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ABSTRACT

NONSYMMETRIC SCHUR FUNCTIONS

Sarah Katherine Mason

James Haglund, Advisor

We exhibit a weight-preserving bijection between semi-standard Young tableaux

and skyline augmented fillings to give the first combinatorial proof that sλ(x) =∑
γ NSγ(x). The bijection involves an insertion procedure reminiscent of Schensted

insertion, which leads us to an analogue of the Robinson-Schensted-Knuth Algo-

rithm. A partial ordering on the set of composition of n into infinitely many parts

is used to prove that the nonsymmetric Schur functions are a basis for all polyno-

mials. The poset given by this ordering is isomorphic to the poset L(n, m − 1) of

partitions which fit inside an m×n− 1 rectangle. We also describe a non-recursive

combinatorial interpretation of the standard bases of Lascoux and Schützenberger.

This construction provides a simple method to determine the right key of a semi-

standard Young tableau.
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Chapter 1

Introduction and Background

Symmetric functions are vital to the study of combinatorics because they provide

valuable information about partitions and permutations, topics which constitute

the core of the subject. Symmetric function theory also has connections to other

branches of mathematics, including group theory, representation theory, Lie alge-

bras, and algebraic geometry. The Schur functions are a symmetric function basis

with many applications. They contain a vast array of information about other

symmetric function bases and the underlying algebra and combinatorics. The fun-

damental goal of this dissertation is to develop the theory of “nonsymmetric Schur

functions”, which decompose the Schur functions. Many of the results are com-

binatorial proofs of identities which were originally observed algebraically through

the study of Macdonald polynomials, a (q, t)-analogue of symmetric functions. The

recent combinatorial descriptions of Macdonald polynomials [7] and nonsymmet-
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ric Macdonald polynomials [6] provide the motivation and tools necessary for this

combinatorial approach.

1.1 Symmetric functions

A symmetric function is a formal power series f(x) in the variables X = {x1, x2., , , }

where f(xσ(1), xσ(2), ...) = f(x1, x2, ...) for every permutation σ of the positive in-

tegers N. The set of all homogeneous symmetric functions of a given degree n

forms a vector space over the rational numbers, denoted Λn. Given f ∈ Λn and

g ∈ Λm, the product (as formal power series) fg is in Λm+n. Therefore we define

Λ = Λ0⊕Λ1⊕ ... to be the vector space direct sum of the Λn, considered as a graded

algebra. A common theme in the theory of symmetric functions is the description

of bases for the vector space Λn and their relationships and properties [21].

There are many different Q-bases for symmetric functions. Sections 1.1.1 and

1.1.2 describe several of these bases. Section 1.2 introduces the combinatorial object

commonly used to describe the Schur functions.

1.1.1 Monomial symmetric functions

The monomial symmetric functions are the functions obtained by symmetrizing a

monomial. To understand this symmetrization, we need the concept of a partition.

A partition of n is a weakly decreasing sequence of positive integers

λ = (λ1, λ2, . . . λl) such that the sum λ1 + λ2 + . . . + λl equals n. The integers λi
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are called the parts of λ. The notation λ ` n implies that λ is a partition of n. For

example, if n = 14, then λ = (5, 3, 3, 2, 1) is a partition of n and we write λ ` 14.

The length, l(λ) is the number of parts of λ. Therefore, if λ = (5, 3, 3, 2, 1), then

l(λ) = 5.

A composition (resp. weak composition) of n is a sequence of positive (resp. non-

negative) integers which sum to n. For example, 5 + 3 + 1 and 3 + 1 + 5 are both

equivalent to (5, 3, 1) as partitions, but as compositions (5, 3, 1) 6= (3, 1, 5).

Definition 1.1.1. Let λ = (λ1, λ2, . . . , λl) be a partition of some integer n. Then

the monomial symmetric function mλ corresponding to λ is

mλ(x) =
∑

xλ1
i1

xλ2
i2

. . . xλl
il

where the sum is over all distinct monomials with exponents λ1, . . . , λl in the vari-

ables x = {x1, x2, . . .}.

