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The Aim

At genus zero, open topological string theory consists of

(Balt0), Do(t2) Pt T U 4 (1)) s

boundary operators 1, € H

Aim: construct amplitudes deformed by bulk fields ¢;:

t (1) . ,
(Ya(to), lbb(l‘l)Peftl2 2k be(ta)elos t/(3)52)>Disk

Restrict to affine Landau Ginzburg models: aim achieved via
closed to open string field theory
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Let A a Zp-graded vectorspace. Ta := €D, A[1]®n
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s/ Lo preliminaries

Let A a Zp-graded vectorspace. Ta := €D, A[1]®n

0 € End(Ta) defines an Ax-structure (A, 0) if:
o AJ = (0® ldr, + ldT, ® 0)A

i.e. 0 € Coder(Ta)
0 0°=0

In particular 0 determined by 9%, € Hom(A[1]®™, A[1]), more
precisely we choose

Coder(Ta) = @D Hom(A[1]*", A[1])
n>0
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(an(0), 1 (11) / o / U0 (1) =
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A /Lo preliminaries I

(Gon(0), (1) [ 02 [0, (b)) = (i ol 50,)

Let & € Coder(Ty), with
At :=ry=somyo (s )"

then

BRST Ward ID
Ward identity for BRST operator Q <—- 9? = 0,

[Costello06; Herbst,Lerche,Lazaroiu’04]

e. (H,d) is an Ay-algebra. In fact it is minimal: rp=r =0
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Michael Kay Bulk deformations of open topological string theory



Introduction Aim
Prelimiaries

Minimal Model Theorem

Let (A,0 = 01 + 02) a DG algebra (String Field Theory data)

Michael Kay Bulk deformations of open topological string theory



Introduction Aim
Prelimiaries

Minimal Model Theorem

Let (A,0 = 01 + 02) a DG algebra (String Field Theory data)

Question: How do we extract (H, d) from (A, 9)?
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Minimal Model Theorem

Let (A,0 = 01 + 02) a DG algebra (String Field Theory data)

Question: How do we extract (H, d) from (A, 9)?

Minimal Model Theorem

Let (A, 0) be a strong A-algebra with r;-cohomology H. There is
a unique, up to isomorphism, coalgebra morphism
F € Hom( Ty, Ta) and minimal As-structure 0 € Coder(Ty).

Trees determined by G:

nG+Gn =Idy — 7wy
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Minimal Model theorem |l

Problem: [Cyclicity] Ward identities for conjugate to Q —>

(Vag, m(Va, ® -+ @ Ya,)) = £(Va,, ra(Vay @ - @ Ya,_,))

Restricts choice of G.
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Minimal Model theorem |l

Problem: [Cyclicity] Ward identities for conjugate to Q —>

<Q/)ao, rn(wal ® - ®1a,,)) = £(Va,, rn(wao K- & wan,l»
Restricts choice of G.
Question: How do we find the cyclic Minimal Model?

Resolution: Algorithmically, via non-commutative symplectic
geomet I'Y[Carqueville'09; Kontsevich, Soibelman '06]
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Bulk Deformations Preliminaries

(ooeyeloe 2000y — (Lm0 )

Bulk Deformation

(curved)-Aso-structure
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Bulk Deformations Preliminaries

(curved)-Aso-structure

more generally, consider all perturbative deformations

@a+%ma:a
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Bulk Deformations Preliminaries

(curved)-Aso-structure

more generally, consider all perturbative deformations
e 1~ ~

First order solutions are € H[5 ,](Coder( TH)) =: HH*(H,0).
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B-twisted Affine LG models

Superpotential W € C[xq,...,xy] = R
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B-twisted Affine LG models

Superpotential W € C[xq,...,xy] = R
matrix factorisation D € Matppx2,(C) ® R =: A:

D?=W.e

HC = Jac(W) = C[Xl,...,Xn]/(alw,. . .,8NW)
Ho = Hip,.1(A)

Michael Kay Bulk deformations of open topological string theory



Step 1
Results Step 2

Closed/Open TST

Closed TST is the Lo,-minimal model of

closed off-shell (SFT)

(TPO/}/7 ([_ w, ’]5N7 [ ) ']SN))

where T,y := F(CN, A TLOCN)

Michael Kay Bulk deformations of open topological string theory



Step 1
Results Step 2

Closed/Open TST

Closed TST is the Lo,-minimal model of
closed off-shell (SFT)

(TPO/}/7 ([_ w, ’]5N7 [ ) ']SN))

where T,y := F(CN, A TLOCN)
Open TST is the Ao-minimal model of
open off-shell (SFT)

(A, 9)

where 0! = 91 + 03 with 9} = [D, -] and 93 = matrix
multiplication
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Closed SFT to Open TST

Strategy: map closed deformation problem to the open sector:

S: (TP0/y7([_W7 ']SN; ['7 ']SN)) - (Coder(TH),([g, ']7 ['7 ]))
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Results Step 2

Closed SFT to Open TST

Strategy: map closed deformation problem to the open sector:

S: (TP0/y7([_W7 ']SN; ['7 ']SN)) - (Coder(TH),([g, ']7 ['7 ]))

S is an L,,-morphism composed of:

step 1 (Tpoty, ([=W, -]sw: [+, -]sw)) — (Coder(Ta), ([0, - 1.[-, 1))

step 2 (Coder(Ta), ([0, -1, [+, 1)) — (Coder(Tw), ([0, 1,[-, 1))
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Step 1
Results Step 2

Closed SFT to Open TST

Strategy: map closed deformation problem to the open sector:

S: (TP0/y7([_W7 ']SN; ['7 ']SN)) - (Coder(TH),([g, ']7 ['7 ]))

S is an L,,-morphism composed of:

step 1 (Tpoty, ([=W, -]sw: [+, -]sw)) — (Coder(Ta), ([0, - 1.[-, 1))
step 2 (Coder(Ta), (9, 1.1+, -1)) = (Codex(Th), (19, 1.+, 1))

Given pure bulk deformation
~ 1
0= Z ES%(’YM)
k>1

is a bulk induced deformation
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Work way backwards

Adr : (COder( TA)? ([8027 ']’ [" ])) - (COder( TA)’ ([812’ ']7 ['7 ]))
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where 93, = 9§ + 93, with 8t = —W - e.
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Step 1
Results Step 2

Work way backwards

Adr : (COder( TA)? ([8027 ']’ [" ])) - (COder( TA)’ ([812’ ']7 ['7 ]))

where 93, = 9§ + 93, with 8t = —W - e.

And T1= T3 + T{, with T§ = —D and T} = lda

cotr : (COder( TR)a ([5027 ']’ [" ])) - (COder( TA)a ([8027 ']7 ['7 ]))

generalisation of Morita equivalence
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Work way backwards I

"Weak” Deformation Quantisation

K < (Tpoly, ([=W. 1.1+, -1)) = (Coder(T), ([Doz, -1, 1))
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Work way backwards I

"Weak” Deformation Quantisation

K < (Tpoly, ([=W. 1.1+, -1)) = (Coder(T), ([Doz, -1, 1))

The above is Deformation Quantisation when W = 0.
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Step 1
Results Step 2

Work way backwards I

"Weak” Deformation Quantisation

K < (Tpoly, ([=W. 1.1+, -1)) = (Coder(T), ([Doz, -1, 1))

The above is Deformation Quantisation when W = 0.

For W £ 0, K is still L,-quasi-isomorphism
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The Missing Ingredient

Off-shell (SFT) Kapustin-Li pairing [N. Carqueville, MK ]:

(CA(Ba), Lg,,)" — (C°(Ba) Lgy,)* — (C(A), b12)
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Step 1
Results Step 2

The Missing Ingredient

Off-shell (SFT) Kapustin-Li pairing [N. Carqueville, MK ]:

(CA(Ba), Lg,,)" — (C°(Ba) Lgy,)* — (C(A), b12)

5 (CCo(A), b12 + uB) “ (CCe(A), bo2 + uB)

=, (CCo(R), oo + uB) 8 (Q*(CN), dW A () + ud) -2 (C,0)
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Deformation Retraction: OSFT to OTST

(T, 0) is a deformation retract of (Ta,0)

(TH,5)<—+>(TA,8)QU
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Step 1
Results Step 2

Deformation Retraction: OSFT to OTST

(T, 0) is a deformation retract of (Ta, )
- F
(TH,a)F(TAﬁ) QU
with

AU = (U®(1+FF)+(1+FF)®U)

U11:G,
Ul = —GA3U2 for n > 2
Fi =nu,

Fl = —np([0, U]} = —nndiU?.

Michael Kay Bulk deformations of open topological string theory



Step 1
Results Step 2

Deformation Retraction: OSFT to OTST Il

M : (Coder(Ta), ([0, -1, -1)) — (Coder(Tn), ([0, -1.[- 1))
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Step 1
Results Step 2

Deformation Retraction: OSFT to OTST Il

M : (Coder(Ta), ([0, -1, -1)) — (Coder(Tn), ([0, -1.[- 1))

Ma(®y @@ 0;) =Y € i, FO,UP,--- U F
O'GSn
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Step 1
Results Step 2

Deformation Retraction: OSFT to OTST Il

M : (Coder(Ta), ([0, -1, -1)) — (Coder(Tn), ([0, -1.[- 1))

M,%(d),-1 ®---00;)= Z 6/1,...7i,,’_:¢i1U¢i2 U F
c€S,

§—6=F(1—68U)YF
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