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ABSTRACT. Weinvestigatethesolutionspaceof hypergeometricsystemsof differentialequationsin thesense
of Gelfand,Graev, Kapranov andZelevinsky. For any integerd � 2 we constructa matrix A ( d) 2 Nd� 2d and
a parametervector� ( d) suchthat the holonomicrank of the A-hypergeometricsystemH A ( d ) (� ( d) ) exceeds
thesimplicial volumevol(A ( d) ) by at leastd � 1. Thelargestpreviously known gapbetweenrankandvolume
wastwo.

Our constructiongivesevidenceto thegeneralobservation that rank-jumpsseemto go handin handwith the
existenceof multiple Laurent(or Puiseux)polynomialsolutions.

1. INTRODUCTION

A power series
P 1

t=1 a(t)x t is geometric,if the assignmentt 7! a(t + 1)=a(t) is a constantfunction on
N. If the valueof thesequotientsis always� , thenclearly a(t) = c � � t for someconstantc. A natural
generalizationarethehypergeometricseriesfor which a(t + 1)=a(t) is a rationalfunction in t. Thestudy
of suchobjectsgoesbackat leastto Euler. Gaußcontinuedthiswork andKummerandRiemannpioneered
theideaof investigatingthedifferentialequationsthataresatis�edby agivenhypergeometricseries.

Hypergeometricdifferentialequationsandtheir solutions,hypergeometricfunctions,area fascinatingmix-
ture of algebra,analysisandcombinatorics,andamongthe mostubiquitousmathematicalobjects. They
seemto occurnaturallyalmosteverywhere— following arejust a few examplesto illustratethis. If you
try to solve theLaplacepartialdifferentialequationby separationof variables,theBesselequationappears
naturally: its solutionsarehypergeometric[SD64]. Whenparameterizingelliptic curves,oneencounters
thetafunctions,which arehypergeometric[Yos97]. Perhapsoneis trying to solve a polynomialequation
of degreen in termsof the coef�cients: radicalswill not be enoughto do this if n > 4, but hypergeo-
metric functionswill [Stu00]. Or maybeyou want to do leastsquaresapproximationson setsof data,and
thepolynomialbasisyou needto useinvolvesorthogonalpolynomials;all interestingsuchbasesconsistof
hypergeometricelements[KS]. In mirror symmetry, theperiodsof certainnaturaldifferentialsin families
of Calabi–Yau toric hypersurfacessatisfyhypergeometricequations[CK99]. If you want to countcom-
binatorialobjectsandyour quantitiessatisfyrecursions,thenthis often forcestheir generatingfunction to
be hypergeometric.In a recentinstanceof this phenomenoninvolving algebraicgeometry, thegenerating
functionsfor intersectionnumbersonmoduli spacesof curvesturnout to beA-hypergeometricin thesense
of Gelfand,Graev, Kapranov andZelevinsky [Oko02]. It is this A-hypergeometricapproachthatwe shall
follow in thisarticle.
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Gelfand,Graev andZelevinsky de�nedA-hypergeometricsystemsin themid-eighties,andthey werefurther
developedby Gelfand, Kapranov and Zelevinsky (see[GGZ87, GZK89, GZK93]). Before we give the
generalde�nition of A-hypergeometricsystems,let usconsideroneexample.

Example1.1. Let A bethematrix
�

1 1 1
2 1 0

�
. Weconsidertheintegral kernelkerZ(A) of A consisting

of all u 2 Z3 with A � u = 0. For our A we have thatkerZ(A) is generatedby u = (1; � 2; 1). We usethis
vectorto form theoperator�( u) = @

@x1

@
@x3

� @2

@x2
2 by separatingthepositive partu+ = (1; 0; 1) from the

negativepartu� = (0; 2; 0) of u andthenusingtheentriesasexponentsover thecorrespondingderivations.

