ARBITRAR Y RANK JUMPS FOR A-HYPERGEOMETRIC SYSTEMS
THROUGH LAURENT POLYNOMIALS

LAURA FELICIA MATUSEVICHAND ULI WALTHER

ABSTRACT. Weinvestigatehesolutionspaceof hypegeometricsystemf differentialequationsn thesense
of Gelfand,Graev, Kapranw andZelevinsky. For ary integerd 2 we constructa matrix A (q) 2 NY 29 and
a parameterector (g suchthatthe holonomicrank of the A-hypegeometricsystemHa , ( (a)) exceeds
thesimplicial volumevol(A 4)) by atleastd 1. Thelargestpreviously knovn gapbetweerrankandvolume
wastwo.

Our constructiorgivesevidenceto the generalobsenation that rank-jumpsseemto go handin handwith the
existenceof multiple Laurent(or Puiseux)polynomialsolutions.

1. INTRODUCTION

P
A power series t1=1 a(t)x! is geometric,if the assignment 7! a(t + 1)=a(t) is a constantfunctionon

N. If the value of thesequotientsis always |, thenclearlya(t) = ¢ ! for someconstantc. A natural
generalizatiorarethe hypegeometricseriesfor which a(t + 1)=a(t) is arationalfunctionin t. The study
of suchobjectsgoeshackat leastto Euler Gauficontinuedthis work andKummerandRiemanrpioneered
theideaof investigatingthe differentialequationghataresatis ed by a givenhypegeometricseries.

Hypegeometricdifferentialequationsandtheir solutions hypegeometricfunctions,areafascinatingmix-
ture of algebra,analysisand combinatoricsand amongthe mostubiquitousmathematicabbjects. They
seemto occurnaturallyalmosteverywhere— following arejust a few examplesto illustratethis. If you
try to solve the Laplacepartial differentialequationby separatiorof variablesthe Besselkequationappears
naturally: its solutionsare hypegeometric[SD64]. When parameterizinglliptic curves, one encounters
thetafunctions,which are hypegeometric[Yos97. Perhapsneis trying to solve a polynomialequation
of degreen in termsof the coefcients: radicalswill not be enoughto do thisif n > 4, but hypegeo-
metric functionswill [Stu0J. Or maybeyou wantto do leastsquarespproximationson setsof data,and
the polynomialbasisyou needto useinvolvesorthogonalpolynomials;all interestingsuchbasesonsistof
hypegeometricelementdKS]. In mirror symmetry the periodsof certainnaturaldifferentialsin families
of Calabi—¥au toric hypersurficessatisfy hypegeometricequationgCK99]. If you wantto countcom-
binatorialobjectsandyour quantitiessatisfyrecursionsthenthis oftenforcestheir generatingunctionto
be hypegeometric.In arecentinstanceof this phenomenoinvolving algebraicgeometrythe generating
functionsfor intersectiomumberson moduli space®f curvesturn outto be A-hypegeometridn thesense
of Gelfand, Graey, Kaprane andZelevinsky [Oko0Z2]. It is this A-hypegeometricapproactthatwe shall
follow in thisarticle.
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Gelfand,Graer andZelevinsky de ned A-hypegeometricsystemsn themid-eightiesandthey werefurther
developedby Gelfand, Kapran@ and Zelevinsky (see[GGZ87, GZK89, GZK93]). Beforewe give the
generalde nition of A-hypegeometricsystemslet usconsideroneexample.

111
210

ofallu2 z3with A u = 0. ForourA we havethatkerz(A) is generatedby u = (1; 2;1). We usethis
vectorto form theoperator( u) = 2 @ @(—@;Z by separatinghe positive partu; = (1;0; 1) from the
negative partu = (0; 2; 0) of u andthenusingthe entriesasexponentsover the correspondinglerivations.

Example 1.1. Let A bethematrix . We considettheintegral kernelkerz (A) of A consisting

Fromthetwo rows of the matrix we createthe operators

Ei = 1 x1@@1+ 1 XZ@@2+ 1 x3@@3;
C @@ e
E, = 2 X1@1+1 X2@2+0 Xg@s.