This amounts to beginning with the monomial xλ1
1 xλ2

2 . . . xλl
l and permuting the

indices of the x-variables in all possible distinct ways.

For example,

m∅ = 1

m1 =
∑

i

xi

m2 =
∑

i

x2
i

m1,1 =
∑
i<j

xixj
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m2,1 =
∑
i6=j

x2
i xj

Each symmetric function can clearly be written as a sum of monomial functions

with rational coefficients. This implies that the set {mλ : λ ` n} is a basis for

Λn. Since the monomials functions are indexed by partitions, the dimension of this

vector space is equal to the number of partitions of n, denoted p(n).

Let Parn be denote the set of all partitions of n and let Par denote the set

of all partitions. Then the set {mλ(X) : λ ∈ Parn} is a basis for Λn and the set

{mλ(X) : λ ∈ Par} is a basis for Λ.

1.1.2 Other symmetric function bases

The elementary symmetric functions, eλ can be considered as a product of certain

monomial symmetric functions.

Definition 1.1.2.

e0 = m∅ = 1

en = m1n =
∑

i1<i2<...<in

xi1xi2 . . . xin (n ≥ 1)

eλ = eλ1eλ2 . . . for λ = (λ1, λ2, . . .)

The set {eλ : λ ` n} is a basis for Λn and the set {eλ : λ ∈ Par} is a basis for

Λ. For each λ, eλ can be written as a positive sum of monomial functions.

One defines the homogeneous symmetric functions, hλ by the formulas

hn =
∑
λ`n

mλ =
∑

i1≤i2≤...≤in

xi1xi2 . . . xin , n ≥ 1 (h0 = m∅ = 1)
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hλ = hλ1hλ2 . . . for λ = (λ1, λ2, . . .).

Any homogeneous symmetric function can be written as a linear combination of

monomial symmetric functions, with positive integer coefficients. If

hλ =
∑
µ`n

Nλµmµ,

then Nλµ is the number of ways to place n balls (with λi of these balls labeled i)

into boxes so that the ith box contains exactly µi balls [21].

The homogeneous symmetric functions form another basis for the algebra Λ

of symmetric functions. They are dual to the elementary symmetric functions in

the sense that there exists an endomorphism ω such that ω(hλ) = eλ and ω is an

involution.

Definition 1.1.3. The power sum symmetric functions, pλ are defined by

pn = mn =
∑

i

xn
i , n ≥ 1 (p0 = m∅ = 1)

pλ = pλ1pλ2 . . . for λ = (λ1, λ2, . . .).

The set {pλ : λ ` n} is a basis for Λn, so {pλ : λ ∈ Par} is a basis for Λ. Both

the elementary and the homogeneous symmetric functions can be written in terms

of the power sum symmetric functions. Given a partition λ, let m1 be the number

of ones in λ, m2 be the number of twos in λ, and so on. Define

zλ = 1m1 m1! 2m2 m2! . . . .

5



Then

hn =
∑
λ`n

pλ

zλ

(1.1.1)

en =
∑
λ`n

ελ
pλ

zλ

(1.1.2)

where ελ = (−1)n−l(λ)

These equations and the definition of the involution ω imply that

ω(pλ) = ελpλ.

Therefore pλ is an eigenvector for ω, with eigenvalue ελ. For the proof of Equations

1.1.1 and 1.1.2 and a more detailed discussion of symmetric function bases, see

Stanley [21].

1.2 Semi-standard Young tableaux

Each partition λ of n is associated to a collection of squares (or cells) called a Ferrers

diagram, dg(λ) or Young diagram. The ith row of the Ferrers diagram consists of

λi cells. Note that we use the French style of Ferrers diagram. (We often abuse

notation by identifying λ with its Ferrers diagram.)

Example 1.2.1. The Ferrers diagram of λ = (5, 3, 3, 2, 1)
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The conjugate, λ′, of a partition λ = (λ1, λ2, . . . λl) is the shape derived by trans-

posing the diagram of λ. So the conjugate of λ = (5, 3, 3, 2, 1) is λ′ = (5, 4, 3, 1, 1).

