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ABSTRACT 

GENERIC GALOIS EXTENSIONS FOR FAMILIES OF FINITE GROUPS 

Shuvra Gupta 

David Harbater, Advisor 

We study the existence of generic Galois extensions for two families of finite 

groups. We first look at the case of central extensions of symmetric groups and 

we show that such groups have generic Galois extensions over any field of char

acteristic zero. One of the crucial tools required in this case is from the theory 

of quadratic forms, which enables us to solve embedding problems. Rather than 

solving embedding problems for one field extension at a time, we do this for an en

tire family of extensions. This is done by using a one-one correspondence between 

monic polynomials (whose splitting fields are under consideration) and points in 

affine space. One of the consequences of this result is an if-and-only-if criterion 

as to when certain families of nonabelian groups have generic Galois extensions. 

The other family of finite groups in our consideration are dihedral groups. By 

showing that the problem can be understood by looking at the case of dihedral 

2-groups and dihedral groups of order 2n for n odd, we reduce the problem to 

easier problems. We then discuss a proof for the case of 2n with n odd. We also 

give an example for the case of the dihedral group of order 8. 
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Chapter 1 

Introduction 

1.1 Overview 

Given a group G and a field k, David Saltman ([29], Theorem 5.3) showed that a 

parameter space of all G-Galois extensions of k always exists. If such a parameter 

space is rational, i.e. birational to projective space of some dimension over k, we 

say that there is a generic Galois extension for G over k. 

More precisely, G is said to have a generic Galois extension over k if there 

exists a purely transcendental extension K/k and a versal G-torsor T over K. 

In this thesis, I show generic Galois extensions exist for central extensions of 

An and Sn over any field of characteristic zero and show the existence of "generic 

tractable extensions" (a notion of Saltman that is more general than generic Galois 

extensions) for dihedral 2-groups over any field of characteristic zero containing 
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y/—\. Since an arbitrary dihedral group can be studied in terms of its "2-part" and 

its "odd part", we use earlier work of Saltman and others to construct some explicit 

examples. This suggests an approach to constructing generic Galois extensions for 

all dihedral groups. The above results strengthen earlier results of Jean-Frangois 

Mestre ([24]), Jack Sonn ([36]), Bernat Plans ([26], [27]), Elena Black ([2], [3]) 

and Saltman ([29]). 

1.2 Outline of thesis 

This thesis is organised in the following way: In Chapter 2 we present historical 

background; in Chapter 3, we discuss some of the existing methods and their 

adaptations that we use in our proofs; in Chapter 4, we discuss our proof showing 

the existence of generic Galois extensions for central extensions of symmetric 

groups; in Chapter 5, we discuss our results related to the existence of generic 

Galois extensions for dihedral groups and finally in Chapter 6, we discuss some 

possible future research plans. 

1.3 Notation and Some Definitions 

• Z/nZ denotes the cyclic group of order n written additively. 

• Cn denotes the cyclic group of order n written multiplicatively. 

• Sn denotes the symmetric group acting as permutations of a set of n objects. 
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The alternating group, An denotes the subgroup of all even permutations. 

• Dm = (x,y\xm = l,y2 = l,xy = yx"1) denotes the dihedral group of order 

2m. 

• i denotes an imaginary square root of —1. 

• (q denotes a primitive qth. root of unity. 

• For a group G, we denote by G' the first derived (or commutator) subgroup 

of G. 

• For a field k, the absolute Galois group Gal(fcsep/fc) will be denoted by Gk-

3 



Chapter 2 

Historical Background 

In this chapter, we place the problems that we are interested in in historical 

context and also explain how they are related to other problems. 

2.1 Noether's Problem 

One of the first approaches to the Inverse Galois Problem was to first realise a 

finite group G over Q(t), or more generally Q(ti,i2, • • • ,tn), the field of rational 

functions in several variables, and then use Hilbert's Irreducibility Theorem ([35], 

Chap. 3) to specialise to an extension over Q with the same Galois group. 

Proceeding along these lines, Emmy Noether in 1913 asked the following ques

tion which is now known as Noether's Problem: if G is a finite group and V a 

faithful representation of G over k, then is the field of invariant rational functions 

k(V)G rational over A;? 
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In particular, let G act faithfully by permutations on a finite set of indeter-

minates x\,...,xn. Let G act on k(xi,...,xn) by acting trivially on k and by 

permuting the variables Xj. Then, is the field of invariants k(x^,... ,xn)
G purely 

transcendental over A;? If the answer to the above question is positive for a group 

and if k is Hilbertian (e.g. Q), then using Hilbert's Irreducibility Theorem, G can 

be realised as a Galois group over k. For example, let G = Sn act on Q(x i , . . . , xn) 

by acting trivially on Q and permuting the indices of the indeterminates. Then we 

know that the field of invariants is indeed purely transcendental and is generated 

over Q by the elementary symmetric polynomials CTJ in n variables. Fischer ([11]), 

Voskresenskii ([40]), Endo-Miyata ([10]) and others have shown positive answers 

to Noether's Problem in other cases. 

However, the answer to the question is not always in the positive. Richard 

Swan ([38]) showed that Q(x\,..., xn)
G is not purely transcendental when G is a 

cyclic group of order n for n = 47, 113 and 233. Later, Hendrik Lenstra ([22]) 

showed that the answer is negative for G = Z/8Z with k = Q. He also gave a 

criterion for the problem to have a positive answer for an abelian group G. In 

the process, he showed that any group containing Z/8Z has a negative answer 

to Noether's Problem over Q. Negative examples over algebraically closed fields 

were later given by Saltman ([30]) and Emmanuel Peyre ([25]). 
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2.2 Generic Galois Extensions 

One of the conseqences of a positive answer to Noether's Problem for a group 

G over a Hilbertian field k was not just the realisability of G as a Galois group 

over k but also the "parametrisation" of all G-Galois extensions of k. In 1980, 

Saltman defined ([29], Definition 1.1) the notion of generic Galois extensions. 

Using them, he gave a different explanation as to why groups containing Z/8Z 

gave negative answers to Noether's problem. We recall that an extension of rings 

S/R is said to be Galois with Galois group G if SG = R and S ®RS = ®geGS. 

The geometric interpretation of the second condition is that as a morphism of 

schemes, Spec S —*• Spec R is etale. We say a G-Galois extension of rings S/R 

is a generic Galois extension for G over k if R is of the form k\x\,...,xn][-] 

where s G k[x\,... ,x„]\{0}, and for any G-Galois extension (of algebras) L/K 

where K is some field extension of k, there exists a ("specialisation") map 4> : 

R —> K such that L = S ®<f, K with the isomorphism respecting the G-action. 

The polynomial s is inverted to remove the branch locus of the map so that 

our extension becomes etale and hence Galois. As an example, we can consider 

the space of Z/2Z extensions of a field k of characteristic not equal to 2. Any 

quadratic extension of k is of the form k(y/a) where a G kx (because we are now 

considering Galois extensions of rings). So, here our parameter space is Ajj.\{0} 

which is rational. 

Saltman ([29], Theorem 5.1) showed that if a group G has a positive answer 
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to Noether's Problem over a field k, then there exists a generic Galois extension 

for G over k. He also showed that if there exists a generic Galois extension for 

G over k, then the Griinwald-Wang theorem (see [42], p. 479) holds for G over 

k; i.e. in the above notation Hl(K, G) —> Yli=i m ^(Ki, G) is surjective where 

Ki,..., Km are the completions of K with respect to m inequivalent real-valued 

valuations of K. So, let S/R be a generic Galois extension for G over k as above, 

and K/k an extension. Let Ki,..., Km denote the completions of K with respect 

to its inequivalent real valued valuations. Now if for each i = 1, . . . ,m, there 

is a (7-Galois extension Li/Ki, then there is a (7-Galois extension L/K. Thus, 

using Shianghaw Wang's ([41]) counterexample reference to Grunwald's Theorem, 

which showed that the map tf^Q.Z/SZ) -> H p ^ C Q ? . 2 / 8 2 ) i s n o t surjective, 

Saltman deduced that any abelian group containing Z/8Z will yield a negative 

answer to Noether's Problem over Q, and that any abelian group not containing 

an element of order 8 has a generic Galois extension over Q. As a consequence of 

Swan's earlier result that Z/47Z has a negative answer to Noether's Problem over 

Q, he had thus shown that the existence of a generic Galois extension for a group 

G over a field k is strictly weaker than a positive answer to Noether's Problem for 

G over k. 
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2.3 Arithmetic Lifting Property 

In 1954, Shafarevich showed that every solvable group can be realised as a Galois 

group over Q. (His proof was incomplete for the case of 2-groups but he outlined 

a method to complete the proof and it was completed by Alexander Schmidt 

and Kay Wingberg in [37] .) The obvious next question was to think about the 

realisability of simple groups. Until very recent work of Khare-Larsen-Savin (of 

which I will talk about more in §6), the principal way to realise simple groups 

was in the following fashion. By Riemann's Existence Theorem, we know every 

group can be realised as a Galois group over FQ. The Galois extension can then 

be descended to an extension over PQ by a method called rigidity, and then using 

Hilbert Irreducibility Theorem, we can realise the group as a Galois group over Q. 

However, for rigidity to work for all (simple) groups, one has to know that every 

(simple) group G can be realised as a Galois group of a regular extension L/Q(T) 

i.e. L fl Q = Q. This prompted Sybilla Beckmann ([1]) to ask whether given a 

group G, every G-Galois extension L/Q arises as a specialisation of some regular 

extension of Q(T) or equivalently, some absolutely irreducible Galois branched 

covering of PQ. The above question can also be asked for fields k other than Q. If 

the question has an affirmative answer, we say G satisfies the Arithmetic Lifting 

Property over k. Beckmann answered it in the positive for abelian groups and 

symmetric groups and Elena Black ([2]) answered it in the positive for dihedral 

groups of order 2n where n is odd. In [3] (Proposition 1.2), she showed that if 
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there is a generic Galois extension for G over k, then G satisfies the Arithmetic 

Lifting Property over k. The existence of generic Galois extensions is a strictly 

stronger property because Z/8Z does not have a generic Galois extension over Q 

whereas it does satisfy the Arithmetic Lifting Property. 