Forary pair = ( 1; 2) of complex numbersihe A-hypegeometricsystemis the systemof linearpartial
differentialequations

m
=
1
[N

1) Ex (1) 2

@ @

CACEINC TS

where' is afunctionin thethreevariablesx1; X2; X3. Onemayinterpret( 1; 2) asamulti-degreeof the
solution' aswe explain now. First noticethatfor ary Puiseuxmonomialwe have:

Xj Q

@ P

This meansusinglinearity, thatfor a powver series (X1;X2; X3) = C X1 X2 2X3 3 (whereagainthis

mightbea sumof Puiseumono)r(nials)/ve have:

() =0

(X1 *X2 2X3 %) = X1 X2 2x3%; i=123

(E1 1) ' = c(Ex 1) X1 'Xz2?x3?®

X @ @ @

= C Xi=—+Xo—=—+ Xz3—=—— X1 'X2 ?X3 ®

teu @ @; !

X

= c (1+ 2+ 3 1)X1 'Xz ?Xx3 ¥

. . P .
Thus,if (E1 1) ' = 0,thentheexponents appearingn' = C X1 X2 2X3 3 mustsatisfy:

[c 80]=) [ 1+ 2+ 3= 1]
A similar computatiorusingE» insteadof E; yields:
[c 80]=) [2 1+ 2= 2]
andthetwo implicationscombineto
2) [c 6 0]=) [A

I
—
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Let usde ne themulti-deyreeof x; to betheith columnof A:

degx)= 3 dego)= 1 idegxs)= o
hencethe multi-degreeof amonomialis givenby:
degxy *Xx2 2x3 3) = A
Now equation(2) translat%ztnto:
If' = C X1 X2 2x3 ¥ iskilled by E4 1 andE» 2, then
[c 8 0]=) [degXx1 *X2 2X3 %)= ]

To illustrateonepoint madein theirHroductionabO/e,Iet = (0; 1). It iswell-known andeasyto verify

— X2 Xp? 4X1X3 : 2 . . .
thatthenthe two rootsz;., = e of thepolynomialx1z- + X,z + X3 in thevariablez with

indeterminatecoefcients xi; X»; X3 are solutionsof the system(1). In turn, one canusethe systemof
partialdifferentialequationdo obtainaformulaof therootsasa hypegeometrlicseries:

X2 Xo xs® 1 2t xyxz !

2X1 2X1 X o tt1t X 52

We now cometo the de nition of a generalA-hypegeometricsystem. We beagin with taking an integer
d nmatrixA = (a;;) of full rankd anda complex parametewector . As in the examplewe form for
1 i dtheoperators
X @
Ei=  aij X =
j=1 @;
from therows of A.

De nition 1.2. The A-hypegeometricsystenwith parameter , denotedH o ( ), is thefollowing system

of linear partialdifferentialequationsvith polynomialcoefcients for thefunction' ="' (x1;:::;Xn):
Ei ()= "' i=1:::d;
! !
Y i Y uj
@;u (‘)= @ ™ (‘) for all u 2 kerz(A):
ui>0@' I Ui<0@l I

The rst d equationsabore are called homaeneity conditions the remainingequationsare called toric
equations

In thepreviousde nition, canbeary vectorin C%. However, in all of the examplesin this articlewe will
useintegerparameters 2 Z9.
For notationalcorveniencewe shallfrom now on abbreviate the derivation @@i by simply @. ThenRA =

1.1in thelight of our de nition of generalhypegeometricsystems.In De nition 1.2 therearein nitely
mary toric equationspnefor eachelemenu of kerz(A). Ontheotherhand,in (1) we listedonly onesuch,
(u) " =0withu= (1; 2 1). Yetit turnsoutthatnoinformationis lost. Namely if A is the matrix of
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Examplel.landv 2 kerz(A) thenupto signv = (k; 2k;Kk) for somenaturalnumberk. It follows that,
againup to sign,
(v = (@@ @*
(@@* '+ (@@) @’ + (@@ *e*'+ +@*’ @@ @ :

Soif ' isannihilatedoy ( u) thenit is alsoannihilatecby ( v) for all otherv 2 kerz(A).