A filling of shape λ is a map T : dg(λ) → N. A semi-standard Young tableau

(SSYT) of shape λ is a filling of λ such that T is weakly increasing along each row

of λ and strictly increasing along each column. An SSYT T can be visualized as a

filling of the cells of λ with positive integers so that the rows are weakly increasing

and the columns are strictly increasing.

A standard Young tableau (SYT) of shape λ ` n is a special type of SSYT, in

which the map T is a bijection from dg(λ) to the set [n] = {1, 2, ..., n}. In this case,

T is a filling of the cells of λ with each of the integers from 1 to n so that the rows

and columns are strictly increasing. (Similarly, a standard filling is a filling of the

cells of λ with each of the integers from 1 to n, allowing no repeats.)

The reading word, read(T ) of an SSYT T is determined by scanning the entries

of T from left to right, beginning with the bottom row and moving bottom to top,

recording each entry as it is seen.

Any SSYT T is converted into a standard Young tableau through the following

standardization process. Let {1a1 , 2a2 , ...mam} be the multiset of entries in T . In

read(T ), convert the jth 1 to the number j, the kth 2 to the number a1 + k, and so

forth. (See Figure 1.1.)

The multiset of positive integers which appear in an SSYT T is called the

content of T . Unless otherwise specified, we consider SSYT whose entries are

7



1
2
4
7
8

1
2
5
9

2
4
7

3 7

T

read(T ) = 1 1 2 3 7 2 2 4 4 5 7 7 9 8 read(T ′) = 1 2 3 6 10 4 5 7 8 9 11 12 14 13

1
4
8
12
13

2
5
9
14

3
7
11

6 10

T ′

Figure 1.1: An SSYT T and its standardization T ′.

less than or equal to n. It is not difficult to extend most results to the case

where the entries may be greater than n. We denote the content by the tuple

α = (α1, α2, . . . αn) ∈ Zn, where αi equals the number of times the letter i appears

in T . The content of the SSYT T in Figure 1.1 is {1, 1, 2, 2, 2, 3, 4, 4, 5, 7, 7, 7, 8, 9},

denoted (2, 3, 1, 2, 1, 0, 3, 1, 1, 0, 0, 0, 0, 0).

Given a partition λ ` n and a multiset µ of n positive integers, the Kostka

number Kλ,µ is defined as the number of SSYT of shape λ and content µ. Much

research has been devoted to the study of Kostka numbers. In particular, it would be

useful to have a simple, quick formula to compute Kλ,µ. The next section describes

a special case in which such a formula is known.

1.2.1 The Hook Length Formula

The number of standard Young tableaux of shape λ is the Kostka number Kλ,1n .

This number is often denoted fλ. It can be easily calculated using the Hook Length
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Formula of Frame, Robinson, and Thrall [2]. To state the Hook Length Formula,

we need the following definitions.

Definition 1.2.2. Let c be a cell contained in a Ferrers diagram λ. Its arm, a(c),

equals the number of cells to the right of c in the same row of λ as c. Its leg, l(c),

equals the number of cells above c in the same column of λ as c.

Definition 1.2.3. Let c be a cell contained in a Ferrers diagram λ. The hook length

of c, denoted h(c), is the arm of c plus the leg of c plus 1. Thus, h(c) = a(c)+l(c)+1.

Example 1.2.4. h(c) = 2 + 3 + 1 = 6

c a

l

Theorem 1.2.5. [2] Given a partition λ of n,

fλ =
n!∏

c∈λ h(c)
,

where h(c) is the hook length of the cell c.

There are many beautiful proofs of this amazing result. The probabilistic proof

of Greene, Nijenhuis, and Wilf [4] relies on a recursive formula for the number of

standard Young tableaux. Several intriguing bijective proofs have been discovered

including those by Zeilberger [22] and Novelli, Pak, and Stoyanovskii [16].