An interesting result of Pierre Debes ([6], Proposition 1.2) relates the Arith

metic Lifting Property to the Regular Inverse Galois Problem. For a given group 

G and a field k, he shows that if G satisfies the Arithmetic Lifting Property over 

every regular extension of k(T), then G is a Galois group of a regular extension 

L/k{T). 
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Chapter 3 

Embedding Problems and 

Quadratic Forms 

3.1 Group Extensions 

Definition 3.1.1. An extension 1—> A —> G —> G —> 1 oi G by A is central 

if A C Z(G), where Z(G) denotes the centre of G. Further, we say that the 

extension is stem if A C Z(G) fl G'. 

Definition 3.1.2. The Schur multiplier of a finite group G is defined as H2(G, Z), 

the second homology group of G with coefficients in the integers. 

If the group G is finite and one considers only stem extensions, then there is 

a largest size for such a group G, and for every G of that size the subgroup A is 

isomorphic to the Schur multiplier of G. If the finite group G is moreover perfect, 
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then G is unique up to isomorphism and is itself perfect. Such G are often called 

universal perfect central extensions (or more briefly, universal central extension) 

of G, or covering group (as it is a discrete analog of the universal covering space in 

topology). We note that there is no largest central extension because we always 

have the central extension 1—> A —> Gx A^> G —• 1 for any finite abelian group 

A and so, this gives us a central extension of arbitrary size. 

Stem extensions have the nice property that any lift of a generating set of G 

is a generating set of G. If the group G is presented in terms of a free group F on 

a set of generators, and a normal subgroup R generated by a set of relations on 

the generators, so that G = F/R, then the covering group itself can be presented 

in terms of F but with a smaller normal subgroup S such that G = F/S. 

We shall now discuss a bit about extensions of An and Sn and in our discussion 

of the cohomology of An and Sn, we will closely follow the notation of [35], §9.1.3. 

The cohomology group H2(G, A) classifies equivalence classes of extensions 

1 —>• A —> G —•> G —* 1 of G by A. It is easy to see that 

H1{Sn,Z/2Z) £* Z / 2 Z f o r n > 2 , 

H2(Sn,Z/2Z) ^ Z / 2 Z 0 Z / 2 Z f o r n > 4 . 

The non-trivial element in Hl(Sn,Z/2Z) is the signature homomorphism 

en : Sn - {±1} ^ Z/2Z. 

The cohomology group H2(Sn, Z/2Z) (n > 4) has a Z/2Z-basis given by en • e„ 

(where • corresponds to the cup product in cohomology) and an element s„ where 
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sn corresponds to the central extension 1 —> Z/2Z —• Sn —> Sn —>• 1 that is 

characterised by the following two properties: 

1. A transposition in Sn lifts to an element of order 2 in S^, and 

2. A product of two disjoint transpositions lifts to an element of order 4 in Sn. 

The element en • en corresponds to the extension S'n = Sn xz/2z Z/4Z which 

can similarly be characterised by the following two properties: 

1. A transposition in Sn lifts to an element of order 4, and 

2. A product of two disjoint transpositions lifts to an element of order 2. 

Thus, the four possible extensions of Sn by Z/2Z are Sn x Z/2Z (corresponding 

to the identity in i72(5n ,Z/2Z)), S'n, Sn and Sn, where Sn is characterised by the 

following two properties: 

1. A transposition in Sn lifts to an element of order 4, and 

2. A product of two disjoint transpositions lifts to an element of order 4. 

The inclusion An -̂> Sn gives rise to a restriction map H1(Sn,Z*/2Z) —»• 

H1(An,Z/2'Z) and the image of en under this restriction map is zero. The coho-

mology group ff2(J4„,Z/2Z) is isomorphic to Z/2Z (for n > 4) and is generated 

by an, the image of sn under the restriction map iJ1(5'„,Z/2Z) -» if1(An ,Z/2Z). 

The element an corresponds to An, the unique non-trivial extension 1 —• Z/2Z —» 

An —>• An —> 1. More concretely, it can be realised as the group which fits in the 
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following commutative diagram: 

Z/2Z • A # 
•*A 

# 

1 *- Z/2Z ^ Spin(n) ^ SO(n) •• 1 

where An <-* SO(n) by considering elements of An as permutation matrices and 

Spin(n) is the double cover of SO(n). The group An is an index 2 subgroup of 

3.2 Embedding Problems 

For any field k, let Gk denote its absolute Galois group. A Galois extension K/k 

with Galois group G is then determined by an epimorphism <f> : Gk —»• G with 

ker(^) = Ga\(k/K). Given a group extension 1—> A —> G -^+ G —* 1, we can 

ask about the existence of a homomorphism <f> : Gk —• G lifting (f> such that the 

following diagram commutes. 

Gk 

~ 7T 
G 1 

This is called the embedding problem Emb(0, n) given by (p and n. The embedding 

problems is also sometimes referred to as Emb(K/k, w). The homomorphism (f) is 

called a (weak) solution to the embedding problem Emb(</>, if) and the correspond-

ing field L := k a solution field of Emb(0,7r). We note that <f> determines L but 

not vice-versa. If 0 is a surjection, then <j> and L are called a proper solution and a 
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proper solution field respectively. In the latter case, we can "embed" our (7-Galois 

extension Kjk in the G-Galois extension L/k. The obstruction to the existence 

of a weak solution is the pullback ^*{l) £ H2(Gk, A), where 7 € H2(G, A) is the 

class of the group extension G. Let 7 denote the cohomology class in H2(G, A) 

corresponding to the group extension above and let (f) be as above. Then, it is 

easy to see that the embedding problem Emb(</>, IT) has a solution if and only if 

the image ^ ( 7 ) of 7, under the pullback (j>* : H2(G, A) -* H2(Gk, A), is trivial 

in H2(Gk,A). The element 4>*{l) is often referred to as the obstruction to the 

embedding problem because it is the obstruction to lifting the homomorphism <fi 

t o 4>. 

As an example, we can look at the Z/2Z-Galois extension Q(i)/Q. It can 

be shown that this extension cannot be embedded in a Z/4Z-Galois extension of 

Q. One argument using class field theory is that the maximal abelian extension 

ramified only at 2 has group Z2 x Z/2Z with the Z/2Z factor obtained by adjoining 

i and the Z2-factor coming from taking 2-power roots of 5. In fact, using an 

easy argument from quadratic forms, we can show that a Z/2Z-Galois extension 

Q(y /a)/Q can be embedded in a Z/4Z-Galois extension if and only if a is the sum 

of two squares in Q. 
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3.3 Trace Forms and Wit t Invariants 

A quadratic form of dimension n over a field A; is a homogeneous polynomial / of 

degree 2 in n variables over k. 

Let E be an etale algebra of finite rank n over k, i.e. a product of separable 

field extensions of k with the sum of the degrees of the extensions equalling n. 

Etale algebras E of rank n are in bijective correspondence with conjugacy classes 

of homomorphisms </> : Gk —> Sn. The correspondence is as follows: given E, let 

h(E) be the set of fc-algebra homomorphisms from E to A;sep. The set h(E) has 

cardinality n and the natural action of Gk gives a permutation action on h(E), thus 

giving us the desired homomorphism <f>: Gk —> Sn (after a choice of identification 

of h(E) with {1 ,2 , . . . , n}). Conversely, E can be constructed as the twist of the 

split algebra kn = kxkx---xk by the 1-cocycle (f): Gk ^ Sn — Aut(A;n). 

For any such E, the trace form qE is the non-degenerate quadratic form on E 

defined by qE(x) = TrE/k(x
2). 

Let q be a non-degenerate quadratic form over k (char(fc) ^ 2) of rank n > 1. 

By choosing an appropriate basis, we can write q = Y^=i aiX?, with an £ kx. 

Then, we define the Stiefel-Whitney classes Wi as the i-th elementary symmetric 
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polynomial in the (ctj) computed in the commutative ring H*(Gk, Z/2Z): 

w0 = 1, 

wi = 2_j(ai) = (ai " 'an) = Discriminant(q), 
i 

w2 = ^ ( a O - ( a j - ) , 
i<j 

wn = (ai) • (a2) (a«), 

and Wi = 0 if i < 0 or i > n. 

It is known that these cohomology classes to* are indeed invariants of q; i.e. they 

are independent of our choice of a,, and the second Stiefel-Whitney class w2 is 

called the Hasse-Witt invariant. 
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Chapter 4 

Central Extensions of Symmetric 

Groups 

Hilbert in the eaxly 1900s showed that the alternating groups An and the sym

metric groups Sn could be realised as Galois groups over any field of characteristic 

zero. To do this, he first showed that Sn has a positive answer to Noether's 

Problem over any field of characteristic zero. He then showed that An could be 

realised by studying the ramification behaviour of S^-Galois extensions. However, 

the answer to the Noether problem for alternating groups An is not known for 

n > 5. The A5 case was shown by Takashi Maeda ([23]) and his proof relies on 

some explicit combinatorial facts about the linear representations of A5. 

In [24], Mestre used a theorem of Serre which we mention later (Theorem 4.2.1) 

to show that the group An can be realised as a regular Galois group over Q(T). 
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Leila Schneps ([32]) used his work to explicitly construct some A^-Galois regular 

extensions of Q(T). Mestre's argument can in fact be extended to show that An 

satisfies the Arithmetic Lifting Property over Q. Building on Mestre, Sonn ([36]) 

showed that any central extension of Sn can be realised as a Galois group of a 

regular extension of Q(T), and Plans ([26]) showed that central extensions of An 

satisfy the Arithmetic Lifting Property. The goal of this chapter is to prove the 

existence of generic Galois extensions for central extensions of Sn over any field 

of characteristic zero, provided the kernel has a generic extension. One of the 

consequences of this is that such central extensions of symmetric groups can be 

realised as Galois groups of regular extensions of Q(T), and hence they can be 

realised as Galois groups of infinitely many pairwise disjoint extensions of Q. Our 

approach will be very similar to the approach taken by Plans in ??. 

We prove: 

Theorem 4.0.1. Let k be a field of characteristic zero and let 1 —»• A —> G —>• 

Sn —»• 1 be a finite central extension. If A has a generic Galois extension over k, 

then so does G. 

Corollary 4.0.2. For any natural number n, the groups S'n, Sn and Sn (cf. 3.1) 

have generic Galois extensions over any field k of characteristic zero. 

Proof. Recall that the kernel of the map G —> Sn when G is one of S'n, Sn or Sn 

is Z/2Z, which has a generic Galois extension over k (e.g., by [29], Theorem 2.1). 