More generallyit turnsout thatfor any matrix A onealwaysonly needdgo look ata nite numberof toric
equationsin orderto explainthereasongor this we simplify our notationabit asfollows. In theremainder
of the paperwe would like to usemulti-index notation:if u 2 Z" we meanby x" the (Laurent)monomial
X1Y1xY2  x,Yn: asimilar conventionshall be usedfor @. Also, if u 2 Z", wewriteu = uy U ,
where:

(u+)i = maxfui;0g; (u )i = maxf u;;0g:

@i ui

With this notation,the toric operator ( u) = =, ., & U;<0 % in Ha( ) correspondingo
u 2 kerz(A) becomes®@+ @ . Letla bethetoric idealin Ra generatedyall ( u) = @+ @

with u 2 kerz(A). SinceRp is Noetherianthereis a nite setof generatorsor thisideal. In fact,sincel a
is generatedby binomials this nite generatingsetcanbe choserto consistof binomialsandhenceo be of

to nd suchacollectionf v; gik:1 , see[Stu9q.

Althoughwe will not usethis, we would like to mentionthat by a theoremof Staford [Sta7§ the entire
A-hypegeometricsystemis equivalentto alinearsystemof justtwo differentialequationsHowever, these
two equationsarevery complicatedsincethey have to carryalot of information.

SinceHa( ) is alinear systemof equationsthe setof its holomorphicsolutionson a simply connected
opensetin C" formsavectorspaceoverthecomplex numbersThedimensiorof this vectorspacewe shall
calltherankof Ha( ) anddenotdat by rank(Ha( )). Someavhatsurprisingly therankturnsoutto be nite
for arny choiceof A and — thisis ahighly unusuakventfor systemgartialdifferentialequations.

Sooneof themostbasicquestionnemight askaboutthe A-hypegeometricsystemH o ( ) is:
QuestionA: Whatis therankof Hao( )?

A rst answerto this questionwas given by Gelfand, Kaprane and Zelevinsky [GZK89, GZK93] who
foundthatundera certainconditionontheideall o calledCohen—Macaulaynesgank(H A ( )) is actually
independenbf . To describethis condition, considerthe polynomialring Ra = C[@;:::; @] from

good algebraicproperties. By a theoremof Hochster[Hoc72, one particularclassof Cohen—Macaulay
examplesis provided by thosematricesA for which the collectionNA of all N-linear combinationof the
columnsof A is satuiated This conditionmeanghatif alatticepointp 2 Z9 hassomemultiplep+  + p
in NA, thenp itself is alreadyin NA. Suchsaturatedsemigroupsarisenaturally asthe collectionof all
lattice pointsinsidethepositiveconeR, vi +  + R, vy of k latticepointsvy;:::; vk 2 Z9. OurExample
andv; = (1)

1.1is of thistypewith v, = ;
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Underthe assumptiorof Cohen—Macaulaynesa,completelyexplicit combinatorialformula for the rank
wasprovidedin [GZK89, Ado94. Let usdescribethis formula. Form a polytopeQg by takingthe corvex

hull of the columnsof A andthe origin, picturedaspointsin RY. SinceA hasfull rankthis polytopehas
dimensiond. Thenthe simplicial or normalizedvolumeof A, denotedby vol(A) equalsthe productof d!

andthe usualEuclideanvolume of Qg (sothat, for example,a standardd-simplex hassimplicial volume
equalto 1). With this notation,if | 5 is Cohen—Macaulayhentherankrank(Ha( )) of thehypegeometric
systemo A and agreesith thesimplicial volumevol(A) no matterwhattheparameter 2 CHis.

Several authorshave expandedon theseresults,usuallyin the hom@eneouscasewhereall the columns
of A, consideredaspointsin RY, lie in a hyperplanenot containingthe origin. For example,Adolphson
[Ado94] shavedthatevenif A fails to be Cohen—Macaulayhenthe formularank(Ha( )) = vol(A) is
valid for almostevery . If A is homogeneoudyut underno otherconditionson eitherA or , we always
haverank(Ha( )) vol(A) aswasshavn by Saito,SturmfelsandTakayamdSSTO00]. Consideringhese
results the naturalquestionis:

QuestionB: Are thereactuallyary examplesvhererank(Ha( )) > vol(A) ?