9



1.2.2 The Robinson-Schensted-Knuth Algorithm

The Robinson-Schensted-Knuth (RSK) Algorithm [19] provides a connection be-

tween permutations and standard Young tableaux. There are many useful conse-

quences of this algorithm. The Cauchy identity, which relates products of Schur

functions to a geometric series, can be derived using the RSK algorithm. The RSK

Algorithm provides information about plane partitions and permutation enumera-

tion.

Theorem 1.2.6 ([19]). There exists a bijection between N-matrices of finite support

and pairs (P, Q) of SSYT of the same shape.

The main operation involved in the RSK Algorithm is the Schensted row inser-

tion P ← k of a positive integer k into a semi-standard Young tableau P = (Pij).

(Here i denotes the row and j denotes the column containing the entry Pij.) Let

r be the largest integer such that P1,r−1 ≤ k. If such an r does not exist, place k

at the end of the first row and the procedure is complete. Otherwise, k ‘bumps’

P1,r = k′ into the second row and the procedure is repeated in the second row for k′.

Continue this procedure until an element is inserted at the end of a row (possibly

as the first element of a new row). The resulting diagram is P ← k.

To each N-matrix A of finite support, there is an associated two-line array,

wA =

 i1 i2 . . .

j1 j2 . . .
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2 4 1 1 4 2 3
1 1 2 2 2 3 4 RSK

1 1 2 3
2 4 4

P

1 1 2 4
2 2 3

Q

Figure 1.2: The RSK algorithm

to which the entry k in the ith row and jth column of A contributes k copies of the

pair (i, j). (The entries of A contribute to ωA in the top-to-bottom, left-to-right

order.)

Begin with a pair (P (0), Q(0)) = (∅, ∅) and let P (t + 1) = P (t) ← jt+1. Let

Q(t + 1) be obtained from Q(t) by placing it+1 at the end of a row of Q(t) so that

Q(t + 1) has the same shape as P (t + 1). The result is the pair (P, Q), where P is

the insertion tableau and Q is the recording tableau. (See Figure 1.2.)

This operation in invertible. Find the lowest row of Q in which the largest entry

occurs. Delete this entry. It is the last element in the top row of ωA. The entry c

in the corresponding cell of P is the last entry to be inserted at the end of a row.

Delete c and read right to left through the row below c to determine which entry

bumped c. Replace this entry with c and repeat the procedure in the next row

down. Continue in this manner until the entry which bumped an entry from the

first row is determined. This is the last element of the lower row in the array ωA.

Continue in this manner until there are no entries left in P and Q. The resulting

array is the inverse of the pair (P, Q).

Consider a matrix A which describes a permutation. Then each number from 1

11



to n appears exactly once in the bottom row and once in the top row of the array

ωA. Therefore the RSK algorithm sends A to a standard Young tableau. This

special case of the RSK algorithm provides a bijection between permutations and

pairs of standard Young tableaux of the same shape. The number of permutations

of n letters is n!, so

n! =
∑
λ`n

f 2
λ .

The RSK algorithm has a surprising symmetry property. Let At be the transpose

of the matrix A. Then RSK : A → (P, Q) implies that RSK : At → (Q,P ). In

the special case that A is a permutation matrix, this means that inverting the

permutation switches P and Q.

1.3 Schur functions

There are several different ways to define the Schur functions. We use semi-standard

Young tableaux to describe the Schur functions combinatorially. An algebraic for-

mula for the Schur functions involving quotients of determinants can be found in

[21].

1.3.1 Combinatorial definition

The Schur functions, like the other symmetric functions, are indexed by partitions.

We begin with a partition λ and describe the Schur functions sλ.

12



Let SSY T (λ) be the set of all semi-standard Young tableaux of shape λ. To

every semi-standard Young tableau T ∈ SSY T (λ), we may associate a monomial

called the weight of T , denoted xT . Let α = (α1, α2, . . .) be the content of T . Then

xT = xα1
1 xα2

2 · · ·

and

sλ(x) =
∑

T∈SSY T (λ)

xT .

Notice that sλ(x) is a formal power series in infinitely many variables {x1, x2, . . .}.