Fromthetwo rows of thematrixwe createtheoperators

E1 = 1 � x1
@

@x1
+ 1 � x2

@
@x2

+ 1 � x3
@

@x3
;

E2 = 2 � x1
@

@x1
+ 1 � x2

@
@x2

+ 0 � x3
@

@x3
:

For any pair � = (� 1; � 2) of complex numbers,theA-hypergeometricsystemis thesystemof linearpartial
differentialequations

E1 � (' ) = � 1 � ';

E2 � (' ) = � 2 � ';(1)
�

@2

@x1@x3
�

@2

@x2
2

�
� (' ) = 0

where' is a functionin thethreevariablesx1; x2; x3. Onemayinterpret(� 1; � 2) asa multi-degreeof the
solution' aswe explainnow. First noticethatfor any Puiseuxmonomialwehave:

�
x i

@
@x i

�
� (x1

� 1 x2
� 2 x3

� 3 ) = � i x1
� 1 x2

� 2 x3
� 3 ; i = 1; 2; 3:

This means,usinglinearity, thatfor a power series' (x1; x2; x3) =
P

� c� x1
� 1 x2

� 2 x3
� 3 (whereagainthis

mightbea sumof Puiseuxmonomials)wehave:

(E1 � � 1) � ' =
X

�

c� (E1 � � 1) �
�
x1

� 1 x2
� 2 x3

� 3
�

=
X

�

c�

�
x1

@
@x1

+ x2
@

@x2
+ x3

@
@x3

� � 1

�
�

�
x1

� 1 x2
� 2 x3

� 3
�

=
X

�

c� (� 1 + � 2 + � 3 � � 1) x1
� 1 x2

� 2 x3
� 3 :

Thus,if (E1 � � 1) � ' = 0, thentheexponents� appearingin ' =
P

� c� x1
� 1 x2

� 2 x3
� 3 mustsatisfy:

[c� 6= 0] =) [� 1 + � 2 + � 3 = � 1] :

A similar computationusingE2 insteadof E1 yields:

[c� 6= 0] =) [2� 1 + � 2 = � 2]

andthetwo implicationscombineto

(2) [c� 6= 0] =) [A � � = � ] :
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Let usde�ne themulti-degreeof x i to bethei th columnof A:

deg(x1) =
�

1
2

�
; deg(x2) =

�
1
1

�
; deg(x3) =

�
1
0

�
;

hencethemulti-degreeof amonomialis givenby:

deg(x1
� 1 x2

� 2 x3
� 3 ) = A � �:

Now equation(2) translatesinto:
If ' =

P
� c� x1

� 1 x2
� 2 x3

� 3 is killed by E1 � � 1 andE2 � � 2, then

[c� 6= 0] =) [deg(x1
� 1 x2

� 2 x3
� 3 ) = � ].

To illustrateonepointmadein theintroductionabove, let � = (0; � 1). It is well-known andeasyto verify

that thenthetwo rootsz1;2 = � x2 �
p

x22 � 4x1x3

2x1
of thepolynomialx1z2 + x2z + x3 in thevariablez with

indeterminatecoef�cients x1; x2; x3 aresolutionsof the system(1). In turn, onecanusethe systemof
partialdifferentialequationsto obtaina formulaof therootsasahypergeometricseries:

z1;2 =
� x2

2x1
�

 
x2

2x1
�

x3

x2

1X

t=0

1
t + 1

�
2t
t

� �
x1x3

x2
2

� t
!

:

We now cometo the de�nition of a generalA-hypergeometricsystem. We begin with taking an integer
d � n matrix A = (ai;j ) of full rankd anda complex parametervector� . As in theexamplewe form for
1 � i � d theoperators

E i =
nX

j =1

ai;j x j
@

@x j

from therows of A.

De�nition 1.2. TheA-hypergeometricsystemwith parameter� , denotedH A (� ), is the following system
of linearpartialdifferentialequationswith polynomialcoef�cients for thefunction' = ' (x 1; : : : ; xn ):

E i � (' ) = � i � ' i = 1; : : : d;

 
Y

u i > 0

@u i

@x i
u i

!

� (' ) =

 
Y

u i < 0

@� u i

@x i
� u i

!

� (' ) for all u 2 kerZ(A):

The �rst d equationsabove are called homogeneityconditions, the remainingequationsare called toric
equations.

In thepreviousde�nition, � canbeany vectorin Cd. However, in all of theexamplesin this articlewewill
useintegerparameters� 2 Zd.

