12.10 Taylor and Maclaurin Series By i, .

Suppose f is a function which has a power series representation

f(x)= icn(x—a)” =c,+¢(x—a)+c,(x—a)’ +c,(x—a)’ +---
" for |x—a| <R
We can find the coefficients ¢, in the following manner:
f(a):co+clw+czw+c3w+--- = f(a)=c¢,
0 0 0

Now let's take the derivative:
F(x)= ¢ +2¢,(x=a) +3¢,(x—a) +4c,(x—a)* +---

f’(a)zcl+2c2 (a—a)+3c, (a—a)2+4c4 (a—a)3+--- :>f/(a)=cl
\TJ 0 0
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Now let's take the second derivative: =
f”(x) =2c, +2-?>C3()C—a)+3-4c4(x—a)2 4+

f7(a)=2¢c,+2-3c,(a—a)+3-4c,(a—a)’ +4c,(a—a)’ +---
— — R

0 0

= f"(a)=2c,
_f"(a)

Finally let's take the third derivative: &= 7

f7(x)=2-3¢,+2-3-4c,(x—a)+3-4-5¢,(x—a)* +--

fm(a):2'3cs+2'3'4C4(a—a)+3'4~5cs(a—a)2+...:> fm(a):2'3c3
_f"(a)
cy =
’ 2-3

Continuing in this manner, we'll obtain:

A ) D L1 C) I A C)
T34 S5T03.45
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(n) ” ”
f(x)zszw(x—a)" =f(a)+f'(a)(x—a)+fT('a)(x—a)2+f—w)(x—a)3+---

= pl ! 3!

series of the function f centered at a.

If a =0, then we call the series the series of the function f.

o p(n) ” ”
F)=3L O p 0y pr(0)xe D e LSO

~ p 21 31

= Math 104 — Rimmer

Find the Maclaurin series for f (x) ="

fx)=e" £(0)=1 i 2 = i
f(x)=e" "(0)=1
//( ) f( ) =lim / %X
f(=e f(0)=1 e
f(x)=¢" f7(0)=1 =lim[ ) <0<
f(4)(x):€X f(4)(0):1 " for all x
) : : = R=e
(n)
10)
n!
ex = . Wltthoo
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Find the Maclaurin series for f (x) =sin x B2 1210 Taytor & Mactaurin Series

2n+3
(2,, + 1) RO
1

=si = im 1m‘
f']‘iéx; s x f;((())) }H“ a, =i ‘(2(n+1)+1) xz"+ ‘
X)=COSX = 2n+3
” 710) et ]
fr(x)==sinx  7(0)= M@ (2nr2) @t |
f7(x)==cosx £7(0)= 2
f ( ) = *”W =0<1

= R=o

(
f(4) (x) =sinx f(4) (0) — for all x
(

only odd powers so we should use 2n—1 or 2n+1 f(”) (0) n

the first term (when n=0) is x' so we choose 2n+1 ;1 =
sin x = , With R =00
Find the Maclaurin series for f (x) = (1+x)" B erior & taeaurinse
F(x)=(1+x) £(0)=1
f(x)=k(1+x)" f(0)=k
£ (x)=k(k=1)(1+x)" f(0)=k(k-1)
f7(x)=k(k=1)(k=2)(1+)" f7(0)=k(k=1)(k=2)
£ ) =k (k=1)(k=2)(k=3)(1+x)" £ (0) =k (k=1)(k—2)(k=3)

7 (0) =k (k1) (k=2)-+(k~(n-1)

k—n+1

if‘"’(o)xn :ik(k—l)(k 2)--(k=n+1) , "Bt
n=0 n' n=0 n‘
Maclaurin Series for f (x)
(1+x)" i K=Y o k(R-1)(R-2) L
2! 3!
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i —1 —2)- (k- 1 ‘@ Il\g‘.’ltg'}'oa‘;'l:::‘;‘ml\r:llxlaurinScrics
(1 =S D=2 (k)

n=0 n ‘
Find its radius of convergence.