Hence, S'n, Sn or Sn have generic Galois extensions for all n. • 
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Our method of proof of Theorem 4.0.1 will be as follows: 

Step 1: We will show that any G as above can be decomposed as a direct 

product of two groups Gi and G2 where G\ is a central extension of Sn by a 

2-group and Gi is an odd order subgroup of A. 

Step 2: Using an inductive argument, we will prove the above theorem for 

groups of the form G\. 

Step 3: We will show that the product of two groups having generic Galois 

extensions has a generic Galois extension and use that to prove our theorem. 

The proof of Step 1 will be done in Section 4.1 and the proof of Steps 2 and 

3, and hence Theorem 4.0.1 will be done in Section 4.4. We will also give some 

examples and consequences of the theorem in §4.4. 

4.1 Reduction Step 

We first show that it is enough to consider the case when the kernel A is a 2-

group. The proof is motivated by ([21], Theorem 6), where they show that the 

realisability of every finite central extension of Sn as a Galois group over a number 

field k can be reduced to the case where the Galois groups are certain (central) 

extensions of Sn by 2-groups. Our goal is to express G as a product Gi x Gi where 

G\ is an extension of Sn by a 2-group and Gi is a subgroup of A. 

Proposition 4.1.1. Let \—>A^G^Sn^-lbea central extension of Sn by 
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a group A. Then G can be expressed as a product G\ x G2 where G\ is a central 

extension of Sn by a 2-group and G% is an odd order subgroup of A. 

Proof. Let B C A be the unique Sylow 2-subgroup of A. We claim that there 

exists g G G such that g2 G B and such that i^{g)) • An — Sn. In other words, we 

are asking for a g G G such that ir(g) is an odd element of Sn and n(g) has order 

2 in Sn. Since ir is a surjection, we know there exists an element h G G such that 

7r(/i) is a transposition. Now, the order of h must be even and hence is of the form 

2a • b where b is odd and a > 1. It is easy to see that g = hb satisfies the claim. 

Let us define the subgroup K C G as follows: K = B • (g) • G' = {b • gl • h\b G 

-B, i G Z, h G G'} C G. The product B • (g) is a subgroup as B is central and then 

B • (g) • G' is a subgroup because G' is normal. We claim that K C\ A = B. We 

notice that B is a normal subgroup of G as it is central, and so we consider the 

following exact sequence obtained by taking quotients by B: 

1 *A ^G^L^Sn - 1 

:: \ w 

1 ^A/B ~G/B *Sn - 1 

1 "A *G ^Sn ^ 1 

We notice that the bottom horizontal sequence gives us a central extension of 

Sn with the added condition that the kernel has odd order. Let K and B = (1) 

denote the images of K and B respectively under the vertical map from G -» G = 

G/B. Also, let ~g be the image of g under the above map. We consider the short 
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exact sequence 

1 - • A -+ G - • Sn -> 1 

and then take quotients by G . Thus, we get the following commutative diagram: 

1 *AHG' 

1 A/(A n G ) G/G - C2 1 

The top horizontal exact sequence gives us a central extension of An, and by our 

earlier discussion Af)G is contained in the Schur multiplier (cf. Definition 3.1.2) 

of An. By [14], p. 152, the Schur multiplier of An is a 2-group. But as AnG C A, 

we have \An(?\ is odd. Therefore, I f l G ' = {l} . Also if = B~ • (g) -~Gr ^ (g) • G' 

is a subgroup of G because G is normal; and it has cardinality 2 • \G \ because 

g has order 2 and (g) (lG' = {1}. Furthermore, X n l = ((g) • S ' ) n l = {1} 

because (g~)C\A = {1} (since g~ maps to an odd element in Sn under TT and A is in 

the kernel of ir) and our earlier result Af)G = {1}. Since, if n B C if fl A, we 

have ~K fl 5 = {1} and hence if n A = R 

Now, we can write A = B x C as a, product where C is the odd part of the 

abelian group A because A is abelian and \B\ and \C\ = [A : B] are relatively 
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prime. Here, K • C C G is a subgroup because C is central, and hence normal. 

We want to show that C • K = G and moreover, C x K = G. 

First, we have 

Cf)K = (CHA)nK 

= cn(AnK) 

= cnB 

= {!}• 

Also, 

C-K = C-B-(g)-G' 

= A.(g).G'. 

Now, we know the map (g) • G' —> Sn is surjective, i.e. every class in G/A has a 

representative in (g) • G', we get that 

C-K = A-(g)-G' 

^ Ax G/A 

That shows that C • K has cardinality the same as \A x G/A\ = \G\; but since 

C-KcG,we get that C • K = G. 

Using this with the fact that CC\K = {1} and the fact that C is central in G, 

we get that G = C x K. Now taking Gi = K and G2 = C concludes the proof of 

the proposition. • 
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4.2 Adaptation of work of Mestre 

We recall from §3.1 the element sn € if2(S'n,Z/2Z) corresponding to a central 

extension of Sn. Then, Jean-Pierre Serre ([33], Theoreme 1) proved the following: 

Theorem 4.2.1. Let E be an etale k-algebra of rank n and discriminant d asso

ciated to a homomorphism 0 : Gk —*• Sn, and let qE denote the trace form of E. 

Then: 

1. wi(qE) = (f}*{tn), and 

2. w2(qE) = <t>*{sn) + (2) • (d). 

One of the consequences of the above theorem is that it relates the obstruction 

to the embedding problem, (f)*(sn) to the discriminant and Hasse-Witt invariant 

of the trace form. 

Suppose G = (j>{Gk) is contained in A.n\ i.e. d is a square. Then, by the 

above theorem, Wi(qE) — 0 and ^ ( f e ) = (p*(an), where (f>*(an) is the obstruction 

(cf. §3.2) to lifting the homomorphism Gk —» An to a homomorphism Gk —• An. 

Thus the homomorphism <j>: Gk —• An lifts to a homomorphism Gk —* An if and 

only if w2(qE) = 0. So, we have the following corollary: 

Corollary 4.2.2. An extension E/k of degree n with Galois group An can be 

embedded in an An-extension if and only if WZ^E) = 0. 

Mestre ([24], Theoreme 2) used this to show the following result: 
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Theorem 4.2.3. The group An can be realised as a Galois group of a regular 

extension ofQ(T) for all n. 

Definition 4.2.4. Let A; be a field and k(T) be the function field in one variable 

over k. We say a quadratic form q over k(T) is constant (or independent ofT) if 

it is /c(T)-equivalent to a quadratic form over k. 

More generally, let A; be a field and let K = k(T) be the corresponding rational 

function field. Further, let n be a positive integer relatively prime to the charac

teristic of k. Let M be a G^-module such that n annihilates M, i.e. nM = 0 and 

assume that the canonical homomorphism Hl(k, M) —> Hl(K, M) is injective. An 

element of Hl(K, M) is said to be constant if it belongs to Hl(k, M). 

Let n be an odd positive integer greater than 1 and let A be the polynomial 

ring 1\A\,A2, • •., An] with A\, A2,. • • ,An formal parameters, let K the quotient 

field of A. Let K be the algebraic closure of K and let P(X) be the polynomial 

Xn + AxX"-1 + • • • + An_xX + Ane K[X). 

Keeping the same notation as above, Mestre proved the following proposition 

(Proposition 1) in [24]: 

Proposition 4.2.5. (a) There exists a unique primitive polynomial Q € A[X] of 

degree less than or equal to n — 1 such that there exists a polynomial R € A[X] 

satisfying the relation PQ' — P'Q = R2. The polynomials Q and R are of degree 

n — 1, and have no common factor in A[X]. The polynomial R is defined up to 

sign and its roots ri , r2,..., rn_i G K are distinct. 
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(b) Moreover, let FT(X) G ^4[T][X] be the polynomial defined by FT(X) = 

P(X) — T • Q(X) where T is a new indeterminate. The discriminant of FT(X) 

is equal to A(P) • S(T)2 where S(T) is an element of A[T] of degree n — 1 with 

simple roots. For 1 < i < n — 1, let % = QT^4- The values Ti are pairwise distinct, 

and are the roots of S. The polynomial FTi{X) admits r̂  as a triple root, and its 

other roots are simple. 

Definition 4.2.6. Let v0, t\,..., tn, w0, ui,..., un be algebraically independent 

over Z and let 

f(X) = VoiX-tJ-'-iX-tn) = V0X
n + ---+Vn, 

g(X) = w0(X - Ul) • • • (X - um) = w0X
m + • • • + wm. 

be two polynomials. Then, the resultant of f(X) and g(X) is defined to be 

n m 

Res(f,g)=v™wZ]ll[(ti-uj). 
i = l j=l 

Remark 4.2.7. Given a field k and two polynomials f(X),g(X) G k[X], it seems 

a priori that the resultant of the two lies in an algebraic closure k oi k but it 

can be shown that the resultant in fact, lies in k. One way to do so is by using 

an equivalent definition of the resultant (cf. [5], §3.3.2) which expressses it as the 

determinant of a matrix whose entries are the coefficients of the polynomials and 

hence, it follows from that the Res(/, g) G k. 

Another way to see it is using Galois Theory. If the characteristic of k is 

zero, then the splitting field of f(X) • g(X) is Galois, and the Galois group of the 
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splitting field of acts on the resultant and leaves it invariant. Hence, the resultant 

lies in k. 

If the characteristic of k is p > 0, then we need to consider the additional case 

of purely inseparable extensions. If one of the polynomials has a factor of the 

form Xp — a = (X — ap)p with a e K, then the resultant will have a factor of 

the form (a? — j3)p = a — (3P which again ensures that the resultant lies in k. 

Let P(X),Q(X),R(X) and S(T) be as in Proposition 4.2.5. Let 

J(Ai, A2,. • • An) denote the product of the leading coefficients of S(T) and 

A(R) • A(S) • Res(<2, R). We note that by Proposition 4.2.5(a), Q(X) and R(X) 

have no common roots, R(X) has distinct roots; and by Proposition 4.2.5(b), 

S(T) has distinct roots. Hence, J(Ai,A2, • • -An) is a nonzero element of A. 