For notationalconveniencewe shall from now on abbreviate thederivation @
@x i

by simply @i . ThenRA =
C[@1; : : : ; @n ] is thering of C-lineardifferentialoperatorswith constantcoef�cients. Let usview Example
1.1 in the light of our de�nition of generalhypergeometricsystems.In De�nition 1.2 therearein�nitely
many toric equations,onefor eachelementu of kerZ(A). On theotherhand,in (1) we listedonly onesuch,
�( u) � ' = 0 with u = (1; � 2; 1). Yet it turnsout thatno informationis lost. Namely, if A is thematrixof
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Example1.1andv 2 kerZ(A) thenup to signv = (k; � 2k; k) for somenaturalnumberk. It follows that,
againup to sign,

�( v) = (@1@3)k � @2
2k

=
�

(@1@3)k� 1 + (@1@3)k� 2@2
2 + (@1@3)k� 3@2

4 + � � � + @2
2k� 2

�
�
�
@1@3 � @2

2�
:

Soif ' is annihilatedby �( u) thenit is alsoannihilatedby �( v) for all otherv 2 kerZ(A).

More generally, it turnsout thatfor any matrix A onealwaysonly needsto look at a �nite numberof toric
equations;in orderto explain thereasonsfor thiswesimplify ournotationabit asfollows. In theremainder
of thepaperwe would like to usemulti-index notation:if u 2 Zn we meanby xu the(Laurent)monomial
x1

u1 x2
u2 � � � xn

un ; a similar conventionshall be usedfor @u . Also, if u 2 Zn , we write u = u+ � u� ,
where:

(u+ ) i = maxf ui ; 0g; (u� ) i = maxf� ui ; 0g:

With this notation,the toric operator�( u) =
Q

u i > 0
@u i

@x i
u i �

Q
u i < 0

@� u i

@x i
� u i

in HA (� ) correspondingto
u 2 kerZ(A) becomes@u+ � @u � . Let I A be the toric ideal in RA generatedby all �( u) = @u+ � @u �

with u 2 kerZ(A). SinceRA is Noetherian,thereis a �nite setof generatorsfor this ideal. In fact,sinceI A
is generatedby binomials, this �nite generatingsetcanbechosento consistof binomialsandhenceto beof
theform f �( v1); : : : ; �( vk )g for someelementsv1; : : : ; vk in kerZ(A). Indeed,therearesimplealgorithms
to �nd suchacollectionf vi gk

i=1 , see[Stu96].

Although we will not usethis, we would like to mentionthat by a theoremof Stafford [Sta78] the entire
A-hypergeometricsystemis equivalentto a linearsystemof just two differentialequations.However, these
two equationsareverycomplicatedsincethey have to carrya lot of information.

SinceHA (� ) is a linear systemof equations,the setof its holomorphicsolutionson a simply connected
opensetin Cn formsavectorspaceover thecomplex numbers.Thedimensionof thisvectorspaceweshall
call therankof H A (� ) anddenoteit by rank(H A (� )) . Somewhatsurprisingly, therankturnsoutto be�nite
for any choiceof A and� — this is ahighly unusualeventfor systemspartialdifferentialequations.

Sooneof themostbasicquestionsonemightaskabouttheA-hypergeometricsystemH A (� ) is:

QuestionA: Whatis therankof H A (� )?

A �rst answerto this questionwasgiven by Gelfand, Kapranov andZelevinsky [GZK89, GZK93] who
foundthatundera certainconditionon theidealI A calledCohen–Macaulayness, rank(H A (� )) is actually
independentof � . To describethis condition, considerthe polynomial ring RA = C[@1; : : : ; @n ] from
above and its quotientSA = RA =IA . Thenonecalls I A Cohen–Macaulayif andonly if thereared =
rank(A) linear forms L 1; : : : ; L d in RA suchthat for all 1 � i � d the form L i is a non-zerodivisor on
SA =hL 1; : : : ; L i � 1i . This propertyis a way of allowing singularitiesto occurin SA while preservingmany
goodalgebraicproperties.By a theoremof Hochster[Hoc72], oneparticularclassof Cohen–Macaulay
examplesis providedby thosematricesA for which thecollectionNA of all N-linearcombinationsof the
columnsof A is saturated. Thisconditionmeansthatif a latticepointp 2 Z d hassomemultiplep+ � � � + p
in NA, thenp itself is alreadyin NA. Suchsaturatedsemigroupsarisenaturallyas the collectionof all
latticepointsinsidethepositiveconeR+ v1 + � � � + R+ vk of k latticepointsv1; : : : ; vk 2 Zd. OurExample