Theansweris “yes”, andthe rst andsmallestexampleof this type wasgivenin [ST98]; we will revisit it
in Example2.1. Experimentabtudiesshavedthatconstructingank-jumpingexamples(A; ) is very hard
sincethey arequiterare;this accountdor the 10-yeardelaybetweerthe rst resultson A-hypegeometric
functionsandthediscorery of the rst rank-jump.

Onereasorthatmakesrank-jumpsvery interestings thatthey seemto coincidewith the existenceof very
nice solutions: contraryto typical solutionswhich are properpower series,in all caseghatareknown to
the authorsthe “extra” solutionsat a rank-jumpare Laurent polynomials(or Puiseuxpolynomials,if the
exponentsare non-intgyral); this factis not well understoodyet, exceptin the caseof monomialcurves
[CDD99], whereit is known thatall rank jumpsarisefrom the existenceof multiple Laurentpolynomial
solutions.

Viewing the resultsof [Ado94, GZK89, CDD99, SSTO0Q]in the light of Example2.1, oneis thenleadto
threemoreprecisequestions:

QuestionsC:

(1) Which matricesA allow for rankjumps?
(2) If A hasarankjump atall, which parameterarerank-jumping?
(3) If isarank-jumpingparametefor A, by how muchdoestherankexceedthevolume?

The rst two questionshave beeninvestigatedor examplein [CDD99, Sai02 Mat01, Mat03 andwere
recentlyansweredn full in [MMWO04]. In the presentarticle we areinterestedn the third questionand
investigatehe possiblemagnitudeof the gapbetweerrankandvolume. Thereis a knowvn upperboundfor
therankin termsof thevolumegivenby rank(Ha( )) 229 vol(A), see[SST00,Corollary4.1.2]. It is
believedthatthis exponentialupperboundis not optimal. In fact, until now no examplehadbeenknown in
which therankexceedghevolumeby threeor more.

The goal of this article to describea family of examplesthat exhibit arbitrarily large rankjumps;we shall
prove:
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Theorem1.3. Foranyd 2 Z»; thereexistsad  (2d)-matrix A 4y anda parameter (g, 2 CY suc that
rank(H A(d)( (d))) V0|(A(d)) d 1

In contrastto the substantiamountof algebraand analysisthatis neededo prove mostof the results
guotedabore, the proof of our resultis completelyelementaryrequiresonly a knowvledgeof linearalgebra
andis basedn constructing_aurentpolynomialsolutions.

2. THE FIRST RANK-JUMP EXAMPLE

We now presenta majorplayerin our laterconstructionsthe rst ever rank-jumpingexample.

Example2.1. Let (5 = ( 1; 2) and

Thenl o, isgeneratedy

andtherearetwo homogeneityconditions:

(xX1@+ x2@+ x3@+ xs@ 1) (')
(X2@+ 3X3@+ xs@ 2) (')

o
e o

In this case, ;
rank(Ha, ( 15 2)) = g_ vola) :; E i 33 8 g

Example2.1wascompletelyanalyzedn [ST9g. We referto thatarticlefor aproofthat(1; 2) isindeedthe
uniqueparametefor which rank exceedsvolume. We now presentan explicit basisfor the solutionspace
of Ha, (1;2).

Theorem 2.2 (Propositiond.1[ST98]). Let
u® = (1=2,0,0;1=2); u® = (1=4;1;0;1=4); u® = (1=4,0;1; 1=4)
andputfori = 1;2;3 n _ _ 0
= @h2z2:uP+4a 3w;u’+b 0 :
Considerfor i = 1, 2; 3 thefunctions
fi - Ca;qu(i)+a( 3;4;0; 1)+ b(2; 3;1,0)
(ab)2

whee
1

3a+ 20+ 1) (ud +4a 30+ 1) (ul’ + b+ 1)(ul a+1)

Ca;b = n
(uf’
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and denotegheusualgammafunction.If onesets

X22_ Da = X3?
=< y= —
X1 X4

thenthe ve functionspy; ps;f 1;f2; f 3 are a basisfor the solutionspaceof H Ag) (1;2).

p1=

3. CONSTRUCTING ARBITRARY JUMPS
We arenow readyto provide, for givend  2,ad  2d matrix A 4 andaparameter g 2 N¢ suchthat
rank(H A(d)( (d))) VO|(A(d)) +d L

As we mentionedbefore,previously no exampleexistedwherethe gapbetweernrank andvolume exceeds
two.

