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8.2 Integrating Powers of Trig. Functions
1. jcos’” xsin” x dx (m,n positive integers)
2. jtan’” xsec” x dx (m,n positive integers)

3. Isin(mx) sin (nx) dx Icos(mx) cos (nx)dx Isin(mx) cos (nx)dx

(m,n integers with m # n)
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8.2 Integrating Powers of
Trig. Functions

1. jcos’” xsin” x dx (m,n positive integers)

A) m,n:oneodd/oneeven ex: Icoss xsin® xdx

1. factor out one power from the trig. function that has the odd power

ex:cos’ x=cos” x-cosx

2. use cos’ x+sin® x =1 to transform the remaining even power
of the above trig function into the other trig. function

5 2 )2 -2 \?
ex . CoS x=(COS )C) COS.X:(I_SIH )C) COS X

3. use u —substitution to finish the problem (let u ="other" trig function)

. . . 2 = 1
Icossxsmz xdx:jsmzx(l—sm2 x) cos xdx u=smx
—_— du = cos xdx
COSSX

zj'uz(l—uz)2 du zj'uz (1—2u2+u4)du zj(u2—2u4+u6)du
3

_u__2u5 L —
=L —+5+C

: 3 : .5 - 7
1sin” x—Zsin’ x+31sin’ x+C
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jcos’” xsin” x dx (m,n positive integers) T Foncion

B) m,n: both odd ex: Icos3 xsin® xdx
1. choose one of the trig. functions and factor out one power
ex:sin’ x =sin® x-sin x
2. use cos’ x+sin® x =1 to transform the remaining even power

of the above trig function into the other trig. function

ex:sin3x:sinzx-sinx:(l—cos2 x)sinx

3. use u —substitution to finish the problem (let u ="other" trig function)

) . U=COoSX
Icos3 xsin® xdx = Icos3 x(l—cos2 x)sm xdx .
N du = —sin xdx

sin’ x

—Iu3(1—u2)du :J‘u3 (u2 —l)du zj(us —u3)du

u® ut — |1 6, 1 4
=14+ C =|¢cos’ x—5cos" x+C
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jcos’” xsin” x dx (m,n positive integers)
C) m,n: both even ex: Icos“ xsin® xdx
0
1. replace all even powers using the half-angle identities:

sin’x =1 (1—cos2x) and cos’x =1 (1+cos2x)

ex: Icos“ xsin® xdx = Icosz xcos® xsin? xdx
2’ 0 think of cos2x as w:

:J‘%(1+cos2x)%(1+cos2x)%(1—cos2x)dx (1+w) (1+w) (1= w)

0” :(1+w)(1—w2)

I1+cos2x (1+cos 2x)(1-cos 2x)dx

0 =l-w+w-—w

J(

0

1
8
=1 1+cos2x cos’ 2x —cos 2x)d

=1 Ta’x+ ]Ecos 2xdx— T cos” 2xdx— Tcos3 2xdx
0

0 0 0
A B c D
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ex:jcos“xsin2 xdx =%[A+B—C—D]

0

A:de B:Tcos2xdx C=Tcosz2xdx D=T00532xdx
0 0 0 0

A=1x C =1 [(1+cos4x)dx

|

Icos“ xsin® xdx =l|:7[—£:| -
0 8

’m‘g Math 104 - Rimmer
se-w* 8.2 Integrating Powers of
Trig. Functions

Icos’” xsin” x dx (m,n positive integers)

v
D) m,n :oneor both=1 ex: Icosm xsin xdx
0

1. Just use u —substitution (let u = the trig function with power #1)

i (if both =1, choose either)

ex: Icosm xsin xdx
0

u=Ccosx
| | du =—sin xdx
_—! T =2 11_111:| "
11|:COS X]O 11|:( ) :_J‘umdu:_%
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A) m (the power of tanx):odd ex: Itan3 xsec’ xdx

1. factor out one power of sec x and one power of tan x

ex:tan® xsec’ x = tan’ xsec’ xsec x tan x

2. use tan’x = sec® x —1 to transform the remaining even power
of tan x to be in terms of secx

2 2 2 2
ex:tan” xsec xsecxtanxz(sec x—l)sec xsec xtan x

3. use u —substitution to finish the problem (let u = sec x)

. 3 3 _ 2 2
ex.jtan xsec xdx—j(sec X 1)sec xsecxtanx dx , _gacy

_ uz(uz—l)du =I(u4—u2)du du =sec x tan xdx

5

—w w0 —|Llcec® vy —Lleec?
=& -4 4+C =|3sec’ x—3sec’ x+C
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Trig. Functions

B) n (the power of sec x):even ex: Itanz xsec” xdx

1. factor outsec® x
2
ex:tan® xsec* x = tan® xsec’ xsec’ x

2. use sec’x =1+tan” x to transform the remaining even power
of secx to be in terms of tan x

ex:tan’ xsec’ xsec’ x = tan” x(l +tan’ x) sec’ x
3. use u —substitution to finish the problem (let u = tan x)

. 2 4 _ 2 2 a2
ex.jtan xsec xdx—jtan x(1+tan x)sec x dx U = tan x

:qu(l-i-uz)du zj.(uz—i-u“)du du = sec” xdx

=4+ +C =|ttan’ x+1tan’ x+C
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Itan’” xsec”" x dx

C) For all other cases, there is no set method @

Here are some examples:

sinx U=COSX

ex.jtanxdx _Icosx dx du = —sin xdx
:—]n|cosx|+C I_—l du
:1n|cosx|71+C ! | |

Itan xdx = 1n|secx|+C

dx

secx+tan x

sec x + tan x 2
ex: Isecxdx = Isecx. seexttanx o _ I sec” x+sec x tan x
: ; secx+tanx
convenient version of 1

u=secx+tanx

Isecxdx:1n|secx+tanx +C

du= (secxtan x+sec? x) dx

1
I— du =Inu|+C
Also look at examples 7 and 8 from the text. "
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Find the volume of the solid obtained by rotating the region B .3 Integeating powersof
Trig. Functions

bounded by y =sin” x and y =0 for 0< x< 7 about the x-axis.

1 — in?

08 y=sm-x no gap b/w axis of rotation and the region
06

04

= Disk Method
02
i 05 1 15 2 25 3 @ Radius: }"(x) = Sil’l2 X

Volume = 7[]’. [r(x)]zdx

Volume = EI [sin2 xT dx a
0
:ﬁjsinzx-sinzxdx = J.é (1-cos2x)-L(1—cos2x)dx
0 0

s

(I—cos2x)(1—cos2x)dx :§1(1—20052x+00522x)dx
0

=%

dx

I\)(l).—
S

3 _|32%
2dx_—

T 8

£

2 x

411 2cos2x+1 (1+cos4x))dx=§j(% Z}Oﬁlx+
0 0

£

0
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3. Isin(mx) sin (nx) dx Icos(mx) cos (nx)dx Isin(mx) cos (nx) dx

We change the product into a sum using the following identities:

sin (mx)sin (nx) = %[cos([m—n]x) —cos([m+ n]x)}

cos (mx)cos (nx) =%[cos([m—n]x) +cos([m+n]x)}

sin (mx)cos (nx) =%[sin([m—n]x) + sin([m+ n]x)}

Isin(Sx)cos(Sx) dx :%J[sin([S—S]x) + sin([3+5]x)}dx

1

=%J[sin(—2x)+ sin(8x) Jdx = J[sin(Sx)—sin(Zx)de

2
=%[—§cos(8x) +4cos(2x)[+C=

—Lcos(8x)+4cos(2x)+C