1.1is of this typewith v1 =
�

1
2

�
andv2 =

�
1
0

�
.
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Underthe assumptionof Cohen–Macaulayness,a completelyexplicit combinatorialformula for the rank
wasprovidedin [GZK89, Ado94]. Let usdescribethis formula. Form a polytopeQ0 by takingtheconvex
hull of thecolumnsof A andtheorigin, picturedaspointsin Rd. SinceA hasfull rank this polytopehas
dimensiond. Thenthesimplicial or normalizedvolumeof A, denotedby vol(A) equalstheproductof d!
andthe usualEuclideanvolumeof Q0 (so that, for example,a standardd-simplex hassimplicial volume
equalto 1). With thisnotation,if I A is Cohen–Macaulay, thentherankrank(H A (� )) of thehypergeometric
systemto A and� agreeswith thesimplicial volumevol(A) no matterwhattheparameter� 2 Cd is.

Several authorshave expandedon theseresults,usually in the homogeneouscasewhereall the columns
of A, consideredaspointsin Rd, lie in a hyperplanenot containingthe origin. For example,Adolphson
[Ado94] showed that even if A fails to be Cohen–Macaulaythenthe formula rank(H A (� )) = vol(A) is
valid for almostevery � . If A is homogeneous,but underno otherconditionson eitherA or � , we always
have rank(H A (� )) � vol(A) aswasshown by Saito,SturmfelsandTakayama[SST00].Consideringthese
results,thenaturalquestionis:

QuestionB: Are thereactuallyany exampleswhererank(H A (� )) > vol(A) ?

Theansweris “yes”, andthe�rst andsmallestexampleof this typewasgiven in [ST98]; we will revisit it
in Example2.1. Experimentalstudiesshowedthatconstructingrank-jumpingexamples(A; � ) is veryhard
sincethey arequiterare;this accountsfor the10-yeardelaybetweenthe�rst resultson A-hypergeometric
functionsandthediscovery of the�rst rank-jump.

Onereasonthatmakesrank-jumpsvery interestingis thatthey seemto coincidewith theexistenceof very
nice solutions:contraryto typical solutionswhich areproperpower series,in all casesthat areknown to
the authorsthe “extra” solutionsat a rank-jumpareLaurent polynomials(or Puiseuxpolynomials,if the
exponentsarenon-integral); this fact is not well understoodyet, except in the caseof monomialcurves
[CDD99], whereit is known that all rank jumpsarisefrom the existenceof multiple Laurentpolynomial
solutions.

Viewing the resultsof [Ado94, GZK89, CDD99,SST00]in the light of Example2.1, oneis thenleadto
threemoreprecisequestions:

QuestionsC:

(1) WhichmatricesA allow for rankjumps?
(2) If A hasa rankjumpatall, whichparametersarerank-jumping?
(3) If � is a rank-jumpingparameterfor A, by how muchdoestherankexceedthevolume?

The �rst two questionshave beeninvestigatedfor examplein [CDD99, Sai02, Mat01, Mat03] andwere
recentlyansweredin full in [MMW04]. In the presentarticle we areinterestedin the third questionand
investigatethepossiblemagnitudeof thegapbetweenrankandvolume.Thereis a known upperboundfor
therankin termsof thevolumegivenby rank(H A (� )) � 22d � vol(A), see[SST00,Corollary4.1.2]. It is
believedthatthisexponentialupperboundis notoptimal. In fact,until now no examplehadbeenknown in
which therankexceedsthevolumeby threeor more.

Thegoalof this article to describea family of examplesthatexhibit arbitrarily large rank jumps;we shall
prove:
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Theorem 1.3. For anyd 2 Z> 1 there existsa d � (2d)-matrix A (d) anda parameter� (d) 2 Cd such that

rank(HA ( d) (� (d) )) � vol(A (d) ) � d � 1:

In contrastto the substantialamountof algebraandanalysisthat is neededto prove mostof the results
quotedabove, theproofof our resultis completelyelementary, requiresonly a knowledgeof linearalgebra
andis basedon constructingLaurentpolynomialsolutions.

2. THE FIRST RANK-JUMP EXAMPLE

Wenow presentamajorplayerin our laterconstructions:the�rst ever rank-jumpingexample.

