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A standard model compactification of the Eg  Eg heterotic string requires:
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X,

A standard model compactification of the Eg  Eg heterotic string requires:
© a smooth Calabi-Yau threefold X which admits a free involution
x . X!
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A standard model compactification of the Eg  Eg heterotic string requires
© a smooth Calabi-Yau threefold X which admits a free involution
x: X1 X,

Q astable x invariant rank 5 vector bundle V on X,
Q a(v)=0,
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A standard model compactification of the Eg  Eg heterotic string requires:
© a smooth Calabi-Yau threefold X which admits a free involution

x . X1 X,
Q astable x invariant rank 5 vector bundle V on X,
9 a(v)=0,

Q (TX) (V) =[W] an eledtive curve class,
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A standard model compactification of the Eg  Eg heterotic string requires:
© a smooth Calabi-Yau threefold X which admits a free involution

x: X! X,
Q astable x invariant rank 5 vector bundle V on X,
9 a(v)=0,
Q C(TX) (V) =[W] an eledtive curve class,
Q c3(V)=2=6.
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The search for pairs (X; V) which satisfy these conditions has inspired
various constructions (cf. talks of V. Bouchard and M. H. Saito).

Example

X is given by Schoen’s Calabi-Yau threefold dPy p: dPg and V is given
by an extension of Z,-invariant spectral cover bundles
(Donagi-Ovrut-Pantev-Waldram, 2000; Bouchard-Donagi, 2005).
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Motivation

o Explore the ”mathematical landscape” of vector bundle constructions
on CY threefolds.

@ Search for perturbative heterotic models (GUT and SM), that is, look
for solutions without five-branes.

@ Search for CY threefolds which admit free acting groups.
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| will report on joint work with G. Curio: math.AG/0611762,
hep-th/0611762, 0611309, 0703210, 0706.1158 motivated by the search
for solutions to the above conditions; and some recent work with D.
Hernandez Ruipérez, D. Sanchez Gomez: math.AG/08022903 which
studies the construction of stable vector bundles on K3 fibered CY
threefolds.

© Elliptic Fibrations with Two Sections
@ Spectral Cover Bundles

© Pullback Bundles

© Stable Bundle Extensions

© Bundles on K3 Fibrations
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Elliptic Fibrations with Two Sections

Restricting to elliptic CY threefolds, we search for a free involution x
which preserves the fibration structure and holomorphic threeform of X.

If there is some involution yx preserving the fibration structure (i.e., it
sends fibers to fibers), then this must project to some (not necessarily free
acting) involution in the base g: B! B.

On a smooth elliptic curve there exists a translation symmetry acting free
suggesting to choose an elliptically fibered CY threefold with a fiber
translation symmetry. One way to do this is to require that X admits two
sections.
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Two possibilities to realize an elliptically fibered CY threefold with two
sections have been investigated:

@ use a dilerknt elliptic curve than the usually taken P5.3.1(6)
(A.-Curio-Klemm, hep-th/9903052)

(x;y;2) 2 Elliptic Curve

P2.3.1(6) vZ4+x3+28+ xz#=0

P1.2:1(4) yZ+xt+ 24+ x%2Z2Z2=0
P1;1;1(3) X3 + y3 + 23 + Xyz= 0
P3(2;2)

X2+y?+ zZw=0; 2Z2+w?+ xy=0
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@ specialize the Weierstrass model to force a second section and resolve

a curve of A; singularities that occur in this process. (Donagi et.al.
hep-th/9912208)
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X2+y?+ zZw=0; 2Z2+w?+ xy=0

@ specialize the Weierstrass model to force a second section and resolve

a curve of A; singularities that occur in this process. (Donagi et.al.
hep-th/9912208)

representations has been also investigated in F-theory compactifications
(c.f. Klemm-Mayr-Vafa, 1996).
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Model (A.-Curio-Klemm, 1999)

Let : X! B be an elliptically bered CY threefold with generic ber
described byP;-2:1(4). X can be described by a generalized Weierstras
equation

v

y2 + x4 +ax’z? +bxz® +cz* =0

where xy;z and gb;c are sections of gi with i resp. given byl;2;0
and2; 3; 4.

] X admits two sections 1; ».
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Let : X! B be an elliptically bered CY threefold with generic ber

described byP;-2:1(4). X can be described by a generalized Weierstras
equation

v

y2 + x4 +ax’z? +bxz® +cz* =0

where xy;z and gb;c are sections of gi with i resp. given byl;2;0
and2; 3; 4.