If d = 2, Example2.1will do. Sofor theremainderof thisarticlewe x anintegerd 3, andwe write A
and insteadof Ay and (g) in orderto simplify notation.

ap = (1;,0;:::;0;0),

a = (1;0;:::;0;2);

az= (1,0;:::;0;3);

azs= (1;,0;:::;0;4),
whileif 3k d 1, set

ax 1= €1+ & 1, Ay = €1+ & 1+ €yl
Thus 0 1
111 1111 11
00001100 00
0 000O0OO0OT11 00
A= L. .
0 0O00O0OOOODO 11
01340101 01
Now let
=(1;0;:::;0; 2):

We shallprove

Theorem 3.1. For thematrix A andparameter introducedabove wehave:
rank(Ha( )) vol(A) d 1

Wewill provethistheoremn aseriesof lemmas Firstwe will computethesimplicial volumevol(A); after
thisis done,we will exhibit therequirednumberof linearlyindependensolutionsof H o ( ).

Lemma 3.2. Thesimplicialvolumeof A isd + 2.
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Proof Recallthatthesimplicial or normalizedsolumeof apolytopeof dimensiord in R® equalgheproduct
of d! andits usualEuclidearvolume.

Let Q = corv(A), the corvex hull of the columnsof A. Sincethe columnsof A all lie in the hyperplane
t, = 10of RY, thecorvex hull Qg of theorigin andthe columnsof A form a pyramid of heightoneover Q.
Hencethesimplicial volumeof Qg is equalto the simplicial volumeof Q; we computethelatter.

The polytopeQ is the union of two others:the prismP (over the standardd 2)-simplex with vertices

ai;as;ar;:..;ay 1) whoseverticesarethe columnsof 1
111111 11
001100 00
000O011 00
0 000O00O 11
010101 01
andthe(d 1)-simplex S whoseverticesay; as; ag; :: : ; axq arethe columnsof:
111 1
0 01 0
0 0O 1
141 1

In Figure1 we seethe decompositiorof Q into theprismP andthesimplex S for d = 4. Sincethe prism

s | U

FIGURE 1. Decomposindg = corv(A) ford= 4

hasheightone,its Euclidearvolumeequalshe Euclidearvolumeof its basethestandardd  2)-simplex

with Euclideanvolume g5 Thus,P hassimplicialvolume(d(ig'(zpﬁ)! =d 1

Ontheotherhand,S is apyramidof heightthreeover a standardgsimples, andsoits simplicial volumeis 3.
Thisimpliesthatvol(Q) = (d 1)+ 3=d+ 2
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The next stepin our proof is to construct2d + 1 solutionsof Ha( ). In orderto do this we needto

understandheintegerkernelof A, becaus¢hetoric equationsareconstructedlirectly from theseelements.
In particular we will identify positive andnegative coordinate®f certainelementsn kerz(A). Theother
importantingredientis nding integersolutionsof A u = . Thefactthatthecoordinate®of aresmall

positive integerswill facilitatethis search However, we startwith shaving thatary solutionof H a ,, (1;2)

is asolutionof our system.

Lemma3.3. Let beasolutionofHa, (1;2). Then isasolutionofHa( ). In particular thefunctions
P1, P4, andf 1, f 2, f 3 fromTheoem2.2 are linearly independensolutionsof Ha ( ).