To restrict to the variables {x1, x2, . . . xm}, set xi = 0 for i > m. Since any SSYT

with an entry greater than m will contribute 0 to this polynomial, this is equiv-

alent to considering only SSYT with entries in the set [m] = {1, 2, . . . ,m}. Un-

less otherwise specified, if λ ` n, we consider sλ as a polynomial in the variables

{x1, x2, . . . xn}.

Example 1.3.1. Let λ = (2, 1). Then SSY T (λ) is the collection

1 1
2

1 1
3

1 2
2

1 2
3

1 3
2

1 3
3

2 2
3

2 3
3

and sλ(x1, x2, x3) = x2
1x2 + x2

1x3 + x1x
2
2 + 2x1x2x3 + x1x

2
3 + x2

2x3 + x2x
2
3.

Note that the coefficient of a monomial xα1
1 xα2

2 · · ·xαn
n in sλ is the Kostka number

for shape λ and content (α1, α2, . . . αn) = α. So

sλ =
∑

α

Kλ,αxα,

13



where the sum is over all weak compositions α of n.

We wish to describe a procedure for multiplying two Schur functions. To do so,

we need several defintions.

Let λ and µ be two partitions such that µi ≤ λi for all i. Then the skew shape

λ/µ is determined by removing the first µi cells in the ith row of the diagram of λ

(for all i). For example, if λ = (5, 3, 3, 2, 1) and µ = (4, 2, 1) then λ/µ =

A skew tableau is a skew shape whose cells are filled with numbers so that the rows

are weakly increasing and the columns are strictly increasing. Its skew reading word

is the word derived by reading the entries bottom to top, left to right.

Definition 1.3.2. A word is called a reverse lattice word if, read backwards, any

subsequence contains at least as many 1’s as 2’s, at least as many 2’s as 3’s, and so

on. For instance, 2 3 1 2 1 is a reverse lattice word but 1 2 3 2 1 is not.

A Littlewood-Richardson skew tableau is a skew tableau whose reading word is

a reverse lattice word. The Littlewood-Richardson number, cν
λµ is the number of

Littlewood-Richardson skew tableau of shape ν/λ and content µ.

The following identity [3] describes the product of two Schur functions.

sλ(x1, . . . , xk) · sµ(x1, . . . , xk) =
∑

ν

cν
λµsν(x1, . . . , xk),

14



where the sum is over all ν such that νi ≥ λi ∀i and |λ| + |µ| = |ν|. This identity

provides a combinatorial method for multiplying two Schur polynomials.

1.3.2 Connections to representation theory

The symmetric group Sn is the group of automorphisms of [n] = {1, 2, . . . , n}, acting

on the left. The symmetric group acts on standard fillings by permuting the entries.

Let T be a standard filling of shape λ and say π ∈ Sn. Then π · T sends the entry

i in T to the entry π(i).

Each standard filling T of shape λ has a corresponding subgroup of Sn consisting

of the permutations under which the entries in each row of λ are invariant. This

subgroup is called the row group, R(T ), of T . If λ = (λ1, λ2, . . . λn), then R(T ) is a

product of groups Sλ1 × Sλ2 × . . .× Sλn , called a Young subgroup of Sn. Similarly,

there is the notion of the column group, C(T ), which consists of the permutations

in Sn which fix each column of λ.

A tabloid is an equivalence class of fillings of a shape λ, where two fillings T and

T ′ are equivalent ⇐⇒ T ′ = ρ(T ) for some ρ ∈ R(T ). The symmetric group acts

on the set of tabloids by acting on a representative: for σ ∈ Sn, σ · {T} = {σ · T}.

Therefore the orbit of {T} under Sn action is isomorphic to the left coset Sn/R(T ).

Let Mλ be the complex vector space with the tabloids of shape λ as its basis,

where λ is a partition of n. Since Sn acts on the set of tabloids, Mλ is a left
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C[Sn]-module under this action. For each filling T of λ, there exists an element

νT =
∑

q∈C(T )

sgn(q){q · T},

where sgn(q) is the ordinary sign of a permutation. Define the Specht module, Sλ

to be the subspace of Mλ spanned by the elements νT .