Remark 4.2.8. Pa(X) is the polynomial in k[X] obtained from P(X) by special

ising Ai to a, G k. Similarly, Qa, Ra and Sa are the specialisations of Q, R and 

S. Also FT,a(X) = Pa{X) - T • Qa(X). 

Let k be a field of characteristic zero. Then, along the lines of Mestre's defini

tion of iJ-general, we can define: 

Definition 4.2.9. ([24], p. 488) If Q;I, a2,...,an € k, the polynomial Pa(X) = 

Xn + ctxX"-1 + •••«„ is called J-general if J(ai,a2, • •. ,an) ¥" 0» where 

J(Ai,A2,..., An) is as above. 

Remark 4.2.10. If Pa is J-general, it follows that Qa and Ra satisfy the conditions 

of Proposition 4.2.5. 
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Remark 4.2.11. The polynomial Pa{X) = Xn — X is J-general. This is because 

we see that if we take Qa(X) = n2Xn~l - (n - 2)2 and Ra(X) = nXn~l + (n - 2), 

then they satisfy P'a{X)Qa(X) - Pa{X)Q'a(X) = R(X)2. 

P'a{X)Qa{X) - Pa(X)Q'a(X) 

= {nXn-x - l)(n2Xn-1 - (n - 2)2) - (Xn - X)(n2(n - l)Xn~2) 

= n2X2n~2 + 2n(n - l ) ^ " - 1 + (n - 2)2 

= {nXn~l + (n - 2))2. 

Clearly, Pa(X) and Ra{X) have no common factor, and Ra(X) has distinct roots. 

Further, A(Pa(X) - T • Qa(X)) = A(Pa(X))(l + nn(n - 2)n-2Tn~1)2, and again 

it is clear that 1 + nn{n — 2)n~2Tn~1 has no repeated roots. 

Using the correspondence between polynomials and points in affine space, we 

define 

Z := {(*! ,x 2 , . . . , x n ) E An\xn = 0} (4.2.1) 

to be the set which corresponds to the set of all monic polynomials of degree n 

whose constant term is 0. Also, by abuse of terminology, we will often refer to the 

polynomial corresponding to a point in An(k) as a polynomial in An(k). 

We also define the Zariski-open subset 3̂  C An as follows: 

y := {(<*!, a2, •••,<*„)€ An\J(au a 2 , . . . , an) ± 0}. (4.2.2) 

By Remark 4.2.10 above, for any polynomial Pa(X) e y(k), the corresponding 

specialised polynomials Qa and Ra satisfy the conditions of Proposition 4.2.5. 
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Mestre ([24], Proposition 2) then shows: 

Proposition 4.2.12. Let k be a field of characteristic zero. Let Pa(X) £ k[X] 

be an J-general polynomial of degree n, and let FTt0l(X) = Pa(X) — T • Qa(X) £ 

k[X, T] keeping the notation as above. Then the Galois group of the splitting field 

of Fr,a(X) over k(T) is An if A(Pa(X)) is a square in k, and is Sn otherwise. 

He ([24], Proposition 3) also shows: 

Proposition 4.2.13. Let Pa(X) be as in Proposition J^.2.12, and let L = 

k(T)[X]/(FTtQ(X)). Then the trace form qL = TrL/fc(T)(x2) is constant (cf. Defi

nition 4-S-4)-

Now, we have a rational map M : An x A1 —-» A" (with the M. standing for 

Mestre) which is defined over Q given by 

M(P,T) = FT(X) (4.2.3) 

keeping the notation as in Proposition 4.2.5. The rationality of the map follows 

from the fact that for the generic polynomial P, the polynomial Q has coefficients 

in A and hence M. is given by polynomial equations. Also, we know that if for 

polynomials Pa(X) lying in the open subset ^ C A " , FT,a satisfies the conditions 

of Proposition 4.2.5. 

Moreover, we have the following lemma: 

Lemma 4.2.14. The map M.\zxk1 is birational, i.e., there exists a birational 

inverse E = (Ei, E2) : A" —•> Z x A1 such that E\\z = idz as rational maps. 
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Proof. Let us denote by QFT(X) and RpT{X) the polynomials obtained if we apply 

Mestre's Proposition 4.2.5 to the polynomial FT(X) = P(X) - T • Q(X) instead 

of the polynomial P(X). 

Now, 

FV
T(X)Q(X) - Q'(X)FT(X) 

= (P'(X) - T • Q'{X))Q{X) - Q'(X)(P(X) - T • Q(X)) 

= P'(X)Q(X)-Q'(X)P(X) 

= R(X)2. 

Also, Q(X) has no common factor with FT(X) as it does not have any com

mon factor with P(X). Thus, we see that Q(X) also satisfies the hypothesis of 

Proposition 4.2.5 for the polynomial FT(X). Since, by Proposition 4.2.5(a), there 

exists a unique primitive QFT(X), it follows that Q(X) is a multiple of QpT(X) 

viz., Q(X) = QFT(X)G(A,T), where G(A,T) is a polynomial in T and the At. 

Recall that polynomials in Z have zero constant term and hence -P(O) = 0. 

Let a = (OJI, Q!2,..., an) E An(k). Then, by our correspondence between points 

in affine space and monic polynomials of degree n, the tuple a corresponds to the 

polynomial Pa(X) = Xn+aiXn~1 + ... an, which is a specialisation of the generic 

polynomial P(X). We now define: 

Ei(a) 

= E^PaiX)) 

•= Pa(X) - ^j^Qa(X) 
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We note that E\ is a rational map because the coefficients of Qa(X) are expressed 

as polynomials in the coefficients of Pa(X) because the same holds for Q(X) and 

P(X). 

Once we know P(X), we can recover T as follows: 

E2(FT(X)) 

. _ - F T ( 0 ) 
QO 

_ -P (0 )+T-Q(0 ) 
Q(0) 

= 2gM (because P(0) = 0) 

= T. 

Thus, it is clear that M\zy.kx is a birational map and there exists a birational 

inverse E = (Ei, E2) : A" — + 2 x A ' such that E\\z — idz as rational maps. D 

4.3 Generic Galois Extensions 

Let A; be a field of characteristic zero and let G be a finite group. We defined 

earlier the notion of a generic Galois extension for G over A;. We shall define a 

notion of a "relative" generic Galois extension and then we will then show that 

both are equivalent. Most of the results in this section are well known following 

the works of Saltman, DeMeyer, McKenzie and Plans. 

Definition 4.3.1. ([16], Definition 0.1.1) Let f(X,T) G k(X_)[T] (where X. = 

(Xi,X2, • • • ,Xn)) be a monic polynomial and let E denote the splitting field of 

f(2L, T). We say / (X , T) is a generic polynomial for G over the field k if: 
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(i) E/k{X) is Galois with Galois group G. 

(ii) If L/K is any field extension with Galois group G, where K is any field 

containing k, then there exist a G Kn such that the splitting field of /(a, T) is L, 

where a = (oi, o 2 , . . . , an). 

Definition 4.3.2. ([29], p. 275) A finite group G is said to have the lifting property 

over k if for any field extension K/k and a G-Galois extension L/if and R a local fc-

algebra with maximal ideal M and R/M = X, then there exists a (not necessarily 

local) A;-algebra S such that S is a G-Galois extension of R and S/MS = L. 

Let G A G denote a fixed epimorphism of finite groups and let A denote 

its kernel. The embedding problem given by n and a G-Galois extension (of k-

algebras) S/R will be denoted (S/R,n). A G-Galois extension S/R such that 

the embedding problem has a proper solution will be called a (G -̂ > G)-Galois 

extension. If w is clear in the context, we will omit the ir in (G -̂ > G)-Galois 

extension. 

The following definitions are motivated by the notion of "descent-generic" 

polynomials ([16], p. 21). 

Definition 4.3.3. ([27], Definition 2.1) A (G -^ G)-Galois extension S/R is called 

a generic Galois extension for G -^ G over A; if: 

(i) R is of the form A;[X][4] for some set of indeterminates X_ = (X\,..., Xm) and 

some / 6 fc[X]\{0}, and 

(ii) for any field i^ containing A; and a (G A G)-Galois extension £/if, then 
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there exists a homomorphism (f> : R —> K of A;-algebras (called a specialisation) 

such that L/K is Galois isomorphic to the natural G-Galois extension S ®<f, K/K 

obtained by specialising S/R. 

Definition 4.3.4. ([27], Definition 2.2) A monic polynomial f(K,T) E k(X)[T\ 

is called a generic polynomial for G —» G over k if: 

(i) /(2C U) is a separable polynomial and its splitting field over k(X_) is a (G A 

G)-Galois extension of k(X). 

(ii) If L/iiT is a (G A ^-Galois extension of fields containing k, then there 

exists x G i^n such that the polynomial f(x, T) E K[T] is separable and its 

splitting field over K is L. 

Definition 4.3.5. ([27], Definition 2.3) Let G A G be as above. We say that 

G -^ G has the lifting property over k if for every local A;-algebra R with maximal 

ideal M, and every (G -^ G)-Galois extension of fields L/K with if = R/M, 

there exists a ( G - ^ G)-Galois extension S/R such that 5 ®R K = L. 

Remark 4.3.6. If we take G = G and 7r = ido, then the above "relative" definitions 

correspond to the usual concepts. 

We make a remark here about the composition of solutions to embedding 

problems because we will be using it in the proof of the next theorem. 

Remark 4.3.7. The term composition refers to the composition of solutions to 

embedding problems (as in [13], §1.15) and corresponds to the Baer sum of group 
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extensions. More explicitly, we are saying that there exists an A-Galois extension 

M2/K such that L'/K is isomorphic (as G-Galois extensions) to the following 

G-Galois extension. 

Let us first consider M2 <8>K M[/K, which we can view as an (A x G)-Galois 

extension via the action 

(a,g)(h®l2) := a(h) ® g(l2). 

Now, if Ax denotes the kernel of the epimorphism 

AxG - • G, 

(a,g) t-* ag, 

then (M2 ®K M[)Al/K is a G-Galois extension (which is a solution to the em

bedding problem (L/K,ir)) via the corresponding isomorphism G = (Ax G)/A\. 

This G-Galois extension is the one which must be isomorphic to L'/K. 

The following is listed as Proposition 2.5 in [27]: 

Theorem 4.3.8. Let k be a field of characteristic zero. Let 1—> A —> G —> G —• 1 

be a short exact sequence of finite groups. Assume that A is contained in the centre 

of G and also assume that A has a generic Galois extension over k. Then the 

following assertions are equivalent: 

(i) There exists a generic Galois extension for G over k. 

(ii) There exists a generic polynomial for G over k. 
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(iii) The group G has the lifting property over k. 