Proof. It is easyto seethat is asolutionof thehomogeneityequations

yed
agx@ ()= i i=1;::0d
j=1

Hencewe only needto verify that is annihilatedby the toric operators( u) = @+ @ for all
ur u = u2kerz(A). Wenow studytheintegerkernelA. SinceA is of full rankd andthe columnsof
thefollowing (2d d)-matrix B arelinearly independentthe columnsof B form a basisfor the kernelof
B overtherationalnumbers:

0 1 1 1 1 1 1 1
2 1 1 1 1 1
2 1 0 o0 o0 0
1 1 0 0 O 0
0O 0O 1 o0 O 0
0O 0O 1 o0 O 0
B = O 0O 0O 1 o0 0
O 0O O 1 o0 0
0O 0O O o0 1 0
O 0O O o0 1 0
O 0O O o0 o 1
0O 0O O o0 o 1
Usingrows 1;2;5;7;9;:::;2d 1 we seethatthegreatestommondivisor of the maximalminorsof B is

1. This impliesthatthe columnsof B areactuallya basisfor the integer kernelkerz(A): ary elementof
kerz(A) is aninteger linearcombinatiornof thecolumnsof B.

Choosea toric operator@* @ whereu = B z for somez 2 Z9. If z; 6 O for somei 3, then
Usi 1 anduy will be nonzerowith oppositesigns. This meanshatoneof the monomialsin @+ @
will contain@; 1, andtheotherwill contain@;. Since doesnot containthe variablesxy; 1 nor Xy, it
follows thatbothmonomialsannihilate andtherefore(@+ @ ) ( )= 0.

It remainsto considerthe casewhenonly z; andz, areallowedto be nonzero.Butin thatcaseu = B z
givesatoric operatoinsideH a ,, (1;2), and wasassumedo bea solutionof thatsystem.
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We notethatthereareno polynomialsolutionsfor H o( ) sinceary suchsolutionwould have to have multi-
degree and is not an N-linear combinationof the multi-degreesof the x;, which are the columnsof
A. We will now construct_aurentpolynomialsolutionsfor Ha( ), onefor eachvertex of the polyhedron

betweerthe Laurentpolynomialsp; andtheverticesa; will begivenby
p is associatedb a; if novariablebut x; occursin ary denominatoof p.

For theverticesa; anday we alreadyhave suchsolutions hamelythe Laurentmonomialgp; = x»2=x; and

andsinceH 5 ( ) doesnot have polynomialsolutions theseareproperfractions.

If p= Cc X is a Laurentpolynomial solutionof Ha( ) thenthe homogeneityequationamply that
A = forary suchthatc 6 0. Hencethe possibleLaurentmonomialsappearingn a Laurent
solutionp; of Ha () associatetb a; areof theformx whereA = , 2 Z" andonly ;isanegatve
integer.

Let us searchfor all suchvectors wheni = 5. Sincethe secondcoordinateof is zeroandonly the
columnsas andag of A have nonzercsecondccoordinateswe musthave ¢ = 5> 0.

Then
5a5 + el = 6€4:

NotethatA hasno neggatve entries.As ; Ofori 6 5 A = (1;0;:::;0;2) is in eachcomponent
boundedrombelon by sas+ gag, SO g equalsl or 2. Moreover, every a; hasalin the rst coordinate
andso haspreciselyonemorenonzercentrybesides s and ¢; thisentrywill beal. Nowif ; = 1for
ary] > 6thenA  will havealin aplacewhere hasazero.Thereforethethird nonzeracoordinateof

mustbeoneof 1, 2, z0r 4 If =1, weget = (0;1,0;0; 1;1,0;0;:::;0) whilefor g= 2
weget = (1;0;0;0; 2;2;0;0;:::;0); thereis no otherchoice.
This givesustwo possiblemonomialgo make a Laurentpolynomialsolutionof H o ( ) whereonly X5 isin
thedenominatqrnamelythemonomials% and%gﬁ. Neitherof theseLaurentmonomialsis a solution
for Ha( ), but asuitablelinearcombinations:

Lemma 3.4. Thefunction

X2Xg 1X1X52

X5 2 X52

ps =

isasolutionofHa( ).