Example2.1. Let � (2) = (� 1; � 2) and

A (2) =
�

1 1 1 1
0 1 3 4

�
:

ThenI A (2) is generatedby

@2@3 � @1@4;

@2
1@3 � @3

2;

@2@2
4 � @3

3;

@1@2
3 � @2

2@4

andtherearetwo homogeneityconditions:

(x1@1 + x2@2 + x3@3 + x4@4 � � 1) � (' ) = 0;

(x2@2 + 3x3@3 + 4x4@4 � � 2) � (' ) = 0:

In this case,

rank(HA (2) (� 1; � 2)) =
�

4 = vol(A (2) ) if (� 1; � 2) 6= (1; 2);
5 if (� 1; � 2) = (1; 2):

Example2.1wascompletelyanalyzedin [ST98]. Wereferto thatarticlefor aproof that(1; 2) is indeedthe
uniqueparameterfor which rankexceedsvolume. We now presentanexplicit basisfor thesolutionspace
of HA (2) (1; 2).

Theorem 2.2(Proposition4.1 [ST98]). Let

u(1) = (1=2; 0; 0; 1=2); u(2) = (1=4; 1; 0; 1=4); u(3) = (1=4; 0; 1; � 1=4)

andput for i = 1; 2; 3


 i =
n

(a;b) 2 Z2 : u(i )
2 + 4a � 3b; u(i )

3 + b � 0
o

:

Considerfor i = 1; 2; 3 thefunctions

f i =
X

(a;b)2 
 i

ca;b xu( i ) + a(� 3;4;0;� 1)+ b(2;� 3;1;0)

where

ca;b =
1

�( u(i )
1 � 3a + 2b+ 1)�( u(i )

2 + 4a � 3b+ 1)�( u(i )
3 + b+ 1)�( u(i )

4 � a + 1)
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and� denotestheusualgammafunction.If onesets

p1 =
x2

2

x1
; p4 =

x3
2

x4

thenthe�ve functionsp1; p4; f 1; f 2; f 3 area basisfor thesolutionspaceof H A (2) (1; 2). �

3. CONSTRUCTING ARBITRARY JUMPS

Wearenow readyto provide, for givend � 2, ad � 2d matrixA (d) andaparameter� (d) 2 Nd suchthat

rank(HA ( d) (� (d) )) � vol(A (d) ) + d � 1:

As we mentionedbefore,previously no exampleexistedwherethegapbetweenrankandvolumeexceeds
two.

If d = 2, Example2.1will do. Sofor theremainderof this articlewe �x anintegerd � 3, andwe write A
and� insteadof A (d) and� (d) in orderto simplify notation.

Let e1; : : : ; ed bethestandardbasisvectorsin Cd. De�ne a1; : : : ; a2d 2 Nd asfollows:

a1 = (1; 0; : : : ; 0; 0);

a2 = (1; 0; : : : ; 0; 1);

a3 = (1; 0; : : : ; 0; 3);

a4 = (1; 0; : : : ; 0; 4);

while if 3 � k � d � 1, set

a2k� 1 = e1 + ek� 1; a2k = e1 + ek� 1 + ed:

Thus

A =

0

B
B
B
B
B
B
B
@

1 1 1 1 1 1 1 1 � � � 1 1
0 0 0 0 1 1 0 0 0 0
0 0 0 0 0 0 1 1 0 0
...

...
. ..

...
...

0 0 0 0 0 0 0 0 1 1
0 1 3 4 0 1 0 1 � � � 0 1

1

C
C
C
C
C
C
C
A

Now let
� = (1; 0; : : : ; 0; 2):

Weshallprove

Theorem 3.1. For thematrixA andparameter� introducedabove, wehave:

rank(HA (� )) � vol(A) � d � 1:

Wewill prove this theoremin aseriesof lemmas.Firstwewill computethesimplicialvolumevol(A); after
this is done,wewill exhibit therequirednumberof linearly independentsolutionsof H A (� ).

Lemma 3.2. Thesimplicial volumeof A is d + 2.
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Proof. Recallthatthesimplicialornormalizedvolumeof apolytopeof dimensiond in Rd equalstheproduct
of d! andits usualEuclideanvolume.

