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A tiling of a skew [rotated| shape be- with Dyck tiles.... min-word w %g‘%g %g% %%‘%g gé% ig%g %%% 421%% %g% The chords of a Dyck path X are the segments between matching Up and Down
tween 2 Dyck paths... (1-box thick Dyck path) steps (matching parentheses in the corresponding balanced parentheses expression).
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matching 12345678 12345678 12345678 12345678 12345678 12345678 12345678 12345678 Partial order on chords: ¢ < ¢; if ¢; is vertically above ¢; (the (1) of ¢; nest
inside the () of ¢;). Chord length |c| = number of Up steps on or above c.
Pis--Pn 0,2,3,5  0,2,3,3  0,0,2,5 0,0,3,3 0,1,0,5 0,1,0,3 0,1,30 0,1,1,0
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Chord Poset Py
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labeled tree 1\0 2 1\0 2 2\0 1 2\0 1 3\0 P 3\0 1 4\0 1 4\0 1 e
Csuch that: 0 AR X o Nt O
If one Dyck tile covers another (i.e. preorder word 1234 1243 2134 2143 3124 3142 4123 4132
has a box whose center lies straight inverse-preorder o 1234 124i3 2i134 2$14$3 23$14 24i13 234$1 24%1
above the center of a box of the sec- left-endpoints £ 1346 1364 3146 3164 3416 3614 3461 3641
ond tile), then the horizontal extent right-endpoints r 2857 2875 8257 8275 8527 8725 8572 8752

of this tile is a subset of the horizon-
tal extent of second tile.
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With the definitions from Sections Cover-inclusive Dyck tilings, definition and Chord posets, statistics: Referencl:e - Sampl(i ST L}(leftdan? ri%ht En;i;;pint; Qf
E le — all Sinclusive Dvek tili f q o hape. . . . . natura abeling | natural labeling of | chords " O 1sted 1n
Tampre — all Cover-Ineisive Lyck tHngs ob a sIvell shape Theorem 1 (Conjecture 1 in (Kenyon-Wilson 2011)). Given a Dyck path ) of order n, we have Lo of Py (left-to-right | tree the order given by L.
l _
For a Dyck tiling T" of shape sh(T) = \/u, we define dis(T") = dis(\, u) — Z T nl,! | ) depth-first search)
the discrepapcy between A and p, i.e. number of places where A\ has a Dyck tilings 7 € D()\, ) [ehords c of A HCHC] 3,7,10,12,6,1,4.9.8.5, 11,2 6,12.1,7,10,5,2,9,8.3.11, 4
Down step while 4 has an Up steP (half the Hamming @tz.mce. between where the sum is over all cover-inclusive Dyck tilings T with fixed lower path . Preorder word L o L~} Element of £(Py): Lyo L™
the Dyck words of A and p). Let tiles(7") be the number of tiles in T, and st of labels of I Ot Lin Toft : 3 0 q ’