Proposition 1.3.3 ([3]). For each partition λ of n, Sλ is an irreducible represen-

tation of Sn. Every irreducible representation of Sn is isomorphic to exactly one

Sλ.

Let R be the free abelian group generated by equivalence classes of irreducible

representations of Sn and let [Mλ] be the equivalence class represented by Mλ.

Define the map φ : Λ→ R by the formula

φ(hλ) = [Mλ],

where hλ is the homogeneous symmetric function. It is well known that φ(sλ) = [Sλ].

Therefore, the characters of the irreducible representations of the symmetric group

are in bijection with the Schur functions sλ.

Let GL(n, C) be the general linear group of all invertible n × n matrices with

complex entries. The irreducible polynomial representations of the general linear

group can be indexed by partitions λ so that their characters are in bijection with

the Schur functions sλ [21].
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1.3.3 The Cohomology of the Grassmannian

Let E be an m-dimensional vector space (m < ∞) and let P(E) be the projective

space of lines through the origin in E. Then for 0 ≤ d ≤ m let GrdE denotes the

Grassmannian of subspaces of E with codimension d.

One sees immediately that Grm−1E = P(E) and Gr1E = P∗(E), where P∗(E) =

P(E∗) is the set of lines through the origin in the dual space E∗.

Definition 1.3.4. A complete flag is a nested sequence of subspaces such that there

is exactly one subspace of each dimension.

Given a partition λ with at most r = m − n rows and n columns and a fixed

complete flag

F• : 0 = F0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fm = E

of subspaces with dim(Fi) = i, the Schubert variety Ωλ = Ωλ(F•) is defined by

Ωλ = {V ∈ GrnE : dim(V ∩ Fn+i−λi
) ≥ i, 1 ≤ i ≤ r}.

Notice that if λ = 0, then no conditions are placed on V , so Ω0 is the whole

Grassmannian.

The equivalence classes [Ωλ] of Schubert varieties in the cohomology group

H2|λ|(GrnE) are independent of the choice of fixed flag since the group GL(E)

(of invertible linear transformations of E) acts transitively on flags. These classes

[Ωλ] form a basis for H∗(GrnE).
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Next define an additive homomorphism Λ→ H∗(Grn(Cm)) which sends a Schur

polynomial sλ to [Ωλ] if λ has at most r rows and n columns and to 0 otherwise.

Since we can multiply two Schur polynomials using the Littlewood-Richardson rule,

the Schur polynomials completely describe the cohomology ring of the Grassman-

nian. (For a more detailed discussion, see Fulton [3].)

1.4 Macdonald polynomials

The Macdonald polynomials H̃µ(x; q, t) are a special class of polynomials which are

symmetric in x with coefficients in q and t. They have generated extensive interest

since their introduction by Ian Macdonald [13] in 1988. The recent explicit com-

binatorial formula for Macdonald polynomials [7] broadens the theory, providing a

combinatorial tool for problems once primarily approached using algebraic geometry

and representation theory.

1.4.1 Combinatorial description of Macdonald polynomials

The following combinatorial statistics defined on fillings are used to describe the

Macdonald polynomials [5].

Definition 1.4.1. A descent of σ is a pair of entries σ(u) > σ(v) such that the cell

u is directly above v.

If v = (i, j) and u = (i + 1, j) (where the first coordinate denotes the row and
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the second denotes the column) then u, v is a descent if and only if σ(u) > σ(v).

Define

Des(σ) = {u ∈ dg(λ) : σ(u) > σ(v) is a descent}.

Example 1.4.2. Des(σ) = {(2, 1), (3, 1), (4, 2), (2, 3)}

1
3
9
4
1

6
5
4
7

4
7
3

4 7

σ

The reading order of a shape dg(λ) is a total ordering of the cells given by reading

from left to right, top to bottom. The word derived from a filling σ by reading the

entries in reading order is called the reading word of σ, denoted read(σ). (Note

that this is different from the skew reading order of a skew semi-standard Young

tableau.