(iv) There exists a generic Galois extension for G —> G over k. 

(v) There exists a generic polynomial for G A G over k. 

(vi) The lifting property holds for G —> G over k. 

Proof. The equivalences (i) <=>• (ii) O- (iii) are well known and are available in 

several places e.g. in [9]. The proofs of (iv) => (vi) and (v) = > (vi) can be 

easily obtained from them. Also, it is clear that (i) ==>• (iv). And, we will prove 

a stronger form of (i) =>• (v) in the next lemma, Lemma 4.3.9. To complete the 

proof of the theorem, we prove (vi) = > (iii). 

To prove (i) = > (iii): Suppose G has a generic Galois extension over k. 

Then, there is a ^-algebra R and an extension S/R such that: 

(i) S/R is Galois with group G. 

(ii) R = k[ti,... ,tm][^\ for some 0 ^ u E k[ti,... ,tm] and indeterminates 

H i • • • i I'm-

(iii) For any field extension K/k and any G-Galois extension L/K, there exists a 

homomorphism (f): R —> K such that L = S S*̂  K as Galois extensions of K. 

We want to show that if K is any field containing k and L/K any (?-Galois 

extension of fields and T is a local A;-algebra with maximal ideal M and T/M = K, 

then there exists a (5-Galois extension T'/T such that V = T/M ^ L. 

Let T be a local A;-algebra with maximal ideal M. Let K = T/M and assume 
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L/K is a G-Galois extension. Let 4> : R —* K be a homomorphism with L = 

S ®<f> K. We are given R = k[ti,..., £m][£]. Let a* = (f>(ti) and we choose h E T 

such that bi is a preimage of Oj. We define ip : R —» T by setting /̂>(£i) = 6j. Note 

that tp{u) is invertible because T is local. Since S®T® T/M = S <g> K = L, we 

see that V = S®^,T defines a lifting for L/K. 

To prove (ii) =>• (in): Suppose G has a generic polynomial over k. Then, 

there exist indeterminates ti,...,tm and a separable polynomial g(tl,..., tm)(x) G 

fc(ti,... , £m)[x] whose Galois group is G such that: If K is a field containing A; 

and L/K is a Galois extension of fields with Galois group G, then there ex

ist ai,...,am G K such that the splitting field of the separable polynomial 

g(a1,...,am){x) G K[x] is L. 

We want to show that if K is any field containing k and L/K any G-Galois 

extension of fields and R is a local ^-algebra with maximal ideal M and R/M = K, 

then there exists a G-Galois extension S/R such that S = i?/M = L. 

For i = 1 , . . . ,ra let Tj G i? be a preimage of a; under the natural map 

R —> R/M. We note that <7(r1;... ,rm)(x) G i?[x] is separable over R since it 

is separable over R/M when its coefficients are reduced modulo M. Let u be 

the product of the discriminant of g(ti,..., tm)(x) and the denominators of the 

coefficients of g(t\,..., tm)(x) expressed in lowest terms. The assignment t{ »—> T-J 

induces <j>: k\b\,..., tm][-] —> -R, since the substitution ^ i—• aj gives a well-defined 

image #(a i , . . . ,am)(x) G i^[x] and since the separability of g{x) G R[x] implies 
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that the image of the discriminant is a unit in R. If /3\,..., fin are the roots of 

g(ti,..., tm)(x) in a splitting field, then T = k[tu..., *m][£][A, • • •, Pn] is a split

ting ring of g(ti,..., tm)(x) over k[t\,..., tm][^] and the Galois group of T over 

%,. . . ,<„,][£] is G. Now, S = T 
®fc[*i>->*m][£] -^ is a Galois extension of .R with 

Galois group G and 5 <8>.R R/M is a Galois extension of R/M — K with Galois 

group G. Moreover, g(cti,..., am)(x) splits in S ®R R/M and so by uniqueness of 

splitting fields, S ®R R/M ^ L. 

To prove (vi) ==>• (in): Let R be a local fc-algebra with maximal ideal M 

and residue field K = R/M and let L'/K be a given G-Galois extension of fields. 

We define L = L'A. Then, L/K is a G-Galois extension and L'/K is a proper 

solution to the embedding problem (L/K, n). Now by (vi), we know the existence 

of a (G A G)-Galois extension S/R such that S®RK = L as G-Galois extensions. 

Let T[/R be a G-Galois extension which is a solution to the embedding problem 

(S/R, 7r) and we define M' := T{ <S>R K to be the specialisation. Clearly, the 

extension M'/K (obtained above by specialisation) is a solution the embedding 

problem (L/K,IT). 

Since L'/K and M'/K are solutions to the same embedding problem (L/K, n), 

it follows from [13], Theorem 3.15.4 and our assumption that A is central in G 

that L'/K must be Galois isomorphic to the the composition (see Remark 4.3.7) 

of M'/K and a solution the the trivial central embedding problem (L/K, AxG —> 

G). 
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On the other hand, since we assume that A has a generic extension over k and 

consequently has the lifting property over k, there exists an ^4-Galois extension 

T2/R such that T2®RK = M2 (where M2 is from Remark 4.3.7) as A-Galois 

extensions of K. 

Thus T2 ®RT[ is a (A x <5)-Galois extension and (T2 ®RT{) ®RK = M2 ®KM[ 

as Galois extensions of K. 

Further, as above (T2®RT[)AI/R is a (7-Galois extension, and certainly (T2®R 

T{)Al ®RK^L' as Galois extensions of K. 

That concludes the proof of (vi) = > {Hi) and hence the proof of the theorem. 

• 

Lemma 4.3.9. ([27], Lemma 2.8) Let k and 1^>A-^G^>G^>1 be as in the 

hypothesis of Theorem 4-3.8. Then, the following are equivalent: 

(i) There exists a generic Galois extension for G over k. 

(ii) Given a transitive embedding G -̂> Sn, there exists a generic polynomial 

F(U_; X) for G A G over k with the following additional properties: 

(a) degx(F(l£;X)) = n and Galk(u)(F) (the Galois group of the splitting 

field of F over k(U_)) is conjugate to G %n on. 

(b) For every subgroup H C G and every (7r-1(i7) -^ H)-Galois extension 

L/K of fields containing k, there exists y_ £ Km such that the polyno

mial F(v; X) 6 K[X] is separable, its splitting field over K is L and the 
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permutation action of H (arising from the embedding H -̂> G <—> Sn) 

on the set of roots of F{v_; X) (after a choice of a suitable ordering) co

incides with the Galois action of H (from the given H-Galois extension 

L/K). 

Proof. It is enough to prove (i) ==>• (ii). We recall that k is of characteristic 

zero and hence infinite. 

We let R := k[U][^\ be a localised polynomial ring over k, and let S/R be 

a generic extension for G over k. We can assume that S/R has a normal basis 

a = {ocg}g&Q- Moreover, given a set of indeterminates Y_ = {Xg}g€Q and a non

zero polynomial d(Y_) € k[Y], we can assume too that d(a) is a unit in S. This 

follows from [7], Lemma 3. 

For every g e G, we define 

We notice that {/3g}g€o is a normal basis for the extension SA/R, which is generic 

for G A G over k. 

Let G\ C G be the stabiliser of 1 with respect to the faithful, transitive action 

(which is fixed) of G on {1 ,2 , . . . , n}. Given a set {gi, g2, • •., gn} of representatives 

of the left cosets of G\ in G, we define: 

7<:= J2 fa' *e {1,2,...,«}. 
gegiGi 
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We are going to show that (ii) holds with the polynomial 

F(U;X):= H(X-7i) 
l<i<n 

which is an element of &[{A,}S<EG]G[X] C R[X] and whose discriminant can be 

assumed to be a unit in R. We will henceforth make that assumption. 

Now, property (a) follows trivially and so we give an argument as to why the 

polynomial satisfies property (b). 

Given a subgroup H C G, let us define H := ifl(H) and let TTH : H —• H denote 

the restriction of n to H. Suppose we are given a (H —>• H)-Galois extension L/K 

of fields containing k. 

We recall the following definition of induced Galois extensions: 

Definition 4.3.10. ([29], p. 253) A G-Galois extension induced from the H-

Galois extension L/K and the inclusion H C G is isomorphic to ln<\%(L)/K = 

Yli<i<\GH]=r L w ^ n ^n e G-Galois action as follows: Let {si,s2,...,sr} be a set of 

representatives of the left cosets of H in G. If g € G satisfies gsi = Sjh G SjH, 

then the j t h component of g((h,. • •, lr)) is h(li). 

Since we assume that the embedding problem (L/K, TTH) is properly solvable, 

so must the embedding problem (Ind%(L)/K, n). More precisely, if L'/K is a 

solution to the embedding problem (L/K, TTH), then we can check that Indg(L ' ) /# 

is a solution to the embedding problem (Ind^(L)/if, n). 

Then, because the G-Galois extension SA/R is generic for G ^> G over k, 

39 



there exists a specialization <p : R —* K such that Ind^(L)/K and Sc (g)̂  K/K 

are isomorphic as G-Galois extensions. 

Now, let v := <f>(U) <E ifm. 

We note that the polynomial (obtained by specialisation) F(v;X) G K[X] 

must be separable, since its discriminant belongs to 4>{R*)-

Now, we can show that L is the splitting field of F(v; X) over K as follows 

(motivated by [7], Theorem 2). The elements {7i<S>l}i<i<n generate the A'-algebra 

SA ®<j) K and they satisfy 

F{v-X) = Y[(X-{li®\)). 
i 

Thus if, 

f:Sc®<f>K^Ind°(L) = J ] L 
l<i<r 

defines a isomorphism of G-Galois extensions of K, and let us denote by 0j € L the 

first component of / ^ <8> 1) € IIi<i<r -̂> t n e n -̂  = ^[#i> • • • > #«] a n d ^ f e X) = 

Moreover, the given (Galois) action on {9i}i is conjugate in Sn to the fixed 

if-Galois action on { 1 , . . . , n}. In fact, if we choose o\ = id, then the if-Galois 

actions on {Oi)i and on {7i}i coincide. • 

4.4 Extensions of Sn by 2-groups 

We will prove: 

40 



Lemma 4.4.1. Let k andG be as in Theorem 4-0.1, n>2 and assume in addition 

that A is a 2-group. Then, there exists a generic Galois extension for G over k if 

there exists a generic Galois extension for 7r_1 (Sn-i) where 5„_i is the subgroup 

of Sn consisting of the permutations of the first n — 1 letters. 