] X admits two sections 1; 2. Assume B = Fg and fix g! To assure
that g can be lifted to an involution x acting freely on X, we impose

Conditions
© choose ab;c invariant under g
Q fFix( g)g\f A=0g=;
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Model (A.-Curio-Klemm, 1999)

Let : X! B be an elliptically bered CY threefold with generic ber
described byP;.2.1(4). X can be described by a generalized Weierstras
equation

v

y2 + x4 +ax’z? +bxz® +cz* =0

where xy;z and gb;c are sections of g‘ with i resp. given byl;2;0
and 2; 3; 4.

] X admits two sections 1; 2. Assume B = Fg and fix g! To assure
that g can be lifted to an involution x acting freely on X, we impose
Conditions

@ choose ab;c invariant under g

Q fFix( g)g\f A=0g=;

In local coordinates we have
(z1;22:%y,2) TV (215 22, X Y;2):
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The Hodge numbers of X and X= x are given by:
ht1(X) = 4; h¥1(X)=148; e(X)= 288;
W H(X=x) =3; h*}(X=x)=75; e(X=x)=

144:
number of complex structure deformations drops due to the invariant

choice of a;b;c. X= x is a smooth CY threefold with

=] F
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Spectral Cover Bundles

The spectral cover construction has been employed to construct stable
vector bundles on elliptic fibrations with one section.

This construction is essentially understood as a relative Fourier-Mukai
transform, establishing a one-to-one correspondence between spectral data

(C;L) and vector bundles V on X (Friedman-Morgan-Witten, 1997;
Donagi, 1997).
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Spectral Cover Bundles

The spectral cover construction has been employed to construct stable
vector bundles on elliptic fibrations with one section.

This construction is essentially understood as a relative Fourier-Mukai
transform, establishing a one-to-one correspondence between spectral data
(C;L) and vector bundles V on X (Friedman-Morgan-Witten, 1997;
Donagi, 1997).

Adopting this construction to the class of elliptic CY threefold with two
sections leads to the following results (A.-Curio, 2006):

o we find stable x-invariant bundles V but rank(V) is even,
@ [W]is e [edtive,
o c3(V)=2 0 (mod 4).
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Pullback Bundles

One class of vector bundles which naturally appears on elliptic fibrations
are bundles pulled back from the base B. So let E be a stable rank r
vector bundle with ¢;(E) =0 and c,(E) = k.

Artamkin, 1991

The Moduli spaceM (;.q.iy is not empty if k> max(l; pg)(r +1). J

There exists an explicit description of H-stable rank r bundles E on B
using a modified Serre construction which has been studied by Li and Qin
(1994), defining E as an extension

010 g( (r LH)! E'!O g(H) I, 1 0

where | is the ideal sheaf of point sets z in B. E is an vector bundle if
the Cayley-Bacharach property is satisfied which translates into the
condition I(z)) max(pg; Op (rtH + Kg)).
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Tg-Invariance

We choose H and(k;) to be an invariant ample divisor, resp., invariant
point sets -for instance, take "mirror-pairs” of pointsx; g(X)g-.
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Tg-Invariance

We choose H and(k;) to be an invariant ample divisor, resp., invariant
point sets -for instance, take "mirror-pairs” of pointsx; g(X)g-.

Stability of E: Given E on the base of an elliptic CY threefold, let
| =zHy+ Mg, z> 0 be a Kihler class on X, we get
A.-C., 2006

e B = Enriques surface or B "B is! -stable,

@ B = del Pezzo surface and x gl=hc; and0< z< hthen E is
| -stable.
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B. Andreas (Salamanca) Stable Bundles for Heterotic String Models Philadelphia, 2008 11720



Tg-Invariance

We choose H and(k;) to be an invariant ample divisor, resp., invariant
point sets -for instance, take "mirror-pairs” of pointsx; g(X)g-.

Stability of E: Given E on the base of an elliptic CY threefold, let
| =zHy+ Mg, z> 0 be a Kihler class on X, we get
A.-C., 2006
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Tg-Invariance

We choose H and(k;) to be an invariant ample divisor, resp., invariant
point sets -for instance, take "mirror-pairs” of pointsx; g(X)g-.

Stability of E: Given E on the base of an elliptic CY threefold, let
| =zHy+ Mg, z> 0 be a Kihler class on X, we get
A.-C., 2006

e B = Enriques surface or B "B is! -stable,

@ B = del Pezzo surface and x gl=hc; and0< z< hthen E is
| -stable.

Remark: In a dilerknt context, the stability of pullback bundles on torus
fibrations over K3 has been proven by Fu and Yau, 2006.

