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. - E./}‘a 8.1 Integration By Parts
Section 8.1 Integration By Parts - s

Goal : To be able to integrate more functions.

Chapter 8: Techniques of Integration
8.1: Integration By Parts

8.2: Integrating Powers of Trig. Functions
8.3: Trig. Substitution

8.4: Partial Fraction Decomposition
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Integration using substitution can be thought of as the chain rule in reverse.

Integration by parts can be thought of as the product rule in reverse.
d
LT )8 ()] =1 (x)-g (x)+ £ (x)-¢(+)

J‘%[f(x)-g(x)]dx= J-[f'(x)-g(x)]dx+j[f(x)-g'(x)]dx
F(x)-g(x)=[[£(x)- g (x) e+ [[ £ (x)- & (x) ] ax
£ ()~ [ (0)-8 () Jae= [ £ ()& (x)

[[£(x)8(x)]de= £ (x)-g (x)= [ £(x)- g (x)]ax
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170 ¢/ (3)dte= £ (3) £ ()~ [ £ (x) S (3}
u=f(x) =g(x)

u=f"(x)dx dv=g'(x)dx

J.udv =U-v-—- J- vdu Choose u and choose dv

Big Picture: We are trading in one integral for another
I udy vdu

Goal: To get a simpler integral than the original one

1. Choose u to be a function that becomes simpler when differentiated

2. Make sure dv can be readily integrated
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x“e’dx .
this this
Wrong Way ./ \

du=5e"dx v= *
3

uzes" dv:xzdx 2 5 3 5 3 5
> Jxexdxzéxex—ngexdx

Correct Way
u=v  dv=e"dr [ 2 se s T
| jx edx=+<x"e —J%xe dx
du=2xdx v=ie M
25 25 5
Jx edx=1x"e" -2 jxe dx| u=x av=
du=dx v=
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Shortcut: Works when you have one of the following two situations :
1. I (polynomial ) (exponential ) dx

2. j(polynomial) (trig.)dx

) s . . .
J' 2> dx Step 1: Differentiate the polynomial down to 0.

Step 2: Integrate the trig. or exponential the same amount of times

Diﬁc Int Step 3: Multiply along diagonals going down to the right
~._ applying an alternating sign starting with +

%

2.5 2.5 5
Jxexdx=%xe" Zxe+Xe+C

gl»—‘ U\l»—‘
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E

1
chos(ﬂ'x)dx
0

Diff Int

x~4  cos(7x)
1§—sm x)
7x)

—COS

1 1
'([xcos (zx)dx= [%sin (7x) +%cos (ﬁx)}o

:[lsin(iz')+%cos(7r)}—[Osin0+%cos(0)}
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J Y d % Short-cut doesn’t work here
Wrong Way
—1/2

u= n dv=Inydy /= -1

\/; = 1 4/2 = f'= P

_ 2y
du 2 '&/2 dy v ????

Correct Way

1/2

d _T J'yfl/zdyzllz :2y1/2
Jlny "2 1/2 12 3. _ 172 . 172
dy =2y 1ny—2jy dy=2y"Iny-2-2y

jlnydy :[2\/§1ny_4\/;]92[2@1n9—4@]—[2ﬁ1n4—4ﬁ]

=[6In9—-12]-[4In4-8] =[6In9—4In4-4

& Math 104 - Rimmer
ﬁ srege 8.1 Integration By Parts

JA arctan (%c) dx x Short-cut doesn’t work here
1

— 1
Only Way = arctlan (/V )
S . ) L1 , -l
u=arctan(%c) dv=dx / _1+(%)2 (‘T]) =/ :1+§(‘Tl) =1 :ﬁ
- dx y=
du 241 v=2x
U —substitution
Iarctan(y)dxzxarctan(y)+f —dx u=x"+1
X X x +1 du=2xdx  Ldu=xdx
I dx=1 'f du='1nu:>'ln(x +1)
Iarctan(%c)dxzxarctan(%c)+§ln(x2+1) Xl

V3

.!‘ arctan(%)dx = [xa.rctan (%C)—i—éln()c2 +1)1

z[ﬁ arctan[ /\/Ej+éln(4)}—[arctan(1)+éln(2)1
5

BT i (n4-n2)-F = [P g
6 4 6 4

V3




= Math 104 - Rimmer
I 8.1 Integration By Parts

J. e sin (t) dt % Short-cut doesn’t work here

u=sin(t) dv=e"dt

du=cos(t)dt v=—e" = J‘eft Sin(t)dt = —¢"' Sin(t)+J.€_t cos(t)dt
D e —

u=cos(r) dv=e’'ds /
du=-sin(t)dt v=-¢"' —e! cos(t)—J.efl sin(t)dt

= je” sin(t)dt =—e"'sin(t)—e ™" cos(t)— J‘e” sin (¢)dt

+Ie" sin (7)dt +Ie" sin(7)dr

= ZIe" sin(t)dt =—e™' sin(t)—e ™" cos(t)

= je” sin(t)dt = %[—e’ sin(t)—e™ cos(t)] +C

|
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Hierarchy Acronym to aid in choosing u

L : logarithmic functions

I : inverse trigonometric functions
P : polynomial functions

T : trigonometric functions

E : exponential functions

(T and E are interchangeable)
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Find the volume of the solid of revolution formed

by rotating the region bounded by the curves

y=cos(ﬂ;] , y=0, 0<x<1 about the y —axis.
| |

DI 02 04 . 08 08 1 DI 02

1D 1 ,
Try disk method Use Shells V= j 27 (radius) (height) dx
radius: x ¢

Problem : need
height : cos ﬂ-xj

to solve for x in
terms of y

1
V= 2ﬁjxcos(%jdx
0

2 -
xX=—cos y
V4

|
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1
V= ZEJXCOS[mjdX
0 2