We note however that by Theorem 4.3.8 above, it suffices to prove the following 

theorem: 

Lemma 4.4.2. Let k be a field of characteristic zero and let 1 —> A —> G —* 

Sn —»• 1 be a finite central extension with A a 2-group. 7/7r_1(S'n_i) —> Sn-\ has 

a generic polynomial over k, then G —> Sn has a generic polynomial over k. 

Definition 4.4.3. As above, let G b e a central extension of Sn by a 2-group A. 

We say a polynomial f(X) 6 k[X] is a G-good polynomial over k if: 

1. The discriminant of f(X) is not a square in A;; or equivalently, the Galois group 

of the splitting field of f(X) over k is not a subgroup of An, and 

2. If L denotes the splitting field of f{X) over k and H its Galois group, then the 

embedding problem (L/k, TVH) has a proper solution, where 7r# is as follows: 

1 •A 

_ 1 / rj\ VH 
1 ^A *TV-\H)'^^H 

G — 1 

Remark AAA. The first condition for / being G-good is that the discriminant of 

/ is not a square, which is the same as saying that the first Stiefel-Whitney class 
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of the trace form of the splitting field of / is non-trivial in kx /kx . 

The second for / being G-good is the same as saying that the obstruction to 

the embedding problem vanishes; and by using Serre's Theorem 4.2.1, it follows 

that the obstruction can be expressed in terms of the discriminant and Hasse-Witt 

invariant of the trace form. 

Hence, whether a polynomial is G-good or not is entirely determined by its 

trace form. In particular, if two polynomials have the same trace forms (of their 

respective splitting fields), then either both are G-good or neither is. 

In the proof of Lemma 4.4.2, we need a proposition about the density of G-

good polynomials, the proof of which relies on the following result of DeMeyer 

([7], Lemma 3): 

Lemma 4.4.5. Let R be a local F-algebra, let S be a Galois extension of R with 

group G, and let G act as a transitive subgroup of permutations on y\,yi,... ,yn-

Then, there exists {oti, a 2 , . . . , an} C S so that 

1. S = R[ati,...,an]. 

2. a(ai) = aj if and only if a(yi) = yj for all 1 < i,j < n,a 6 G. 

3. g(t) = IliLi(* — ai) £ -̂ M is a separable polynomial. 

4- For any given q(yi,... ,yn) € F[yi,... ,yn] the a, can be chosen so that 

q(ai,...,ctn) € Sx. 
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Remark 4.4.6. There is a typographical error in the statement of the lemma in 

DeMeyer's original paper. Condition (2) of the lemma should read a(yi) = i/j 

instead of a(yj) = yj. 

We use the above lemma to prove the following proposition: 

Proposition 4.4.7. Let L/K be a (G —> Sn)-Galois extension. The set ofG-good 

polynomials of degree n which have L/K as a splitting field is dense in An(K). 

Proof. First of all, if a polynomial has L/K as a splitting field, it is a G-good 

polynomial because L/K is a (G —> S'„)-Galois extension. Hence, it is enough to 

show that the set of all polynomials of degree n which have L/K as a splitting 

field is dense in An(K). We also know that the basic open sets of An(K) are the 

complements of the zero sets V(f) = {(ai, a2,..., an)|/(o:i, a2,..., an) = 0} for 

polynomials f(xi, ...,xn)e K[xu ..., xn\. 

Now, going back to the hypothesis of the proposition we take F = K, S = L, 

R = K and G = Sn. Then, by the proposition, given any polynomial q as above, 

there exists a l 5 . . . , an G L such that q(ai,..., a„) ^ 0 and L/K is the splitting 

field of g(t). 

To show that the set of polynomials of degree n with L/K as a splitting field 

is dense in An(i^), it is enough to show that given any polynomial / ( x i , . . . , xn) G 

K[xi,..., xn], there exists a point (Pi, (32,..., (3n) G An(k) (which corresponds to 

the monic polynomial g(t) = tn + P\tn~1 + (32t
n~2 + ... fin-it + Pn of degree n) 
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such that f(fa,..., (3n) ^ 0 (i.e., (fa,- • • ,fin) $• V(f)) a n d g(t) has splitting field 

L/K. 

Let T,1(y1,y2,...,yn),T,2(yi,y2,-..,yn),---,^n(yi,y2,---,yn) € 

K[yi, y2, • • •, Vn] be the n symmetric polynomials in yi, y2, •.., t/n- Now, take 

q(yi,y2,---,yn) = / (S i ,S2, . - - ,Sn)- Clearly, q(yi,y2,...,yn) G ^[2/1,2/2,. •-,2/n]-

Now, by the above paragraph there exists (0:1,012, • • •,««) such that 

^ ( a i , a 2 , . . . , a „ ) 7̂  0 and such that p(<) = IE=i(* ~ a i ) = *n + A*" - 1 + 

. . . fa-it + AD where A = Ei(o;1,a2, • • • ,«n)j has splitting field L/.fiT. Also, 

g(a1,a2,...,Q!„) = / (E i ( a 1 , . . . , a n ) , . . . ,E„ (o ! i , . . . , a r i ) ) = f(fa,.-.,Pn) ¥" 0, 

which is exactly what we required. Hence, the set of G-good polynomials of 

degree n with splitting field L/K is dense in An(K). • 

Proof, (of Lemma 4.4.2.) First of all, by work of Serre and Sonn, we can reduce it 

to the case when n is odd. In this case, we use an approach similar to that in [27], 

Theorem 3.1. By assumption, there is a generic polynomial for n~1(Sn-i) —• Sn-i 

over A;. By using (v) =>• (ii) of Theorem 4.3.8, there is a generic Galois 

extension for 7r_1(S'n_i). Thus by Lemma 4.3.9, there is a generic polynomial 

F(U_,X) for 7r_1(5'n_i) —> 5n_i satisfying both the properties in Lemma 4.3.9(h), 

and in particular having degree n — 1. 

We recall that given a monic polynomial ni<i<m(^ — a») °f degree m, 

its Tschirnhaus transformation (see [16], p. 141) with respect to a polyno

mial g(X) of degree less than m is the polynomial Yli<i<m(X — #(a*))- Let 
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S_ = (Si,... ,Sn-i) be a set of indeterminates and let us define F^(U_,X) 

as the Tschirnhaus transformation of F(U_, X) with respect to the polynomial 

gs{X) = SiX71'2 + ...Sn-2X + £„_!. Substituting F(U;X) for / and X - g(Z) 

for g in the definition of resultant (Definition 4.2.6), we get that 

Fs(U,X) = res(F(C7, Y),X - gs(Y)) € k(U,S)[X] 

where the resultant is taken with respect to Y. 

It follows from the definition of the Tschirnhaus transformation that the poly

nomials Fs[U_,X) and F(U_,X) have the same splitting field over k(U_,S) and 

they satisfy F(U_,X) = FJU_,X) for the specialisation s = (0 , . . . ,0,1,0). Since 

the polynomial F(U_, X) was generic to begin with, the polynomial Fs_(U_, X) £ 

k(U_,S_)[X] is also generic for 7r_1(S'n_i) —> Sn-i over k. 

We now claim that every G-good polynomial (cf. Definition 4.4.3) f(X) of 

degree n — 1 over a field K/k arises as a specialisation F^(v, X) for some v_ (= Km 

and s 6 Kn~l. Since / is G-good, the Galois group of its splitting field is a 

subgroup of Sn-\. The second condition of being G-good implies that the splitting 

field can be embedded in an 7r_1(S're_i)-Galois extension. But then by Lemma 

4.3.9(b), / occurs as a specialisation F(v]X) for some v 6 Km. Hence every 

G-good polynomial of degree n — 1 arises as a specialisation of the polynomial 

Fs(U;X). 

By Proposition 4.4.7, it follows that the set of G-good polynomials of degree 

n with coefficients in a field k is a Zariski-dense subset in An(k), the set of all 
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monic polynomials of degree n. In fact, we have shown more: If L/k is a G —> Sn 

extension, then the set of G-good polynomials of degree n which have L/k as a 

splitting field is dense in An(k). 

Now, y(Q)nZ(Q) ^ 0 (for the definition of y and Z, cf. (4.2.2) and (4.2.1)). 

This is because first Xn — X lies in Z(Q) as its constant term is zero and second, 

by Remark 4.2.11 the polynomial Xn - X lies in y(Q). 

Since y is Zariski-open in A" and y(Q)nZ(Q) ^ 0, we know that y(Q)nZ(Q) 

is a nonempty subset of Z(Q). 

Let B denote the polynomial X • Fs{U_,X). We first note that Fs[U_,X) is a 

G-good polynomial if and only if B is also a G-good polynomial. This is because 

whether a polynomial is G-good depends only on its splitting field, and in this 

case the splitting field of B is the same as the splitting field of Fs[U_, X). 

We have shown above that F^(U_, X) specialises to any G-good polynomial of 

degree n — 1 (over k). Therefore B specialises to any G-good polynomial of degree 

n with zero constant coefficient (because B = X • Fs_(U_, X)), and so B specialises 

to any G-good polynomial in Z(k). 

We claim that the G-good polynomials are dense in Z(k). To show this, we first 

note our earlier remark that X • F is G-good if and only if F is G-good. Hence, the 

G-good polynomials in Z(k) are in one-to-one correspondence with the G-good 

polynomials of degree n — 1 in An'1(k). But, we know the G-good polynomials of 

degree n — 1 are dense in An_1(A;) and hence, the G-good polynomials are dense 
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in Z(k), thus proving the claim. 

Thus, there exists a G-good polynomial which lies in Z(k) D y(k). Thus, 

there exists a polynomial in y(k) to which B = X • FsJ{U_, X) specialises but that 

implies that B lies in y(k(U_,S)). The last conclusion follows because if B does 

not lie in y(k(U_, S_)), then B satisfies the polynomial H; but that would imply the 

specialisation of B also satisfies H, contradicting the fact that the specialisation 

of B lies in y(k). 

Let us consider the polynomial Ai(B,T) as a polynomial over the field 

k(U_, S_, T). We claim that it is generic for G —> Sn over k. 

