is R = y'/2, and the inner radius r = y*. So,

1 1 141 7
ﬂ/o (y —y°)dy Tr[zy gyL 57



5. Find the average value of the function
f(z) = zsin (z?)
on the interval [0, /7.

A) ﬁr B.) = C.) 3= D) 2 E.)

S
S
3=

The correct answer is E.)

First evaluate the integral
v
/ zsin z2dx.
0

To simplify the sine expression, we use the substition u = x2, du = 2z dx. To fix the
boundaries of the new integral, note that if z = 0 then v = 0, and if = /7 then u = 7.
The new integral becomes

™1 1
/ —sinudu = =[cosu]g = 1.
0 2 2

To get the average, we must divide by the length of the z-interval, which is /7. The result
is 1/y/7.
6. The function f(z) = 223 — 322 + 6z is one-to-one. Find (f~1)'(5).
A) i B.) 3 C)i D.) 2 E)2 F.) 3
The correct answer is A.)

We use the formula

We know that f/(z) = 62 — 6z + 6, and we must find the value of f~1(5). But f~1(5) is
just the solution to f(z) = 5, or 2% — 322 + 62 = 5. Guess-and-check gives the solution
x=1. So f(1) = 5 and therefore f~1(5) = 1. Then

1 1 1

—1\/ _ — _
U0 = 5y T P 6




7. Find the formula for the inverse function f~!(z), if

€
flw) = er + 2
A)lnZZ  B)hiE )l D)mE2 E)hE

The correct answer is A.)

Swapping = and y we have

oY
ey +2°

Solving for y will give us the inverse function step-by-step,

x(e? +2) =eY, ze¥ +2x =¢Y,

xe¥ —e¥ = =2z, (x —1)e¥ = -2z,
. —2z _ 2z
r—1 1-2’
| 2z
=In
Y 1-2z

8. Let
f(x) =InzVa2 + 1.

Find f/(1).
A)

B.) C)i D.) 2 E)2 F.)

\][oV]

=
W=

The correct answer is F.)

The easiest method is to first rewrite the logarithm as,

1
lnx\/$2+1zlnzn—i—ln\/a:?—l—l:lnx+§ln(x2+1).

Now take derivatives, using the chain rule for the second term,

1 1 x

PRI

1
S VO
+2 v 2+1 =z

8

Plug in z = 1 and you get 1+%:%.



9.

10.

At what z-value does the function

f(z) =a3e®
attain it’s maximum? (Recall that at a mazimum, the slope of the graph equals zero.)
A)r=+3 B)z=2 Clae=3 D)z=e E)z=3 F)z=1
The correct answer is E.)
To find f/(z) we use the product rule,

fl(z) =322 + 23(—e %) = (322 — 23)e 7.

Here we have used the fact that the derivative of e™ is —1-e~% by application of the chain
rule. Because e~ is always positive, f/(z) = 0 means that 322 — 23 = 0. This factors as
22(3—x) = 0, and the solutions are x = 0 and = 3. At 2 = 0 we have f(0) = 0, while at

x = 3 the function-value is positive. So at = 3 the function attains it’s maximum value.

(Note: strictly speaking you would have to verify that at = 3 the second derivative f”(3)
is negative, so that you really have a maximum, and not a minimum. But on a multiple
choice test that is not required.)

Evaluate the integral
1 2
/ 33: dx.
0o T +1

A) iIn2 B.) 1In4 C.) 13 D.) 1ln4 E.)iln3 F.) 1In2

The correct answer is F.)

Substitute v = 2% + 1. Then du = 322 dz, and we get

L g2 1 /21 1 5 1 1
———dr== [ Zdu=Z=]l =-[n2—-Inl1]=-In2.
/0 Bl 3/1 gdu=gnai=gn2-Inlf =gl

The boundaries for this integral are obtained by calculating u = 23 + 1 for z = 0 and
r=1.



