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w2 12.10 Taylor & Maclaurin Series

Suppose f is a function which has a power series representation

f(x):ch(x—a)" =c,+c,(x—a)+c,(x—a)’ +cy(x—a) +---

" for |x—a|<R
We can find the coefficients ¢, in the following manner:
f(a)=c,+c (a=a)+c,(a—a) +c,(a—a)’ + = f(a)=c,

0 0 0

Now let's take the derivative:
f(x)=c +2c,(x—a)+3c;(x—a)’ +4c,(x—a)* +---
f(a)=c +2¢c,(a-a)+3c,(a-a)’ +4c, (a—a)’ +--- = f'(a) =,

[N —7
0 0 0
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Now let's take the second derivative:
f7(x)=2¢c,+2-3¢c,(x—a)+3-4c,(x—a)’ +-

f7(a)=2c,+2:3c,(a—a)+3-4c, (a—a)’ +4c,(a—a)’ +--

0 0

Finally let's take the third derivative: €= 7
f7(x)=2-3¢,+2-3-4c,(x—a)+3-4-5¢,(x—a)* +--

f7(a)=2-3¢,+2-3-4c,(a—a)+3-4-5c,(a—a)* +-- f7(a)=23c,
_f7(a)
P23

Continuing in this manner, we'll obtain:

M) ) " (a)
‘T 2.3.4 “=53.4.5 n!
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” a
f7(a) /"(a)
31

o (x—a)’ +---

(x—a)*+

f(x)zi:f(”:lfa)(x_a)” = f(a)+ f/(a) (x—a)+

Taylor series of the function f centered at a.

If a =0, then we call the series the Maclaurin series of the function f.

oo (n) ” ”
10=3 e poepr(oee D e SO
=i 21 3
Find the Maclaurin series for f (x) =¢" B, 1210 Taylor & Mactausi Series
— X _ . _ . aﬂ+l . n! xn+l
f(x)=e £(0)=1 201 =1 i = i
f(x)=¢e" (0)=1 =1! =1
”() X f7(0) x o
[(x)=e £7(0)=1 21 =4 )P
fr(x)=¢ f7(0)=1 31 =44 =lim—— ~0<1
f(4)(x):ex f(4)(0):1 =4 :%X4 (n+ for all x
: : —R=w
f(ﬂ) (O) :l f(ﬂ) (O) x” _ n
n! n! n! n!
o n 2 3 4
e’“:zx e+t X 4 withR=oo
n=0 n‘ ! 4




Find the Maclaurin series for f (x) = sin x

f(x)=sinx £(0)=0 0! =0
f(x)=cosx  f(0)=1 1! =1y
f7(x)==sinx  ¢7(0)=0 2! =0x°
fr(x)==cosx  f7(0)=—1:3! =—1x°
fY(x)=sinx  fW(0)=0+4! =0x*
fOx)=cosx  fP(0)=15! =5

only odd powers so we should use 2n—1 or 2n+1
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2n+3
a ‘ (2n+1)! xzwl)ﬂ‘
lim|—2L| = lim e
=ela, | e |21 +1) T
2n+3
=lim Gart Pl
==|(2n+3)(2n+2)-(QurT _#7|
=liml—~ | _g<1
n=|(2n+3)(2n+2)
for all x
=R=o

1) (1) e
v

the first term (when n=0) is x' so we choose 2n+1 n! - (2n+1)!
oo _1 no2n+l 3 5 7
sinx = (L: A XX , with R = oo
= (2n+1)! 31 50 7!
Find the Maclaurin series for f (x) = (1+x)" B Tovir & Shecaurin eris
f(x)=(1+x) f(0)=1
£/(x)=k(1+x)" £(0)=k
f(x)=k(k=1)(1+2)" f7(0)=k(k=1)
f7(x)=k(k=1)(k=2)(1+x)"” f7(0)=k(k=1)(k-2)
FH )=k (k=1)(k=2)(k=3)(1+2)" 1 (0) =k (k=1)(k -2)(k-3)
7 (0)=k(k=1)(k=2)-+-(k~(n-1))
k—n+1
o (n) o stop whgn you get
O k k—l k—2 k— +1 to this term
0, )2 ko),
n=0 n! n=0 n!

Maclaurin Series for f (x)

k(k-1) ,

(1+x)k =1+kx+ TR

+




e = k(k=1)(k

_2)..
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(k—n+1
( n+ )xn

(1+x) =

)

n=0

n!