Let Q = conv(A), theconvex hull of thecolumnsof A. Sincethecolumnsof A all lie in thehyperplane
t1 = 1 of Rd, theconvex hull Q0 of theorigin andthecolumnsof A form a pyramidof heightoneover Q.
Hencethesimplicial volumeof Q0 is equalto thesimplicial volumeof Q; wecomputethelatter.

ThepolytopeQ is theunionof two others:theprismP (over thestandard(d � 2)-simplex with vertices
a1; a5; a7; : : : ; a2d� 1) whoseverticesarethecolumnsof:

0

B
B
B
B
B
B
B
@

1 1 1 1 1 1 � � � 1 1
0 0 1 1 0 0 0 0
0 0 0 0 1 1 0 0
...

.. .
...

...
0 0 0 0 0 0 1 1
0 1 0 1 0 1 � � � 0 1

1

C
C
C
C
C
C
C
A

;

andthe(d � 1)-simplex S whoseverticesa2; a4; a6; : : : ; a2d arethecolumnsof:
0

B
B
B
B
B
@

1 1 1 � � � 1
0 0 1 0
...

.. .
...

0 0 0 1
1 4 1 � � � 1

1

C
C
C
C
C
A

:

In Figure1 we seethedecompositionof Q into theprismP andthesimplex S for d = 4. Sincetheprism

PQ

S

FIGURE 1. DecomposingQ = conv(A) for d = 4

hasheightone,its EuclideanvolumeequalstheEuclideanvolumeof its base,thestandard(d � 2)-simplex
with Euclideanvolume 1

(d� 2)! . Thus,P hassimplicial volume (dim( P ))!
(d� 2)! = d � 1.

On theotherhand,S is apyramidof heightthreeoverastandardsimplex, andsoits simplicialvolumeis 3.
This impliesthatvol(Q) = (d � 1) + 3 = d + 2. �
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The next stepin our proof is to construct2d + 1 solutionsof H A (� ). In order to do this we needto
understandtheintegerkernelof A, becausethetoric equationsareconstructeddirectly from theseelements.
In particular, we will identify positive andnegative coordinatesof certainelementsin kerZ(A). Theother
importantingredientis �nding integersolutionsof A � u = � . Thefact that thecoordinatesof � aresmall
positive integerswill facilitatethissearch.However, we startwith showing thatany solutionof H A (2) (1; 2)
is asolutionof oursystem.

Lemma 3.3. Let  bea solutionof H A (2) (1; 2). Then is a solutionof H A (� ). In particular, thefunctions
p1, p4, andf 1, f 2, f 3 fromTheorem2.2are linearly independentsolutionsof H A (� ).

Proof. It is easyto seethat is asolutionof thehomogeneityequations

2dX

j =1

ai;j x j @j � ( ) = � i �  ; i = 1; : : : ; d:

Hencewe only needto verify that  is annihilatedby the toric operators�( u) = @u+ � @u � for all
u+ � u� = u 2 kerZ(A). Wenow studytheintegerkernelA. SinceA is of full rankd andthecolumnsof
thefollowing (2d � d)-matrix B arelinearly independent,thecolumnsof B form a basisfor thekernelof
B over therationalnumbers:

B =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1 1 1 1 1 � � � 1
� 2 � 1 � 1 � 1 � 1 � � � � 1

2 � 1 0 0 0 � � � 0
� 1 1 0 0 0 � � � 0

0 0 � 1 0 0 � � � 0
0 0 1 0 0 � � � 0
0 0 0 � 1 0 � � � 0
0 0 0 1 0 � � � 0
0 0 0 0 � 1 � � � 0
0 0 0 0 1 � � � 0
...

...
...

0 0 0 0 0 � � � � 1
0 0 0 0 0 � � � 1

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

Usingrows 1; 2; 5; 7; 9; : : : ; 2d � 1 we seethatthegreatestcommondivisor of themaximalminorsof B is
1. This implies that thecolumnsof B areactuallya basisfor the integer kernelkerZ(A): any elementof
kerZ(A) is aninteger linearcombinationof thecolumnsof B .