Let three cells (a, b, and c) be situated as follows, with a and c in the same row.

b
a c.. .

Then the collection {a, b, c} is said to be a triple.

Define for x, y ∈ Z+

I(x, y) =


1 if x > y

0 if x ≤ y

Definition 1.4.3. Let {a, b, c} be a triple. This triple is called an inversion triple

if and only if I(σ(a), σ(c)) + I(σ(c), σ(b))− I(σ(a), σ(b)) = 1.
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In other words, if ordering the entries in a, b, and c from smallest to largest

induces a counter-clockwise orientation, then {a, b, c} is an inverision triple. (If two

of the entries are equal, the one which comes first in reading order is considered

smaller.) Define

Inv(σ) = {{a, b, c} : {a, b, c} is an inversion triple}.

Example 1.4.4. There are three inversions in σ: {9, 3, 4} and {4, 5, 3} in the

second and third row and {5, 6, 7} in the first and second row.

1
3
9
4
1

6
5
4
7

4
7
3

4 7

σ

For a filling, σ, define its major index (maj (σ)) and inversion set (inv(σ))

maj (σ) =
∑

u∈Des(σ)

(l(u) + 1)

inv(σ) = |Inv(σ)| −
∑

u∈Des(σ)

a(u),

where a(u) is the arm of u and l(u) is the leg of u.

Theorem 1.4.5. [5] The Macdonald polynomial has the following combinatorial

description.

H̃λ(x; q, t) =
∑

σ:λ→Z+

qinv(σ)tmaj (σ)xσ
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This formula implies that the coefficients of the Macdonald polynomials are

polynomials in q and t. Many well-known and important families of symmetric

functions can be derived from the Macdonald polynomials by specializing the q and

t parameters in various ways. For example, the Hall-Littlewood polynomials [11] are

the case q = 0 and the Jack polynomials [8], [9] are derived by setting t = qα and

letting q → 1.

When the Macdonald polynomials are expanded in terms of Schur functions,

the coefficients are the Kostka-Macdonald coefficients, K̃µ,λ(q, t), a (q, t)-analogue

of the Kostka numbers. In fact, K̃µ,λ(0, t) yields the t-Kostka coefficients, K̃µ,λ(t).

Lascoux and Schützenberger provide a combinatorial description for the t-Kostka

coefficients in [11].

1.4.2 Compositions and rearrangements

Let λ = (λ1, λ2, . . . , λl) be a partition of n into l parts. Recall that the order does

not matter, so we write λ in weakly decreasing order.

A composition of n is an ordered sequence γ = (γ1, γ2, . . .) of positive integers

which sum to n. A weak composition is an ordered sequence γ = (γ1, γ2, . . .) of

non-negative integers which sum to n. Unless otherwise specified, we use the term

composition to denote a weak composition of n into n parts.

A composition γ is said to be a rearrangement of a partition λ if when the parts

of γ are ordered in weakly decreasing order the result is the partition λ. This is
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denoted by γ ∼ λ. To every partition λ, we may associate the collection Rλ of

compositions which are rearrangements of λ.

For example, if λ = (2, 1) then

Rλ = {(2, 1, 0), (2, 0, 1), (1, 2, 0), (1, 0, 2), (0, 2, 1), (0, 1, 2)}.

Let γ = (γ1, γ2, ..., γn) be a weak composition of n into n parts. (We will

consider weak compositions of n into arbitrarily many parts in Section 2.2.) The

column diagram of γ is a figure dg′(γ) consisting of n cells arranged in n columns.

The ith column contains γi cells, and the number of cells in a column is called the

height of that column. We place a horizontal line across the bottom simply to denote

where the columns begin and end. This is an analogue of the Ferrers diagram of a

partition λ, which consists of rows of cells such that the ith row contains λi cells.

For example, the figure below is the column diagram of γ = (0, 2, 0, 3, 1, 2, 0, 0, 1).

dg′(γ) =

If γ is a rearrangement of the partition λ, then the Ferrers diagram of λ is

obtained by permuting the columns into weakly decreasing order and taking the

conjugate shape.

