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9.5 Probability Density Function &3 9.5 Probability

A random variable, usually written X, is a variable whose possible values are
numerical outcomes of a random phenomenon.

A continuous random variable is one which takes an infinite number
of possible values (usually measurements)

A probability density function is a function f defined for all real x and having
the following properties:

1. f(x)=0 forall x
2. [ f(x)dx=1
» Every continuous random variable, X, has a probability density function.

» Used to determine the probability that a continuous random
variable lies between two values

P(aSX Sb)=j’.f(x)dx

a
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2

—x(x-1) 1<x<4

f(x)=127

0 otherwise

a) Verify that fis a probability density function. £(x)20 forall x

e

= 23 =~ (0.284
81

10/24/2009



X Math 104 - Rimmer
X 9.5 Probability

kx* 2<x<5

0 otherwise

f(x)=

Find k such that f (x) is a probability density function.

f(x)=0forallx =[k>0]

=

jf(x)dx=1:jkx2dx=1

: -
S =1:>]{125_8}:1
3 3

2

:k[%}zl =3% =1 = |k=—
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Exponential Density Function

f(x)=

Examples of applicaTion;:

0 x<0 » life span of electronic components
ke >0 >0 » duration of telephone calls
ke x20 » waiting time in a doctor’s office

» time b/w successive flight arrivals
oS and departures in an airport

oo

\ o b b
AN I f(x)dx= Jke’k"dx = ll)im ke™dx =1lim (\k\ - e’“]
) 0

=g h—soo

—c0

(=Y (-1
(el

Normal Density Function  “bell curve”

£(x) =0

o\2rx

M =mean
o = standard deviation
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Mean (average value) or expected value of a probability density function, a -

measure of the center of a pdf.

U= ‘[ xf (x)dx

—oo

f(x)‘{;x("‘l) 1<x<4

0 otherwise 2

Find the mean.

1

M= Txf (x)dx=2—27jx2 (x—l)dx =
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2 4 3
E(XT‘XT)?

2 19
=2 [(64-)-(1-1)] = 2ot 214 -2 = )

ke™ x>0

f(x)z{ 0 x<0 £>0

—oo

- - b
M= I xf (x)dx = Ikxe'kxdx = %i_)mmj-kxe_kxdx
0 0

. _ b

Find the mean. =11m|:—xe k —+e k :'0
b—>e0

. . - 1 1
1 —kx —_—— b—oo
du=kdx v=7e™* bggekb oo e e
=—xe ¥+ J' e Mdx L'H -1 : 1
- - = lim = =
=—xe " —Le™ bseo ek k
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Median ( m ) of a probability density function is a number such that ¥2 the area

under the graph of flies to the right of it.

If(x)dx:;

1, =

—x° 2<x<
f(x)=139 : & 50%

0 otherwise o

50%

Find the median. o T A Eaan 3
w 2 5 2 3P 3
fidle jjidle S| oL 125em
/3 2 73 2 |17 17 2

=250-2m’ =117

=2m’ =133
= m=3%z4.05
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0 x<0 1 Say ¢ is known
f(x)= o >O,k>0 ﬂ=; 1
e x= > k=—
, H
We can now rewrite f :
0 x<0
flx)=91 _ , >0
( ) —e xlp X > O ,l,l
u
Ch. 9 Review # 21
The length of time spent waiting in line at a certain bank is mod- 0 $<0
eled by an exponential density function with mean 8 minutes. ( )_
(a) What is the probability that a customer is served in the first Ilx)= leﬂfs x>0
3 minutes? 8
(b) What is the probability that a customer has to wait more
than 10 minutes?
(c) What is the median waiting time?
: 1} " 1 —x/8 ’ 8P 38
(@) P(X <3)= [ f(x)dx=_[e P dv=| 7 =B | =[] == +1
Ll 8 £ : ’
=(0.3127
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Ch. 9 Review # 21

The length of time spent waiting in line at a certain bank is mod-

eled by an exponential density function with mean 8 minutes.

(a) What is the probability that a customer is served in the first
3 minutes?

(b) What is the probability that a customer has to wait more
than 10 minutes?

(c) What is the median waiting time?

10

8 b
10 10

ex

o b _ b
(b)P(X >10)= jf(x)dx=1nm e dx =£i§g[—e’X’8]b =,1,L‘2[/ls]
10

01 1
b
) s 1 ) -1 1
hm[—e ’8] =—=lim|— | ==
b—soo m 2 b—so0 ex ” 2
m. m
== =" =2 :§=1n2 m=8In2
=~5.55 min.
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The standard deviation for a random variable with probability
density function f and mean p is defined by

T = ['.jx (x — .LL]'Ef():} a’x:| -

Find the standard deviation for an exponential density function
with mean g
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J'(x_lu)ziex/ydx — _(x_lu)Z e—x//l _2lu(x_lu)efxly _2/1267)‘/!1 +C

Diff Int I(X—ﬂ)zlex/ﬂdx;(x—ﬂ)z_2ﬂ(x—ﬂ)_2u2

+C

x/u xlu x/u
2 l —x//t e e e
(x—u) &
Xl
2(x—,u)\
2 pre="
0 \_ﬂze—xm
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st b 5 b
2 . 21—y | —(x—p) 2u(x-p) 242
J (e (a)as =t s " L lm[ ) 2ulios) 240
—o0 0 0
N =(b-p) 2u(b-p) 24 .
Z,I,LIE eb/,u - eb/,u _eb/,u _|:_(0_‘u) _2#(0_#)_2#2:|
e-wy r2uo-py et
= lim o —[—y 20 -2u }
—| B> =2+ 1+ 2pM -0 +
| PO A
> e
) —[b2+y2J JEHDh G EH 0 , )
ZHET-HI =£l_>lgieh/ﬂ+y = lim 2eb/ﬂ'”[ =u
u
_ T )2 _ For the Exponential
O-_\/.[(x /,t) f(x)dx O-_lu Density Function
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