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12.1 Sequences e i

A sequence is an ordered list of numbers.
A sequence can be finite or infinite. In this class we will deal
with infinite sequences
infinitely many

numbers in the list

countably many
numbers in the list
Note: the sequence
) doesn’t have to
Notation: startatn=1

(@) o )./

{a,,a,,a,,...,a,,a,,,...}

/o b\

15t 2nd nth (n+1) a formula for the nth term
term  term term term

1 2 3 4 5 n
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479 16" 25 36 (n+1)

n=1 n=2 n=3 n=4 n=5
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aqa =—— input : positive integers

n 2

(l’l + 1) output : terms of the sequence

() () (a) (42) 65

These isolated points make up the graph of the sequence.

0257+
It seems as though the terms of the
’ sequence are approaching 0 as n — oo
0204
. n .
° lim > =lim—;
R H<>°(n.|.1) n—epn”+2n+1
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lim p(n) =0 (p and g polynomials)
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when deg(num.) < deg.(denom.)
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In general, if the terms of the w52 121 Sequences

sequence are approaching L as n — oo, then lima, =L
n—oo

When this limit exists and is finite, we say the sequence is convergent.
n—o0

When the lima, does not exist or is infinite, the sequence is called divergent.

cos| 22 |\ = {0,-1,0,1,0,-1,0,1,...}
2

n—oo

nT\| . .. . . nw .
= {cos (2)} is divergent since the lim cos (2) does not exist.

2
n lim " oo lim pln) =oo  (p and g polynomials)
) 42 == q(n)
) when deg(num.) > deg.(denom.)
n C g
= is divergent
n+2
So basically, finding the limit of a sequence G5 Math 104~ Rimmer

.j?:‘?L 12.1 Sequences
boils down to being able to find limits at infinity.

Tools :
Section 2.2 Limit Laws Section 4.4 Limits at Infinity
Section 7.8 Indeterminate forms and L'Hopitals Rule

Thoerems :

1. Squeeze Theorem: 4. lima, =L

a <c <b, foralln>N and :iﬂf(a,l):f(igmwa,l):f(L)

and = limcn =1 f is contin. at L bring the limit inside
lima, =limb, =L ’

5. Every bounded and increasing

sequence and every bounded and
2. lim|a,|=0= lima, =0

m m decreasing sequence is convergent.
convergent to 0 if —l<r<l1
3. The sequence {r”} is < convergent to 1 r=1
divergent for all other values of r
div. , conv.to O , div. o
< ] i >
-1 1
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Determine whether the sequence converges or diverges. If it converges, find the limit.

2
4 = 3+5n lim amx’"+am71x’”’l+---+a1x+a0 _a,
" on+n? e b X" +b X" +-+bx+b, b,
when deg(num.) = deg.(denom.)
. . 3+5n°
hman = 111'1’172 :§ =5
n—oo n—e p4+n 1

{a,} is convergent with lima, =5
n—oo

Determine whether the sequence converges or diverges. If it converges, find the limit.

n
1 .1 . |convergent if —1<r<1
a =| — 3. The sequence {r } is K .
n divergent for all other values of r
4 ., 0 if —1<r<]
limr" = X
nsee 1 ifr=1
. (1Y 11
lima, =lim| — r=—=-—
n—so0 n—e\ J7 V4 3
{a,} is convergent with lima, =0
n—oo
Determine whether the sequence converges or diverges. B Math 104 - Rimmer
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If it converges, find the limit.
4. lima, =L
n+l1 e ,
a =, |[—— and =1lim f(a,)=L
" 9n =+ 1 f is contin. at L

m m—1
lim & +a, X" +taxta, _a,

ntl [ e 1 ,
oo b X" +b, X" 4+ bx+b,

. . 1
lima =1lim _ _ [t ==
ne " s\ Qp 4] T ll_{ggn_,_l “Ao9 3

b”l
when deg (num.) = deg.(denom.)

n—eo

{a,} is convergent with lima, :%

a i T R R S AT R
: 2 510 17 26
n=1 n=2 n=3 n=4n=>5
alternating sign term 2. lim|a,|=0= lima, =0
al= n lim a,|= lim ) =0 %1{2 Z((::)) =0 (p and g polynomials)
n n2 +1 n—e 41 when deg (num.) < deg.(denom.)

{a,} is convergent with lima, =0

n—co
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Determine whether the sequence converges or diverges.

If it converges, find the limit.

Lety=1im

1 ! " 10"
I+— 1|~ 17 Indeterminate form

1 + - n—soo n—soo

n
LY lima, =1im
n

(] el

1 n
£1+j =>Iny= ln{lim
n—e n n—oo n
. 1 " "
=Iny= hm{nln(lJrﬂ ~"00:()
n—eo n
Indeterminate form

In 1+l "N

. n 0

Iny=1lim —1 ~ =

! - 0

n

Indeterminate form that
we can use L'Hopitals Rule on
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Iny=lim n
e 1
n 1 _
-1 _—1 n+1 n2
LH PRI e — ) n
= lim——— =lim—* =lim
2 ' — n—ep+1
n
= Iny=lim——
n—e p+1
=Iny=1
1 1
:> e " - e n n
1 {( 1y
— so, lim|1+— | =e 1+—| } is convergent
:> y =e n—)oo( nj n




" % o Seqmene ™"
lim!| 1+ l —e In general,
n—oo n n
. m
" lim (1 + —j ="
) 3 ;3 n—e n
lim (1 + —) =
n—oo n
. 1Y" In general,
lim (1 + —j =¢ 1
n—oo n

1 kn
lim (1 + —j =
n—o0 n

Putting these together,
kn

) m .
lim|1+— | =¢"
n—o0 n
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Determine whether the sequence converges or diverges. B s

If it converges, find the limit.

~ (—=1)"sin (nz)

n

n
—1)" sin(n? 1- ‘sin g
Consider lim|a,|=lim ‘( ) sin (n ) = }ll_r){)lo&
" e ‘l’l‘ since 7 is positive |n|=n
. 2
0<sin(*)[ <1 QSMSL im0=0 and lim~=0
- - n n n n—oo n—e pn
‘sin (nz)
so by the Squeeze theorem, lim————=0
n—oo n
lim|a,|=0=lima, =0

n—oo n—oo
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