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The Tian—Yau example

e Start with complete intersection in P? x P?

M”’B:H ?) g]cP3><P3.

e Tian—Yau manifold:

M6’9—!1 30

103]/,4

where A = Z/3 acts on P° x P° by
A (xO LX) Yo :yk) = (xo D X1 )0 :yk+1).
e Free quotient, (M) = Z/3, Euler number e(M) = —6.

e Standard embedding gives a three-generation model, with Wilson lines
breaking gauge group.
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A bielliptic threefold

e Start with complete intersection in P! x P? x P?

11
NP =13 0|cP' xP*x P
03
e Take quotient
1 30
NI [ ]
1 03 /A,

where A = Z/3 acts by

A (tz; Xjs; yk) = (tz; Xj+1 s yk+1)-
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A bielliptic threefold

e Group acts freely on N, so
1 (N) = Zs.
e Projections to P! x P? give two genus-one fibrations
n,: N > B;
with dPgy bases B; [schoen].

e There are Z/3 x Z/3-actions on N (Bouchard-Donagil, leading to (3, 3) spaces with

m =2Z/3 X Z]/3.

e There is a construction of an MSSM-ish model, using an SU(4)-bundle, on
one of these quotients (Braun-He-Ovrut—Pantev].
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A conifold transition

e Start with Tian—Yau manifold

M =

P3[1 3 0
P31 0 3

]/A
e Bilinear equation can be degenerated to nodal relation
P(l)(xia Yj) = XoYo + X1y1,
giving singular threefold M, with nodal singularities.

e Conifold transition:

P11 00]" P21 11"
M~ My—P|1 030 = P)30[ =N

3 2

Plo1os], #o3],

e Can we use the tangent bundle of the Tian—Yau manifold M to construct a
bundle on the bielliptic threefold N?
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Local conifold transition

e Conifold singularity:
M() = {fo = XoX] — XpX3 = O} - C4.

e Smoothing:
M, ={f,= fo+1g=0}cC"

e Resolution:
M c C*xP!.
e Form diagram:
M « P!
l
Mt N MO
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Local transgression

e Tangent bundle 7 of M,: sections are vector fields V/ on C* satisfying

3ft
8x f

For ¢t # 0, 7, has rank 3 at each point.

= 0.

e At conifold point x; = 0, all derivatives of f, vanish: singularity.
e Instead, first deform 7, to a bundle &, , whose sections are defined by
0
(i + h; ) 0
Ox;
where the £; are functions that are not all zero at x; = 0.

e In the limit r — 0, the space of allowed sections remains 3-dimensional
even at the conifold point, so we obtain a bundle &y on M.
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Local transgression

e Have a bundle &y on M.

e Pull back along resolution M — M, to obtain a bundle Sh on M.

e Chern classes of &, are computable.

° éh 1s no longer a deformation of the tangent bundle on M.
e &, is trivial on the exceptional P'.

e Diagram:
T o~ Eop > Eop S
Lo Ll
Ml = MI N M() «— M.
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The tangent bundle of the quintic

e Quintic
0 = {p(x) = 0} c P*.

e The tangent bundle 7: tangent vectors V = V/ % that satisfy

dp
J_
v oxi HP

for some pu, subject for all p to the identification
Vit pxl =V,

e Conditions are consistent by the Euler relation x/ g -~ = 5p. The two con-
ditions reduce the dimension of the space of allowed vectors from 5 to the

correct value of 3.
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Deforming the tangent bundle of the quintic

e The tangent bundle of Q can be deformed by quartic polynomials r;:

% (%H"j) =up.

¢ In order to maintain the projective identification, get constraint
x'rj = 0. (1)

e Estimate the dimension of the space of first order deformations of 7.

For the r;, a total of 5(*7!) = 350 parameters. The constraint (1) im-
J 4 p

poses (5+§_1) = 126 conditions. We thus constructed a 350-126 = 224-

dimensional family of deformations of 7.
o In fact h'(Q, To®T, o) = 224.

e If we discard the constraint (1), then we are really deforming the (semistable)
SU(4)-bundle 7 ® Op on Q.
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The tangent bundle of the Tian—Yau manifold

e Tian—Yau manifold: defining equations p!, p?, p°:

M:“ (3)(3) C P’ xP’/A
/A
e A tangent vector on P° x P3:
a 0 ba
V=X+Y; X=X , Y=Y —.
Ox? oyP

e Requiring V to be tangent to M is the condition
V(p®) =msp°,
where now m“g s a diagonal matrix of constants for degree reasons.

e Identification:
(X4 + px®, YO + oy?) =~ (X9, Y?).
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e The tangent bundle 7, is now deformed by requiring that V = X +7Y satisfy

Xa(gp tr )+Yb(ai+sab) = mpp’,
x4

where the quantities r*, and s; are matrices of polynomials of the same
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Deforming the tangent bundle of the Tian—Yau manifold

e The tangent bundle 7, is now deformed by requiring that V = X +7Y satisfy
op“ 0

v (G r)er Gae ) = mor
xa

where the quantities r*, and s; are matrices of polynomials of the same
and 22

degrees as Op”

57 while m®s 1s a matrix of constants.

b
e In order to maintain the identification, we require the constraints

0 op“
x(ai+ra)=naﬁpﬁ, yb(i+sab):ﬁaﬁ
x4

for some constant matrices n%g, ing.
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Deforming to the conifold point

e Now we want to deform to the conifold point in order to transgress the
bundle!

e A problem: the polynomial p' is bilinear! Thus all deforming quantities
vanish at the conifold point.

e The deformation does not help to avoid the singularity associated with the
tangent bundle at the conifold point!

e Abandon identifications: the bundle is then a deformation of 7, & Oy, or
T ® Oy ® Oy

e Transgression naturally leads us to SU(4) and SU(5)-bundles on the reso-
lution, the bielliptic Calabi—Yau!
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Outlook

e Stability of the transgressed bundle appears hard to study...

e ...unless one can give a monad desription [Anderson-He-Lukas] Of the transgressed
bundle (work in progress)

e Monad description would help in computing some Yukawa couplings
e Other examples?
— “Connecting the web” [reid, Gross] - now with bundles!

e Physical processes behind transgression?