Choosea toric operator@u+ � @u � whereu = B � z for somez 2 Zd. If zi 6= 0 for somei � 3, then
u2i � 1 andu2i will benonzero,with oppositesigns. This meansthatoneof themonomialsin @u+ � @u �

will contain@2i � 1, andtheotherwill contain@2i . Since doesnot containthevariablesx2i � 1 nor x2i , it
follows thatbothmonomialsannihilate andtherefore(@u+ � @u � ) � ( ) = 0.

It remainsto considerthecasewhenonly z1 andz2 areallowedto benonzero.But in thatcaseu = B � z
givesa toric operatorinsideH A (2) (1; 2), and wasassumedto beasolutionof thatsystem. �
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Wenotethattherearenopolynomialsolutionsfor H A (� ) sinceany suchsolutionwouldhave to havemulti-
degree� and� is not an N-linear combinationof the multi-degreesof the x i , which arethe columnsof
A. We will now constructLaurentpolynomialsolutionsfor H A (� ), onefor eachvertex of thepolyhedron
Q = conv(A). Theseverticesarethe columnsa1, a4, a5; : : : ; a2d of the matrix A. The correspondence
betweentheLaurentpolynomialspi andtheverticesai will begivenby

p is associatedto ai if no variablebut x i occursin any denominatorof p.

For theverticesa1 anda4 wealreadyhavesuchsolutions,namelytheLaurentmonomialsp1 = x2
2=x1 and

p4 = x3
2=x4. Soweneedto constructLaurentpolynomialsolutionspi of HA (� ) associatedto a5; : : : ; a2d,

andsinceH A (� ) doesnothave polynomialsolutions,theseareproperfractions.

If p =
P

c� x � is a Laurentpolynomial solutionof H A (� ) then the homogeneityequationsimply that
A � � = � for any � suchthat c� 6= 0. Hencethe possibleLaurentmonomialsappearingin a Laurent
solutionpi of HA (� ) associatedto ai areof theform x � whereA � � = � , � 2 Zn andonly � i is anegative
integer.

Let us searchfor all suchvectors� wheni = 5. Sincethe secondcoordinateof � is zeroandonly the
columnsa5 anda6 of A have nonzerosecondcoordinates,wemusthave � 6 = � � 5 > 0.

Then
� 5a5 + � 6a6 = � 6ed:

Note thatA hasno negative entries.As � i � 0 for i 6= 5, A � � = (1; 0; : : : ; 0; 2) is in eachcomponent
boundedfrom below by � 5a5 + � 6a6, so� 6 equals1 or 2. Moreover, everyai hasa1 in the�rst coordinate
andso� haspreciselyonemorenonzeroentrybesides� 5 and� 6; this entrywill bea1. Now if � j = 1 for
any j > 6 thenA � � will have a1 in aplacewhere� hasazero.Therefore,thethird nonzerocoordinateof
� mustbeoneof � 1, � 2, � 3 or � 4. If � 6 = 1, we get � = (0; 1; 0; 0; � 1; 1; 0; 0; : : : ; 0) while for � 6 = 2
weget� = (1; 0; 0; 0; � 2; 2; 0; 0; : : : ; 0); thereis no otherchoice.

Thisgivesustwo possiblemonomialsto makeaLaurentpolynomialsolutionof H A (� ) whereonly x5 is in
thedenominator, namelythemonomialsx2x6

x5
and x1x6

2

x52 . Neitherof theseLaurentmonomialsis a solution
for HA (� ), but asuitablelinearcombinationis:

Lemma 3.4. Thefunction

p5 =
x2x6

x5
�

1
2

x1x6
2

x5
2

is a solutionof H A (� ).

Proof. By ourconstruction,p5 is asolutionof thehomogeneityequations,

2dX

j =1

ai;j x j @j � ( ) = � i �  ; i = 1; : : : ; d;

becausetheexponentsappearingin it satisfyA � � = � . Now weneedto seethatp5 is asolutionto

(@u+ � @u � ) � (p5) = 0

whenever u+ � u� = u 2 kerZ(A).
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RecallthatkerZ(A) hasaZ-basisconsistingof thecolumnsof thematrixB . Let uslook ata toric equation
@u+ � @u � , whereu = B � z for someintegervectorz 2 Zd. If zi 6= 0 for somei > 3, thenu2i � 1 andu2i
arenonzerowith oppositesigns.Then@2i � 1 and@2i appearin differentmonomialsin @u+ � @u � while p5
doesnotcontaineitherof thevariablesx2i � 1 or x2i . This meansthat