a |k (k=1)(k=2)(k=(n+1)+1) 1 ¥
lim || =1lim . —
= a, || k(1) (k=2)(k—n+1)  (n+1)! x
_ [T (k) e
oo e == F ) (n 1)t 2|
im0 = fedf= <l R
|+ 1 f
lim &= - :
noe 41

In a probablility course you learn that
k(k-1)(k=2)-(k-n+1)

n! cos k
used for this is
n

is the number of ways to select n

The symbol often

objects out of a total of k objects

List of important Maclaurin series : EEEI Math 104 - Rimmer
1 - st e 12.10 Taylor & Maclaurin Series
—ZZx" =l+x+x*+x°+--- R=1
1_ X n=0
1

T =Zl:nx"*‘ =14+2x+3x" +4x +-- withR=1

oo n+l 2 3 4

X X x X
In(lI-x)=- ==X with R=1
(1-x) ,,Z:(;n+l 2 3 4
- e PR
arctanx=Y_(-1)" =x——+——"+--- ,withR=1
=0 2n+1 35 7
= PR
=Y —=l+x+—+—+—+ withR=oo
oo ! 21 31 41
o _1” 2n+1 3 5 7
sinx:ZL:x—x—+x——x—+ ,with R =
= (2n+1)! 31 57
o (—1)" x> 2 4 6
Ccosx = ( )x -1 x__x_+ ,with R = o0
= (2n) 21 41 6!

= (k k(k-1 k(k-1)(k-2
(1+x)k:2[ ]x"=1+kx+ ( ' )x2+ (k=1 )x3+-~ ,with R =1
n .
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Find the Taylor series for f (x) =~/x centered at x=1.

flx)=x" " f(1)=1
F)=32"" )=t
Frx)=3x" pr)=2

19 (1) =25 19
f(é) (x) — 7961»15 x—u/zf(s) (1) _ ,9,6115

f(x):COSX f(%):ﬁ ;O'ZQ these are both
)

f/(x) =_—ginx f (% 7negduve

f7(x)==cosx ¢~ (£)=—£+2!=—ﬁ(
( ) Z we have to split into

4 2 2
_ z\=—2
sin x f’”( )_ 22 +3!:ﬁ()€_£) odd and even powers
(5)="%

4>|:a &Iﬁ
[

X

and have each alternate

fY(x)=cosx f
)

O (x)=—sinx £

coS X :g i (_1)2n (x_%)Zn +i (—l)n+l (x_%)z”“ ]

n=0

centered at x = 2
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Use a power series to integrate a function when there is no integration technique you could use.

3.3
Ixexdx
— = —X3 = =
exzzz =e =§: :23
n=0 n=0 n=0
.3
e =

XD Math 104 - Rimmer
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Use a power series to evaluate a limit.

. 3
. SInX— X+
lim—————

x—0 xs
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Use a power series to find the sum of a series.

7[2 3 7'[4
I+7T+—+—+—
20 31 4!

r T 7z’

—+ — + ..
2 3.8 5132 7128
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Find the first three non-zero terms of the Maclaurin series for fi(x) =e‘In(1-x)

L by two series.
N XX L X ., withR=occand ] =(—oo,00
e ;n! I+ x+-+ T w1 an ( )
o xn+l x2 )C3 x4
In(1-x)=-Y S A ,with R=1and I =|x|<1
n+l 2 3 4
e'In(l-x)=
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Find the first three non-zero terms of the Maclaurin series for f (x) =tanx

XX —1+3
S ¥=
6 2 6

x

3

LA G VI o
30

= X
120 24 120

7 7 s
x x =147 ;5 _x

75040 720 5040 840

EEEE ST
0 6 30 15

XX 3-35 54X

840 72 2520 315

RN I by two series.
i X— Tt =Tt
tanx =X _7 3151 71
2 4 6
cosx X X x
TR TR
1_x2+x4_x6+ x_x3+x5_ X’ N tan x =
2 24 720 6 120 5040
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