Proof. By ourconstructionps is asolutionof the homogeneityequations,
»d
aixi@ ()= i ; i=1d;
j=1
becaus¢heexponentsappearingn it satisfyA = . Now we needto seethatps is asolutionto

(@ @) (ps)=0

wheneeru, U = u 2 kerz(A).
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Recallthatkerz (A) hasa Z-basisconsistingof the columnsof thematrix B . Let uslook atatoric equation
@+ @ ,whereu= B zforsomeintegervectorz 2 Z9. If z; 6 Ofor somei > 3, thenuy 1 anduy;

arenonzerowith oppositesigns. Then@; ; and@; appeain differentmonomialsn @+ @ while ps
doesnot containeitherof thevariables<,; 1 or X,i. This meanghat

(@ @) (ps)=0 forus u =B zwithz 6 0forsomei > 3:

Soletusnow look atu = Bz for z suchthatz; = 0,1 = 4;5;:::;d. Thentheonly (possibly)nonzero
coordinate®f u arethefollowing:

Up = 23+ 2 + 73,

U= 221 2z zg;

Us = 227 2o,

Us= Z1+ 2

Us = Zz;

Us = Z3;

with all z 2 Z. If uz andug arebothnonzercandhave differentsigns,thenthefactthatps containseither
Xz horxy4 impliesthat(@+ @ ) (ps) = 0. Thismeanghatwe needto studythreecases:

(1) Uz = ug =0,

(2) 0 usz;u4 andnotbothus anduy vanish,

(3) 0 usz;u4 andnotbothus anduy vanish.

In Casg(1),wehavez; = z = 0. If jz3) 2, thenwehave @ and@ in differentmonomialof @+ @
whichimpliesthat(@* @ ) (ps) = 0. Intheremainingcasgzsj = 1 one nds
12xg _Xs

(@@ @@) (;:)=0 5 —

0=20:
2X52 X52

In Case(2) oneseesmmediatelythat @+ kills ps sinceus or us will be positive andps doesnot involve
eithervariable. Sowe needto shawv that@ alsokills ps. Fromthe giveninequalitiesone deduceghat
eitherz; = z, = 1lorthatzy 1andzy 2. Inthelattersituationu, 4 73 2,s0@ contains
@2 andhencekills ps. We now considerthecasez; = z, = 1. Clearlyif zz < 2then@ contains@?®
andhencekills ps. If zz = 2then@ = @@? kills ps. Finally, if z3 1then@ contains@? and
kills ps.

Caseg(3) is entirelyparallelto Case(2), with signsreversed.

The constructionof pg goesalongthe samelines asthe constructionof ps. Firstwe nd thatthe only
solutionsof A = with {2 Z ofori 6 6and g2 Z< arethevectors
(0;0;1,0;1; 1;0;:::;0) and (0;0;0;1;2;, 2,0;:::;0);
Thenwe propose
_ X3Xs }x4x52_
B X6 2 X62 '
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A similar analysisasin Lemma3.4 shavs that,exceptfor @@ @@, everygenerato@* @ ofla
hasthe propertythatboth@* and@ annihilateps. Now to establishpg assolutionof H () reducedo
checkingthat

_ X5 12X5 _
(@@ @@) (ps)= F 7)(—62 =
More generallyadaptingthe notation,we obtain:
Proposition 3.5. Thetwo functions
by 1= XoXai  1X1X2i® 0y = X3Xa 1 1XeXa 1°
21T X 1 2%a 12 2 X2i 2 X372
are solutionsof Ha () for everyintegeri with3 i d.
We cannow completethe proof of our mainresult.
Proofof Theoem3.1. Thefunctionsf 1;f,;f3 andp1; pa; ps; :::;pP2qg are2d + 1 solutionsof Ha( ). By
Theorem2.2,the rst vearelinearlyindependentSincefor i > 4 the Laurentsolutionp; hasapolein x;
andsincex; doesnotoccurin thesolutionsf 1;f2;f3;p1;p4;:::;pi 1 we concludethatall thesesolutions

arelinearlyindependentlt followsthatrank(Ha( )) 2d+ 1. Usingvol(A) = d + 2, we concludethat
rank(Ha( )) vol(A) d 1;
whichis whatwe wantedto prove.
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