area(T') be the number of unit squares of the skew shape A/u. We define Theorem 2. Given a Dyck path \ of order n, we have ( 1SL O 1abels Of L CCOUNLETed 11 1et- 1nverse preorder word,
| to-right depth first search) standardization of 41, ..., 4,.
art(7T') := (area(T) + tiles(7))/2. Z ZAs(T) — Z zdeslo) (2)
Dyck tilings T € D), #) cel(P)) Linear extensions of naturally labeled poset Py:
where L is the Jordan-Hé6lder set (set of linear extensions) of the chord poset P, of ). L(P) ={Lyo L' : L is a natural labeling of P}.
Proof. The two bijections DTS and DTR, defined below, and the ¢g—hook-length formula: {nzgrilqnj stat1<sfu)10>ofaipﬁrnziltatlonta Ent[nt] (él(eim?ng O_fif{P)l ln?/<0'>>: #{gz’] )
BACKGROUND: THE DOUBLE-DIMER MODEL o € L(P)) +— Dyck tilings with lower shape A\: DTR(X, o) and DTS(), o), s.t. =TS IS M00) = 04J), GESCElt Satise. Gelg) = st < - 0i =~ Gitly-
art(DTS(\, o)) = inv(o)  and  dis(DTR(A, o)) = des(o). O Labeled tree/chord poset (P, L)
G = (V, E) - bipartite graph 3 ) + sequence of insertion locations of chords
V ={B,W} O —0 @O ° Theorem 3. The maps DTR and DTS are bijections between integer sequences py, ..., p,, (p1,--spn), st 0<pi<2i—1l:pi=#{j <t : ;< li}+#{j<i : r; <}
E CcA{(i,j)|ie B,je W} such that 0 < p; < 2(i — 1) and cover-inclusive Dyck tilings of order n. <> Perfect matchings on 1,..., 2n:
a, m > a
Dimer cover — perfect Oo—— e O match(pi, .., pp) = I, o match(py, .., pn—1) U{(pn+1,2n)}, I,(a) = {a L o
matching. ’ -
N (Lo )V l T T l BIJECTIONS: LINEAR EXTENSTIONS <> DYCK TILINGS
(nodes on boundary, n black, n HOOK-LENGTH FORMULA
white) Two bijections: Linear extensions L of P\ <+ (p1,...,pn) <> Dyck tilings T' € D(, %). ‘
*—0 CHHHHD Algorithm: Let P, be the subposet of P\ of the nodes labelled 0,1,...,k in L, corresponding to Knuth: the number of linear extensions of a tree poset P is i . where h,, is
Dyck path A, and let T}, be the corresponding tiling. Py = Py + ¢p11, where ¢4 is the node/chord [Loep P
: : : L - the number of descendants of v plus 1. g-analog [Bjorner and Wachs| :
o 5 labelled k£ + 1, then A1 is obtained from A; by expansion at the position of c;,q relative to Ag, at
4 1 horizontal distance pp1 from the beginning of A\;. Then T}, is obtained from T} by: Z inv(c) [n]q'
GBW = G\ (({1,3,..2n — 1} N B)U ({2,4,..,2n} N W}) Step Ty — Thiq: growi.ng at pr.1, the insertion point of chord labeled k + 1: spreading columns and e q " Tloerticos v p, [|subtree rooted at UHq’
GVE— G\ ({1,3, .20 — 13N W)U ({2.4, .. 2n} N B)) adding strips (DTS) or ribbons (DTR): . '
Double-dimer(G,N) = superposition of Dimer(G”") + where [nfy =14 g +---+¢" and [nfg! = [I}; - [n],.
Dimer(G"?)