(@u+ � @u � ) � (p5) = 0 for u+ � u� = B � z with zi 6= 0 for somei > 3:

So let usnow look at u = B � z for z suchthatzi = 0, i = 4; 5; : : : ; d. Thentheonly (possibly)nonzero
coordinatesof u arethefollowing:

u1 = z1 + z2 + z3;

u2 = � 2z1 � z2 � z3;

u3 = 2z1 � z2;

u4 = � z1 + z2;

u5 = � z3;

u6 = z3;

with all zi 2 Z. If u3 andu4 arebothnonzeroandhavedifferentsigns,thenthefactthatp5 containsneither
x3 norx4 impliesthat(@u+ � @u � ) � (p5) = 0. This meansthatweneedto studythreecases:

(1) u3 = u4 = 0,
(2) 0 � u3; u4 andnotbothu3 andu4 vanish,
(3) 0 � u3; u4 andnotbothu3 andu4 vanish.

In Case(1),wehavez1 = z2 = 0. If jz3j � 2, thenwehave@2
1 and@2

2 in differentmonomialsof @u+ � @u � ,
which impliesthat(@u+ � @u � ) � (p5) = 0. In theremainingcasejz3j = 1 one�nds

(@1@6 � @2@5) � (p5) = 0 �
1
2

2x6

x5
2 �

� x6

x5
2 � 0 = 0:

In Case(2) oneseesimmediatelythat@u+ kills p5 sinceu3 or u4 will bepositive andp5 doesnot involve
eithervariable. So we needto show that @u � alsokills p5. From the given inequalitiesonededucesthat
eitherz1 = z2 = 1 or thatz1 � 1 andz2 � 2. In thelattersituationu2 � � 4 � z3 � � 2, so@u � contains
@2

2 andhencekills p5. We now considerthecasez1 = z2 = 1. Clearlyif z3 < � 2 then@u � contains@6
3

andhencekills p5. If z3 = � 2 then@u � = @2@6
2 kills p5. Finally, if z3 � � 1 then@u � contains@2

2 and
kills p5.

Case(3) is entirelyparallelto Case(2), with signsreversed. �

The constructionof p6 goesalong the samelines as the constructionof p5. First we �nd that the only
solutionsof A � � = � with � i 2 Z � 0 for i 6= 6 and� 6 2 Z< 0 arethevectors

(0; 0; 1; 0; 1; � 1; 0; : : : ; 0) and (0; 0; 0; 1; 2; � 2; 0; : : : ; 0);

Thenwepropose

p6 =
x3x5

x6
�

1
2

x4x5
2

x6
2 :
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A similar analysisasin Lemma3.4shows that,exceptfor @3@6 � @4@5, every generator@u+ � @u � of I A
hasthepropertythatboth@u+ and@u � annihilatep6. Now to establishp6 assolutionof H A (� ) reducesto
checkingthat

(@3@6 � @4@5) � (p6) =
� x5

x6
2 �

� 1
2

2x5

x6
2 = 0:

Moregenerally, adaptingthenotation,weobtain:

Proposition3.5. Thetwo functions

p2i � 1 =
x2x2i

x2i � 1
�

1
2

x1x2i
2

x2i � 1
2 ; p2i =

x3x2i � 1

x2i
�

1
2

x4x2i � 1
2

x2i
2

are solutionsof H A (� ) for everyinteger i with 3 � i � d.

Wecannow completetheproofof ourmainresult.

Proofof Theorem3.1. The functionsf 1; f 2; f 3 andp1; p4; p5; : : : ; p2d are2d + 1 solutionsof H A (� ). By
Theorem2.2,the�rst � vearelinearly independent.Sincefor i > 4 theLaurentsolutionpi hasa polein x i
andsincex i doesnot occurin thesolutionsf 1; f 2; f 3; p1; p4; : : : ; pi � 1 we concludethatall thesesolutions
arelinearly independent.It follows thatrank(H A (� )) � 2d + 1. Usingvol(A) = d + 2, weconcludethat

rank(HA (� )) � vol(A) � d � 1;

which is whatwewantedto prove. �
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tions, AlgorithmsandComputationin Mathematics,vol. 6, Springer-Verlag,Berlin, 2000.MR 2001i:13036
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