We claim that M(B,T) is a G-good polynomial over k(H,S_,T). We know B 

is an element of y(k(U_,S)) and so, by Proposition 4.2.13, the trace form of the 

splitting field of M.(B,T) is constant i.e., independent of T. Choosing T = 0, 

we see M.(B,0) = B, which is a G-good polynomial. Since the trace form was 

independent of T, we get that the trace form of the splitting field of M.(B, T) is 

the same as the trace form of the splitting field of A4(B, 0); and hence M.(B,T) 

is a G-good polynomial by Remark 4.4.4, thus proving the claim. 

Further, because M(B,T) has degree n, we know that the Galois group of its 

splitting field is contained inside Sn. Since B lies in y(k(U_,S)) and the discrimi

nant of B is not a square, by Proposition 4.2.12, it also contains Sn and hence, the 

Galois group must be Sn. We now want to show that it is a generic polynomial 

for G -»• Sn. 
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Let K/k be any field extension and let L/K be any (G —> 5'n)-Galois extension. 

Let / be a polynomial in K[X] for which the extension L/K is a splitting field. 

Now, L/K is Galois with Galois group Sn and so / satisfies the first condition of 

being G-good. Also, since L/K embeds into a G-Galois extension, it satisfies the 

second condition of being G-good, and hence / is a G-good polynomial of degree 

n. Hence, we have shown that any polynomial which has L/K as a splitting field is 

G-good. Using this fact together with the fact that the G-good polynomials with 

coefficients in K are dense in An(K), we can choose / such that (M o (Ei, E2)) is 

defined on / . Then, by Lemma 4.2.14, (M o (Eu E2))(f) = f and E^f) e Z(K). 

(The maps Ei and E2 were defined in Lemma 4.2.14.) 

We now claim that Ei(f) is a G-good polynomial over K of degree n. By 

definition, A4(£i(/),0) = Ex(f)\ and by Lemma 4.2.14, M{El(f),E2{f)) = / . 

Also, by Proposition 4.2.13, we know that the trace form of the splitting field of 

M.(E\(f),T) is independent of T and so the trace form of the splitting field of 

Ei(f) is the same as the trace form of the splitting field of / . Since / was G-good, 

that implies Ei(f) is G-good, proving the claim. 

Also, as Ei(f) belongs to Z(K), it has zero constant coefficient and can be 

written as X • g(X), where g(X) is a G-good polynomial (because as we argued 

earlier, g(X) is G-good if and only if X • g(X) is G-good). Thus, E\(f) can be 

written as X • Fs(v; X) for certain specialisations s € Km and v e Kn~x (because 

every G-good polynomial can be written as the specialisation of F^(U_;X)). 
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Thus, we have that M(B,T) under the specialisation U_ H-> V, S_ H-> s and 

T i—> JE^C/) gives us the polynomial / thus completing the proof. • 

Theorem 4.4.8. ([29], Theorem 2.1) An abelian group A has a generic Galois 

extension over k ifk{C,q)/k is cyclic, where q is the highest power of 2 dividing the 

order of A. 

Lenstra ([22]) gave an if-and-only-if criterion as to when an abelian group 

has a positive answer to the Noether problem over Q. Later, Saltman ([29]) 

gave an if-and-only-if criterion as to when an abelia group has a generic Galois 

extension over any field of characteristic zero. Motivated by Remark 3.6 in [27], 

the following proposition gives us an if-and-only-if criterion as to when certain 

nonabelian groups have generic Galois extensions over a field of characteristic 

zero: 

Proposition 4.4.9. Let l—*A—*G-^>-S3—*lbea finite central extension. 

Then, G has a generic Galois extension if and only if G has no element of order 

8. 

Proof. Using Theorem 4.4.8 together with Theorem 5.11 in [29] (which states that 

an abelian group with an element of order a power of 2 which is greater than 8 

cannot have a generic Galois extension over Q) , we get that an abelian group A 

has a generic Galois extension over Q if and only if A does not have an element 

of order 8. Now, if G is a finite central extension of 53, then 7r_1(S,2) is an abelian 
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group which contains a 2-Sylow subgroup of G. As a consequence of Lemma 4.4.1, 

the group G has a generic Galois extension over Q if and only if TT~1(S2) has a 

generic Galois extension over Q, which by our above comments holds if and only 

if TT~1(S2) does not contain an element of order 8, which is satisfied if and only if 

G does not contain an element of order 8. 

• 

The following theorem is stated as Theorem 1.5 in [29]: 

Theorem 4.4.10. Let G\ and Gi be finite groups which have generic Galois 

extensions over a field k. Then, G = G\ x Gi has a generic Galois extension over 

a field k. 

Proof. Let Si/Ri and S2/R2 be generic Galois extensions for G\ and Gi over k 

respectively. Then, taking S = S\ <S>k S2 and R = R\ ®k R2, we claim that S/R is 

a generic Galois extension for G over k. As S1/R1 is Gi-Galois and as S2/R2 is 

GVGalois, S/R is G-Galois. Now, we have to show that every G-Galois extension 

of K where K is any field containing k occurs as a specialisation of S/R. Let L/K 

be a G-Galois extension i.e. G\ x G^-Galois extension. So, L is the compositum of 

two linearly disjoint fields L\ and L2 which are Galois over K with Galois groups 

G\ and G2 respectively. Therefore, they can be realised as specialisations (f>x and 

4>2 of R\ and R2 respectively. Therefore, the specialisation fa <8> 4>i of R\ ® R% 

gives us the extension L/K, and hence we are done. D 
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Proof, (of Theorem 4.0.1.) First, we showed in Proposition 4.1.1 that any G (as 

in the statement of the theorem) can be written as G\ x G% with G\ a central 

extension of Sn by a 2-group and G2 C A has odd order. 

Second, since G2 is an odd order abelian group, it can be written as a product 

of odd order cyclic groups. By Theorem 4.4.8, a cyclic group of odd order (say 

m) has a generic Galois extension over k (because the corresponding q is just 

1 when the order of the group is odd), and thus by Theorem 4.4.10, G2 has a 

generic Galois extension. 

Third, in Lemma 4.4.1 we showed that G\ has a generic extension over k if 

7r-1((?i) has a generic extensions over k. Repeatedly using the lemma, we get 

that G\ has a generic extension over k if A (the kernel) has an extension over k. 

But A has a generic extension by hypothesis, hence G\ does also. 

Finally, by Theorem 4.4.10, we conclude that G can be chosen to have a generic 

Galois extension over k as G\ and G2 have generic Galois extensions over k. • 
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Chapter 5 

Dihedral groups 

5.1 Dihedral 2-groups 

We will use Kiming's work ([18]) to study the existence of generic Galois extensions 

for some small dihedral 2-groups. Kiming used "explicit" class field theory to 

characterise some families of extensions over k where k is a field of characteristic 

different from 2. In particular, he shows ([18], Theorem 5) that any £>4-Galois 

extension of k has one of the following forms: 

• k{y/a, y/a — 1, \/c(a + yfa))/k where a, e G kx and such that none of a, a — 

1, a(a — 1) is a square in k. 

• k(y/^l, y/ca^4)/k where a,c 6 kx are such that none of —1, a, — a is a square 

in k. 
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We next show that because of the above, we can obtain a generic Galois ex

tension for £>4 over k. (Note that the existence of generic Galois extensions over 

Q for the group D4 and D8 had already been shown by Elena Black in [2].) 

Proposition 5.1.1. If k is afield with characteristic different from 2, then D4 

has a generic Galois extension over a field k. 

Proof. Consider the following extension over k 

k I y/a, Vae2 — d2, \/c(ae + dy/a) 1 jk 

where a, c,d,e 6 kx such that none of a, b, ab is a square in kx where b = ae2 — d2. 

It is easy to see that the above extension is Galois with Galois group D4. We claim 

that, in fact, any D4-Galois extension of k can be obtained as a specialisation of 

the above. By Kiming's result mentioned above, it is enough to show that each of 

those families can be realised as a specialisation of the above family, and we shall 

show that. To realise the first family, we look at the following specialisation: 

a ~» a 

c ~* c 

d ~* 1 

e ~> 1, 
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and to realise the second family, we look at the following specialisation: 

a ~» a 

c ~>- c 

d ~» 1 

e ~> 0. 

Thus, we have parametrised all £>4-Galois extensions of a field of characteristic 

different from 2. 

We now claim that the Z^-Galois extension 

k (Vz, Vx2 - Y2Z, \jx + YVZ\ /k(x, y, z). 

is a generic Galois extension for D4 over A:. Specialising the above as follows: 

X ~» cae 

Y ~> cd 

Z ~» a 

gives us the extension at the beginning of the proof which parametrised all D±-

Galois extensions, and hence the above is indeed a generic extension. • 

Let q = 2d and A; be a field with char(fc) ^ 2. Further, assume that £g G k. 

Then, Elena Black proved: 

Proposition 5.1.2. ([3], Proposition 2.1) Dq has a generic Galois extension over 

k. 
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5.2 General Dihedral Groups 

We now switch our attention to general dihedral groups i.e. not necessarily 2-

groups. Elena Black ([2]) proved in her thesis that any dihedral group Dn, with 

n odd has the arithmetic lifting property. We will show that in fact any such Dn 

has a generic extension over any field k of characteristic zero. 

Saltman proved the following theorem (Theorem 3.5) in [29]: 

Theorem 5.2.1. Let M and H be finite groups of relatively prime order, and 

assume M is abelian. Suppose that there are generic Galois extensions for M and 

H over k. Then there is a generic Galois extension, over k, for any semidirect 

product M x H. 

Corollary 5.2.2. If'n is odd, Dn = Z/nZ x Z/2Z has a generic Galois extension 

over Q ; and hence over Q(i), and more generally over any field of characteristic 

zero. 

We now study the group structure of dihedral groups - in particular, we want 

to decompose a dihedral group in terms of smaller dihedral groups. We give a 

proof of the following elementary lemma, for lack of an explicit reference. 

Given a general dihedral group Dm where q = 2d is the highest power of 2 

dividing m, i.e. m = q • n with n odd, we have the following decomposition: 

Lemma 5.2.3. (a) Ifd=l, then Dm¥ Dnx Z/2Z. 

(b) If d> 1, then Dm = Dn Xz/2zDq, where the maps from Dm and Dn to Z/2Z 
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are the obvious ones. 

Proof. We look at the following presentation for Dm: 

Sending a to a" and (3 to j3 induces a well-defined endomorphism 4>n : Dm —» Dm, 

whose image is isomorphic to Dq. Now if n and q are coprime, the homomorphism 

Dm —• Dn x z / 2z Dq induced by (f>q : Dm —• £>n and 0„ : Dm —• £>g is bijective 

by the Chinese Remainder Theorem. (The natural maps Dn —> Z/2Z and Dq —> 

Z/2Z are given b y a ^ O and /? i—> 1 where a and (3 are the generators as in the 

above presentation.) 