[In the Double-dimer model the odd nodes in N will always be connected
(paired) with the even nodes - pairing 0. E.g. o = {{1,2},{3,4}}]

DYCK TABLEAUX AND DYCK TILINGS

Theorem 4 (Kenyon-Wilson). The probability of a certain pairing
o of the 2n nodes N is a rational function of X;; = %, where
Z; ; is the weighted sum of dimer covers of G \ {7,5}, and Z it
the weighted sum of dimer covers of G.

X1.9X,
Eg Pr({{17 2}7 {37 4}}> — X172X3714;%|—)?1%4X2,3

add strip " remove strip add ribbon " remove ribbon
from growth site from special column from growth column|| from special column
to last up step to last up step to special column to as far as possible

added ribbon Proposition 7. There is a bijection between the cover-inclusive Dyck

tilings 1" of a skew shape A/ and the weakly increasing assignments of
nonnegative integers to the poset of chords P,, such that the number
g. assigned to chord c satisfies 0 < g. < h., where h,. is the maximum
number of Dyck tiles that can cover the chord ¢ and fit within the
shape \/u. This bijection satisfies >, g. = (area(T') — tiles(T')) /2.

added broken strip

Marginal pairing probabilities
Probability that node ¢ is paired with
node 5 when #V is large? ’

identify special Column” identify special coluan[

to c.i. Dyck tiling

I4
to Dyck tableau

Theorem 5 (Kenyon-Wilson). Let S be a set of equal number of o

Crt1
white and black nodes, then ’
& _ Z Mg, Pr(n) Bijections: DT5: art(DTS(A, L)) = inv(L) ~ DTR: dis(DTR(A, o)) = des(L) Proposition 8. There is a bijection between the cover-inclusive Dyck
Dy pairing of nodes . ) . . . tilings whose lower path is the zig-zag path zigzag, = (UD)" of n up-
o . down steps and Dyck tableaux [introduced by Aval, Boussicault, and
il j=2.4....2n . . 1 ) )
where Dg = det[(1; jes + 1ijgs) x (=1){I" 1>/2X@J’U=1,3,...72n—1 and //f\/\ /f/.\ 1 ° 2 Dasse-Hartaut in ARX1v:1109.0370Vv2 | of order n.
INA2° TN A2 N
0 7 connects some nodes S <> S° °
Mgz = . 3.1 2
1 otherwise PN DD NN N (‘)/
5 HERMITE HISTORIES
_ 15 4
Pr(m) =) Mg, Dy 3.1 2 2.3
Inverting M — counting Dyck tilings 45 \\\
S <+ balanced parentheses <+ noncrossing pairings <> Dyck paths! 3.1.2
0
5=1{L23,6} < P=()(() < 7=(1,2)3,6)(4,5) « 123456
45 o HFoTallX - >
9) 3 6 \1/ 2 002003 4642 3 1
Mgy = Mp p, =3+ 1D N\ . | L o o
’ ’ 0 otherwise ransforming a cover-inclusive Dyck tiling into an histoire d’Hermite |Kim, Konva-
linka|. Left: each number on the up step counts the number of tiles of the tiling
P g P, if Py can be obtained from P, by reversing several pairs of matched ; 5 4\1/5 5 which are encountered by the exploration process of gray paths and each tile is en-
0, e 0 & (), but () §(Z () \\O// countered exactly once. Right: the beginning of each arc labeled with the number
» &5 ’ s i s o e of arcs containing it (nesting number).
=== === 7 485 Theorem 10. The histoire d’Hermite arising from exploring
A~ o~ o~ o~ 3\6\ /1/2 DTS(p1,...,p,) from the left is the same as the histoire d’Hermite
o 9 ~ 2 S 0 of match(py, ..., p,) recording the nesting numbers on the up steps.
{1,2,3,4,5,6} OOO 1 1 1 1 1 7 385
{1,2,3, 6} OCO) 0 1 0 1 0 Lo\ THE M AD STATISTIC
{1, 4,56 (OO 0 0 1 1 0 Ny - ,
(1 60 (OO0) 0 0 0 1 1 Clarke, Steingrimsson, and Zeng define mad of a permutation o as:
{1, 3,4, 6} (CCOM 0 0 0 0 1 desdif(o) = Y (03 — 0ira),

1€DES(o
Theorem 6 (Kenyon-Wilson). The inverse matrix of M is given by i .
—1 A/ u : : .1s res(o) = Z H{k <i:o;>0p> 011}
MA/N SAGIEY cover-inclusive Dyck tilings of shape \/u icDES(0)

mad(c) = desdif (o) + res(o).

mad(o) = Z [1+#{k > i+1: 0, > op > o1 }H2x#{k <i:0; > o) > 0i41}].
i€eDES(0)

231-AVOIDING PERMUTATIONS

Theorem 9. The maps DTS(zigzag,, ) and DTR(zigzag,, ) restrict
to bijections between 231-avoiding permutations in S, and
Dyck tilings whose lower path is zigzag, and which contain only
one-box tiles (so, in particular these correspond to Dyck paths,
being determined just by the upper path u).

Theorem 11. For each permutation o of order n,
art(DTR(zigzag,,, o)) = mad(o).
Remark: Combining Theorems 11 and 1, we obtain an involution

DTS(zigzag,,, -)* o DTR(zigzag,,, -)

on permutations of order n which goes by way of Dyck tilings and which maps mad
to inv. In particular, this shows that mad is Mahonian.
DTS(A, L) DTR(A, L) L e L(P))

. . Corollary: ceneralization of mad for linear extensions of tree posets P
. .. DT [)) — 43425 _ DT . . 7 y: g p \s
Preprlnt at aer .1205.65 l V ]_ art( S()\, )) - 9 - 34 dlS( R()‘a L)) =0 an(L) — 347 des( ) 6 mad(l,) = al"t<DIR<)\a L))