We find stable x-invariant bundles on X but these bundles have
ca( @) =0.
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Stable Bundle Extensions

Given stable pullback bundles U and W of rank n; m. To construct a

bundle with a non-trivial third Chern class, consider an extension of these
bundles

0!/ UOx( mb)! vI W O x(nD)! 0:
Necessary conditions for V to be stable are:
@ (U O x( mD)<0,
Q Ext'(W O x(nD);U O x( mD)) & 0:

An explicit non-split condition can be derived using the Leray spectral
sequence, applied to the elliptic fibration. It then remains to prove that
there are no destabilizing subsheaves V Zof V. As a result, we get:

A.-C.,2006

Let V be a non-split extension and;W given by stable pullback bundles

V is stable w.r.t.! =zHy+ Mg for z in the range € < z < C, where
Ci depend on DHg:
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Remark: Applying this construction to elliptically fibered CY threefolds
with one section we obtain three-generation SU(5) GUT models with
[W]=0o.

Tx -Invariance

Let U and W be stable g-invariant pullback bundles and D an invarian
divisor on X then the stable bundle extension V is-invariant.
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Remark: Applying this construction to elliptically fibered CY threefolds
with one section we obtain three-generation SU(5) GUT models with
[W]=0o.

Tx -Invariance

Let U and W be stable g-invariant pullback bundles and D an invarian
divisor on X then the stable bundle extension V is-invariant.

We obtain x-invariant stable bundles of rank n+m and c;(V) = 0 but it
turns out that the anomaly equation can only be solved for extensions of
rank 2 bundles

0! | ox(D)! vs! TBIOxMD)! o

How to get an SU(5) bundle starting from V,4?
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We have explored two possibilities.
o Extension of V4 by a line bundle, that is, we consider

0! V4 O x( DY! V5!0 x(4DY! 0

where Dan invariant divisor. Imposing the slope and non-split
condition, as before, we find that for suitable choice of z in
Ci1 < z < G, the bundle Vs is stable w.r.t. the Kahler class
ZHp + lﬂB.

@ Deform the polystable rank five bundle V4, O x to a stable vector
bundle V.

Huybrechts, 1996

Let E and F be stable bundle of the same slope then E admits a
stable deformation if H(X; Hom(E;F)) and H!(X; Hom(F; E)) are both
non-zero and the deformations are unobstructed.

We find that the necessary conditions H1(X; Hom(V4; Ox)) & 0 and
H1(X;Hom(Ox;V4)) & 0 are satisfied in our model. s 2 osao
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Summary

We find a class of x-invariant stable bundles Vs and construct x
invariant stable bundle V5D= V4 O x which satisfy the necessary
conditions for the existence of a stable deformation of V.

@ Vs satisfies the anomaly constraint: [W] e Ledtive,

@ the physical generation number is given Ngen = k1 ka,

@ we find numerous solutions to Ngen = 3,

@ including a hidden sector bundle V,“we find solutions to [W] = 0.
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Bundles on K 3-Fibrations

As for elliptic fibrations it is useful to first describe bundles on K3 and then
use a relative Fourier-Mukai transform to “globalize” the construction.
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Bundles on K 3-Fibrations

As for elliptic fibrations it is useful to first describe bundles on K3 and then
use a relative Fourier-Mukai transform to “globalize” the construction.

Bundles on K3: Let H; be a fixed ample line bundle on a smooth K3
surface, consider the moduli space of simple stable sheaves M Mt (K 3). Let
Y M Ht(K3) be an irreducible component parametrizing sheaves with
fixed Mukai vector = (r;I;s) and Hilbertpolynomial (E O (n)).
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surface, consider the moduli space of simple stable sheaves M Mt (K 3). Let
Y M Ht(K3) be an irreducible component parametrizing sheaves with
fixed Mukai vector = (r;I;s) and Hilbertpolynomial (E O (n)).

Mukai

o If Y is nonempty and compact of dimension two, th&his a K3
surface isogenous to the originalX

o If is primitive and satis es gc(r;degl;s) =1, thenY is ne.
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Y is fine !  there is a universal sheaf P on Y K3 parametrizing stable
sheaves on K3 with Mukai vector
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Relative setting: Let : X! P! be a K3 fibered CY threefold, H an
ample line bundle on X. For each t 2 P!, H induces a polarization H; on

the fiber X;. We can then consider the relative moduli space
~sMPx=PhH 1 pl

with fiber M Ht(K3). As before, let Y M H(X=P!) be an irreducible

component whose points represent stable sheaves on X; with fixed Mukai

vector and Hilbertpolynomial. To construct Y assume there exists a divisor
L on X such that a sheaf E on X; has the Mukai vector = (r;L;;s).