In the special case where n is odd and q is 2, the kernel {1, an} of 4>2 : £>2n -* 

£>2n lies in the center of D2n; therefore, the map im(02) X ker(02) —>• £>2n is 

a homomorphism. As ker(02) fl im(02) = {1} and kei((f)2) = Z/2Z, we have 

im(02) = Z?n and so we get an isomorphism 

Dn x Z/2Z - • D2n-

Another proof for the second assertion is as follows: In the special case where n 

is odd and q = 2, Dq is just the Klein four group Z/2Z x Z/2Z, thus G xz/2zD2 = 

G x Z/2Z for any group G. In particular, D2n = Dn x Z/2Z. • 

We thus have: 

Proposition 5.2.4. If n is odd, D2n has a generic Galois extension overQ, and 

hence over any field of characteristic zero. 
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Proof. The theorem follows trivially from Theorem 4.4.8, Theorem 4.4.10 and 

Lemma 5.2.3(a). • 

We now try to understand the structure of Dm-Galois extensions when 4 divides 

m. Any Dm-Galois extension of k will look like the following: 

Because of the structure of Dm (Lemma 5.2.3(b)), a Dm-Galois extension of 

a field k is the compositum of a Dn-Galois extension and a Dg-Galois extension 

with a common quadratic subextension, where q is the highest power of 2 dividing 

m. 

We know that there exists a generic Galois extension for Dn, and hence we 

get the Z/2Z subextension by taking the invariants of the generic extension under 

the action of the subgroup Z/nZ of Dn. So, if we could find a generic Galois 

extension for Dq satisfying suitable embedding properties (viz. having the same 

quadratic subextension as the generic £)n-Galois extension), then we could get a 

generic Galois extension for Dm. Moreover, the generic Galois extension would 

57 



be the fibre product of the generic Galois extensions of Dn and Dq fibred over the 

common quadratic subextension. 

That brings us to the following proposition: 

Proposition 5.2.5. Suppose G\, G2 and G3 are three finite groups with epimor-

phisms from both G\ and G2 to G3. Further, suppose that both these epimorphisms 

split. Then, if all the three groups have generic Galois extensions over a field k, 

then so does G\ x G s G<i-

Proof. The proof is similar to Theorem 4.4.10 and follows from Theorem 3.1 of 

[29]. • 

The above, along with Proposition 5.2.3(b) and Theorem 4.4.8 gives us: 

Proposition 5.2.6. If n is odd, then D±n has a generic Galois extension over 

any field k of characteristic zero. 

In concluding, we have the following theorem about the existence of generic 

Galois extensions for a general dihedral group: 

Theorem 5.2.7. Let Dm be a dihedral group with q being the highest power of 2 

dividing m. Then Dm has a generic extension over any field k of characteristic 

zero containing the qth roots of unity. 

Proof. If q = 2, we have already shown in Proposition 5.2.4 that Z)2n has a generic 

Galois extension over k. If q > 2, by Lemma 5.2.3(b), Dm = Dn xz/2z Dq and the 
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epimorphisms Dn —> Z/2Z and Dq —»• Z/2Z are both split. Thus, by Proposition 

5.2.5, Proposition 5.2.2 and Proposition 5.1.2, we are done. • 

Although we can show the existence of generic Galois extensions over Q for 

small dihedral 2-groups, we do not have a result as of now which shows the exis

tence of generic Galois extensions over Q for a general dihedral 2-group. However, 

one of my future research plans (cf. §6) is to show that we do have something 

slightly weaker - namely the family of dihedral extensions are "tractable" under 

certain conditions on the base field. 
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Chapter 6 

Further Investigation and Future 

Plans 

Generalisation to fields of characteristic not equal to 2. I would like to 

generalise the theorems about central extensions of symmetric and alternating 

groups from fields of characteristic zero to fields of characteristic not equal to 

2. I can generalise most of the results used in the proof from characteristic zero 

to characteristic not equal to 2. However, Mestre's original result, which is an 

ingredient of the proof, does not hold in finite characteristic. That is why we 

interpret Mestre's result more geometrically, by looking at the correspondence 

between monic polynomials of degree n and affine n-space. We could then try to 

prove the result over fields of characteristic not equal to 2. We have to exclude 

fields of characteristic 2 because most of the results we use from the theory of 
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quadratic forms fail to hold over such fields. 

The dihedral group of order 16 Even though one knows from the work of 

Black that D$ has a generic Galois extension over Q, it is very difficult to write 

one down explicitly. 

Using techniques similar to the one we used earlier for _D4, we can use Kiming's 

work ([18]) again to show that the £>s-Galois extensions of k, where A; is a field of 

characteristic zero are: 

• fc(v/—T, yjcyfa, W(e + d^/a)y/cy/a)/k where a,c E kx, none of —1, a, —a is 

a square in k, (a, 2) = 1 and d and e are solutions in k to the equation 

2 = d2 - ae2. 

• k(,/a, y/a — 1, A/2C/, Jk • ̂ (2c/ + h^2cf)))/k with certain conditions on 

the parameters. 

The first goal is to combine these two families into one family and write down 

the generic Galois extension explicitly. 

By studying the embedding problem for quadratic extensions into the generic 

Galois extension for D8, we can then hope to prove the following: 

D8n has a generic Galois extension over any field k of characteristic zero. 

Arbitrary Dihedral Groups. I would like to answer the question about the 

existence of generic Galois extensions over Q(i) for dihedral groups. As I men

tioned in §5.2, the crucial part of the problem is understanding dihedral 2-groups 

61 



and so I am trying to answer the question in that case. Once we understand 

this case, the case of arbitrary dihedral groups will reduce to solving some em

bedding problems. Finally, if we want to bring down the base field to Q, we 

can study the ramification behaviour of the generic extensions over Q(z) and see 

if the ramification locus is equivariant under the action of the cyclotomic group 

Gal(Q(z)/Q) = Z/2Z. If it is, we can use methods similar to those in [12] to 

descend the generic extension from Q(i) to Q. 

Essential dimension. In [4], Joe Buhler and Zinovy Reichstein defined "es

sential dimension" for a finite group G over a field k. The essential dimension 

for G over k is the minimal dimension of a parameter space of G-Galois exten

sions over k. For example, we know by Kummer Theory that any Z/2Z x Z/2Z 

extension of Q is of the form Q(y/a, \/b) for a,b G Q x ; and hence the essential 

dimension of Z/2Z x Z/2Z over Q is 2. In my study of dihedral 2-group exten

sions of Q(i), I have constructed a certain 2-dimensional family of extensions with 

Galois group Dq, and I can also show that the essential dimension of Dq over Q(i) 

is 2. This implies that my family is a dense subspace of the "parameter space" 

of £)g-extensions. It remains to determine whether there are Z^-Galois extensions 

which are missed by the family that I constructed. If not, then my family would 

indeed be a generic Galois extension. More generally, studying the the essential 

dimension for a finite group G would help us construct generic Galois extensions 

for G. 
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Generic Tractable Extensions We know from the work of Saltman that 

for any finite group G and any field k, there does not always exist a generic 

Galois extension for G over k. However, we have shown that there always exists a 

G-Galois extension S'/R' which parametrises all C-Galois extensions L/K where 

K/k is a field extension. The issue, however is, that R' may not always be rational. 

Saltman, in [29] (p. 261) introduces the notion of generic tractable extensions 

and proves their existence in the case of cyclic groups. We give a more general 

definition of generic tractable extensions which agrees with that of Saltman in the 

case of cyclic groups. We say a generic tractable extension exists for a group G 

over a field k if there exists a a versal G-torsor with a rational base and which 

parametrises an open subset of the G-Galois extensions parametrised by the "pa

rameter space". 

We would like to prove the following theorem for generic tractable extensions 

Let A; be a field of characteristic zero containing a primitive fourth root of unity 

e.g. Q(«). Then Dq has a generic tractable extension over k. 

There are three main parts in the proof of the theorem: 

1. To show that the essential dimension of Dq is 2. 

2. To construct a family of Dq extensions over a 2-dimensional rational base. 

3. Show that our 2-dimensional family embeds in the parameter space. 

Here Step 3 seems to be the most difficult part. 

Arithmetic and Algebraic obstructions. Even when generic extensions 
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do not exist, we can study the nature of the obstructions - they are usually either 

arithmetic (e.g. Gruenwald-Wang) or algebraic (e.g. ones arising from division al

gebras). The question about existence of generic Galois extensions then becomes 

a question about the vanishing of these obstructions. Understanding these ob

structions would then tell us the smallest possible field over which generic Galois 

extensions could possibly exist. For example, in the case of algebraic obstructions, 

it would be the smallest field over which the division algebra becomes trivial. I 

am studying these obstructions in the case of dihedral groups and am planning to 

understand them for other families of finite groups. 

Galois Representations and Work of Khare—Larsen—Savin. I am very 

interested in understanding the theory of Galois representations and also in using 

it to attack problems in Galois theory. In particular, I am interested in pursuing 

methods similar to [43], [19] and [20]. The above are the first instances of simple 

groups being realised over Q without using "rigidity". In [20], among other things, 

Chandrasekhar Khare, Michael Larsen and Gordan Savin construct a continuous 

irreducible representation p : Gq —» GLn(Qi) that is unramified outside I, the 

infinite place oo and another auxiliary prime q with certain conditions on the 

image. They then use these to realise some groups of Lie type as Galois groups over 

Q. However unlike rigidity, their work realises groups as Galois groups over Q and 

not Q(t). I am interested in pursuing generalisations of their results to Q(t) (with 

Q algebraically closed in the extension) instead of Q. The approach Khare, Larsen 
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and Savin use involves constructing an automorphic form of the required type and 

then asserting the existence of Galois representations for automorphic forms. It 

might be difficult to generalise this approach to Q(i) as there is no good theory of 

automorphic forms over Q(t). However, Richard Taylor, using a method of Ravi 

Ramakrishna, constructs similar Galois representations in [39] using Cebotarev 

density theorems, Tate's duality and Euler characteristic theorems. I think his 

method is more amenable to a generalisation over Q(i) and am very interested in 

pursuing that possibility. 
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