Find its radius of convergence.

a, | . |k(k=1)(k=2)-(k (n+1)+1) nl ™
lim || =lim —
=l a, | o K (k=1)(k=2)(k—n+1)  (n+D)! x
(1 1\ L1 D)t _
:1imk1v H{k—2)% n+1)(k n) T )/x|
oo (fr e I AT .
n— kde—fe—2 (k=7 +1) (n+1)}e'!' 4(‘
. |k—n
=lim X =|—x|=|x|<1 —=R=1
n=e|p+1
for convergence
k—n
lim =-1
n—e 41
In a probablility course you learn that
K (k=1)(k=2)(k—n+1) The symbol often
n! P k
is the number of ways to select n used for this is (”J
objects out of a total of k objects
List of important Maclaurin series : Math 104 - Rimmer
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—=Zx"=1+x+x2+x3+~- R=1
I-x n=0
! ZZan"l =14+2x+3x"+4x° +.-- withR=1
(l—x) =l
w L ntl 2 3 4
n(l-x)=-%"— =—x-2 -2 % _ withR=1
—n+l 2 3 4
pelss PR 7
arctan x = Z —_——t——— withR=1
= 2n+1 3 5
w on 2 3 4
e*=ZX—=1+x+x—+—+x—+-- ,with R = o
= n! 21 3! !
o0 _1” 2n+1 3 5 7
sinx = L: S . ,with R =0
pr (2n+1)! 3t 507!
= (—1)" x> 2 4 6
cosx:z( ) == 4 2 ,With R =0
=0 (2n)‘ 21 40 6!
= (k k(k—1 k(k—-1)(k-2
(1+x)k=Z[ jx”—1+kx+ (2' )x2 ( ;( )x3+~ with R=1
n=0 n .




Find the Taylor series for f (x) =~/x centered at x=1. B b i 0 s sr
f(x):xUZ f(l)

f’(x):%x_llz f’(l):% =1 :% ()C—l)

f”(X):_Tlx_m ,,(1):_1 =9 :4f—2}!(x—1

=1:0! =1

£ () =27 £ (1) =141 = (1)
f(s)(x)=73‘—15x_9/2 f(s) (1):73_15_5' :%(x_l)s

719 () =255 (1) = 26t =232 (5 )

f(x)=l+%(x—l)+i

Find the Taylor series for f (x) = cos x centered at x = e B oo et Seris

flx)=cosx  f(5)=F +01=% e e o
S(x)==sinx ey B oqyo L (x-2) 7negaﬁve
flx)=meosx pr(g)=—Leai=—f(x-2)

frl)=sine r(@)=f by LI
f(4)(x)=c0sx f(4)(%)=%+4!=2,—i(x—§)4 and have each alternate
FO () = msin £ (5) = =55 0= 5 (- 2)

COSx:ﬁ i (_1)2” (x_'Z)Zn +i (_1)”+1 (X_Z)ZIH—I]

z 2 n=0 (2]’1) . n=0 (27’1 + 1)'
centered at x = "
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Use a power series to integrate a function when there is no integration technique you could use.

J.x3e’“dx

-, (—x)’ e (=) a ey
et = e =)y - =

”Z:(; n! ”Z::} n! ”Z::; n!

oo (_1)” x3n+4
s n!(3n+4)
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Use a power series to evaluate a limit.

. sinx—x+%
lim—————
x—0 X
3 5 7

S AT yg’ ¥©ox x0T &
- 35 T ST TR TR ST
lim - = lim = —1 !
x>0 X x=0 X
_hm 5 x7 N x9 xll

1 x xt X 1

= m ---——-+F——- =|—-

—=ol 5 71 9! 11! 120
—— N

0 0 O
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Use a power series to find the sum of a series.

ﬂ.2 3 ”4 0o ﬂ.n
I+7+—+—+— =) — =
31 4l ”Z:(;n'
T 7'[ 7'[5 )”2114—1 o
—— =sin=— =|I
2 318 5132 70128 %2”’“ (2n+1)! 2

Math 104 - Rimmer
s 12.10 Taylor & Maclaurin Series

Find the first three non-zero terms of the Maclaurin series for f (x) =e* In(1-x)
by multiplying two series.

:ix—”:1+x+£+£+£+... . Wltthoo andI:(_oo,oo)
= 210 31 41
o0 xn+1 x2 x3 x4 h 1 d | | 1
In(l-x)=- ——x— .. ,withR=1and I =|x|<
(1=x) ;n+1 2 3 4
2 3 4 2 3 4
X x  x X x
elm(l-x)=l+x+—+"—4—4 || x——-—-"——--
213! ! 3 4

x X e e
R
2
x3
2
4 the overlap b/w

3
e’ ln(l—x)z—x——x ——x3 -y, with R=1and :|X| <1 the two intervals
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Find the first three non-zero terms of the Maclaurin series for f (x) =tanx

R by dividing two series.
sinx Tyt Tyt
— _ 31 50 7!
tanx = ST e
cosx X ¥ X
21 4! 6!
X o2x
X4
3 15 398
2 4 6 3 5 7 —_ X X
TSN SN IR S S A tanx—x+—+—1 teo
2 24 720 6 120 5040 3 5
3 5 7
XX X
O X 43, ( 2 24 720 J
6276 T3
S X 155, X X X
120 24 1200 3 ———t—
Y v cr, 3 30 840
5040 720 S040 " " 840 3 5 7
x X x
. . . p— ———+——
Xx s 20 (3 6 72 J
30 6 30 15
S = 2x°  4x’
840 72 25200 315