X! X PHG@;n)=PHt(E;n)=%rH$n2+Lthn+(r+s):
Huybrechts-Lehn

If gcd(r;LiH;s) =1, thenY is ne and projective. J
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Relative setting: Let : X! P! be a K3 fibered CY threefold, H an
ample line bundle on X. For each t 2 P!, H induces a polarization H; on
the fiber X;. We can then consider the relative moduli space

M Tx=Ph 1 P!

with fiber M Ht(K3). As before, let Y M H(X=P!) be an irreducible
component whose points represent stable sheaves on X; with fixed Mukai
vector and Hilbertpolynomial. To construct Y assume there exists a divisor
L on X such that a sheaf E on X; has the Mukai vector = (r;L;;s).

X X PuGrEn) =Py (Ein) = %rH?n2 +LiHin + (r +9):
Huybrechts-Lehn
If gcd(r;LiH;s) =1, thenY is ne and projective. J

There is universal sheaf P on' Y X supported on Y p1 X defining a
relative integral functor ®: DP(Y)! DP(X). e
] Q

a
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Now assume that dimX =dimY = 3:
Bridgeland-Maciocia, 2002
@ Y is a smooth CY threefold,

@ ~:Y! Plisa at bration with generic ber a smooth K3,
o @ is a Fourier-Mukai transform.

Leti: C!Y be a reduced irreducible curve of genus g such that C! P!
is a flat covering of degree n and L a line bundle on C.

A.-H.R.-S.G., 2008
o V :=®(ifh) is a torsion free sheaf,
o Vis -stable w.r.t.! =H+Mf for M My,
o if X; has only ODP's or RDP's then V is a vector bundle,

e the bound My depends only on the cohomology class[Gi,
M Mo = "B (V)Ho(H2f).

v
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Computing the numerical invariants shows that V is a U(rn) bundle. To
get bundles of vanishing first Chern-class relevant for heterotic string
theory we employ the idea of bundle extensions.
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Computing the numerical invariants shows that V is a U(rn) bundle. To
get bundles of vanishing first Chern-class relevant for heterotic string
theory we employ the idea of bundle extensions.

Let X I B is again a general K3-fibered threefold E, G spectral sheaves,
stable w.r.t. H = Hg + Mgf. Assume L H f = 0. We want to construct
a stable sheaf F on X as an extension
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Computing the numerical invariants shows that V is a U(rn) bundle. To
get bundles of vanishing first Chern-class relevant for heterotic string
theory we employ the idea of bundle extensions.

Let X I B is again a general K3-fibered threefold E, G spectral sheaves,
stable w.r.t. H = Hg + Mgf. Assume L H f = 0. We want to construct
a stable sheaf F on X as an extension

or E! F! G! 0:
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Computing the numerical invariants shows that V is a U(rn) bundle. To
get bundles of vanishing first Chern-class relevant for heterotic string
theory we employ the idea of bundle extensions.

Let X I B is again a general K3-fibered threefold E, G spectral sheaves,
stable w.r.t. H = Hg + Mgf. Assume L H f = 0. We want to construct
a stable sheaf F on X as an extension

or E! F! G! 0:

As before, there are the two necessary conditions for F to be stable:
@ The extension is not trivial, i.e., Ext!(G;E) & 0;
@ wE)< uF).

The first condition can be easily achieved in many cases:
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Computing the numerical invariants shows that V is a U(rn) bundle. To
get bundles of vanishing first Chern-class relevant for heterotic string
theory we employ the idea of bundle extensions.

Let X I B is again a general K3-fibered threefold E, G spectral sheaves,
stable w.r.t. H = Hg + Mgf. Assume L H f = 0. We want to construct
a stable sheaf F on X as an extension

o! E! F! G! O:
As before, there are the two necessary conditions for F to be stable:
@ The extension is not trivial, i.e., Ext!(G;E) & 0;
Q0 H(E)< H(F).
The first condition can be easily achieved in many cases:
Nonsplit Condition

L and L Mline bundles on the same spectral curved | X of degrees d
and d Write E = ifg, G = ig" If either o= > 0 and d< dor
d + 1< d then Ext}(G;E) = Ext{ (L5L) & 0.

We then get the following stability result: 5 s - = = oo
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Stability
Assume that 4(E) < n(F) and that

rk(F)
< + :
There exists M depending only on F such that F is stable with respect
H+ Mf forM  M;j.

v

= =
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Stability
Assume that 4(E) < n(F) and that

rk(F)

H(G) < w(E) + TK(E) 1K(G) -

There exists M depending only on F such that F is stable with respect
H+Mf forM Mj.

4

For suitable twisted spectral bundles one can produce by a similar
construction stable bundle extensions of vanishing first Chern class. To
make contact with Standard Model constructions we are searching for

x -invariant bundles on K3 T 2. The resulting Enriques CY threefold
allows then for Z, Wilson line breaking, that is, we are searching again for
stable SU(5) bundles on K3 T2,

o = = = T DA
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