1.4.3 Nonsymmetric Macdonald polynomials

Recall that the Macdonald polynomials are indexed by partitions λ of n. Since

every partition can be considered as a collection of compositions, it is natural to ask
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whether the Macdonald polynomials can be decomposed into smaller polynomials

indexed by compositions.

The smaller polynomials which decompose the Macdonald polynomials are re-

ferred to as the nonsymmetric Macdonald polynomials. The theory of the nonsym-

metric Macdonald polynomials, Eγ(x; q, t) is developed by Cherednik [1], Macdonald

[14], and Opdam [17].

Haglund, Haiman, and Loehr [6] recently found a combinatorial description for

the nonsymmetric Macdonald polynomials. The statistics involved in this descrip-

tion are analogues of the statistics maj and inv described in Section 1.4.1.

Let γ = (γ1, γ2, ..., γn) be a weak composition of n into n parts. The augmented

diagram of γ, defined by d̂g(γ) = dg′(γ)∪{(i, 0) : 1 ≤ i ≤ n} is the column diagram

with n extra cells adjoined in row 0. In this paper the adjoined row, called the

basement, will always contain the numbers 1 through n in strictly increasing order.

Therefore we will replace the cells with the numbers from 1 to n.

The augmented diagram for γ = (0, 2, 0, 3, 1, 2, 0, 0, 1) is

d̂g(γ) =

1 2 3 4 5 6 7 8 9

An augmented filling, σ̂, of an augmented column diagram, d̂g(λ), is a function

σ̂ : λ→ Z+, which we picture as an assignment of positive integer entries to the non-

basement cells of λ. (Recall that the basement cells have already been assigned a

positive integer entry.) Let σ̂(i) denote the entry in the ith square of the augmented
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diagram encountered in reading order.

Definition 1.4.6. Two cells u and v of an augmented diagram are said to attack

each other if either

1. they are in the same row, or

2. one is to the left of the other in the row below.

An augmented filling σ̂ : d̂g(γ) → [n] is called non-attacking if σ̂(u) 6= σ̂(v) for

every pair u, v of attacking cells.

As in [5], a descent of σ̂ is a pair of entries σ̂(u) > σ̂(v), where the cell u

is directly above v. In other words, v = (i, j) and u = (i + 1, j), where the ith

coordinate denotes the height, or row, of cell v and the jth coordinate denotes the

column containing v. (We include pairs u, v such that v = (0, j) and v = (1, j).)

Define Des(σ̂) = {u ∈ λ : σ̂(u) > σ̂(v) is a descent}.

Then define

maj (σ̂) =
∑

u∈Des(σ̂)

(l(u) + 1),

where l(u) is the leg of u.

Three cells {a, b, c} ∈ λ form a type A triple if they are situated as follows

b

a c.. .

where a and c are in the same row, possibly the first row, possibly with cells between

them, and the height of the column containing a and b is greater than or equal to

the height of the column containing c.
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Define for x, y ∈ Z+

I(x, y) =


1 if x > y

0 if x ≤ y

Let σ be an augmented filling and let α, β, δ be the entries of σ in the cells of a type

A triple {a, b, c}.

β
α δ.. .

Then the triple {a, b, c} is called a type A inversion triple if and only if I(α, δ) +

I(δ, β)− I(α, β) =1.

Call an augmented filling σ̂ standard if it is a bijection σ̂ : λ ∼={1,...,n}. The

standardization of an augmented filling is the unique standard augmented filling

ξ such that σ̂ ◦ ξ−1 is weakly increasing, and for each α in the image of σ̂, the

restriction of ξ to σ̂−1({α}) is increasing with respect to the reading order. (In

other words, let ai be the number of times the number i appears in the filling.

Then the ith occurence of j in reading order is sent to i +
∑j−1

m=1 am.) Therefore the

triple {a, b, c} is an inversion triple of type A if and only if after standardization, the

ordering from smallest to largest of the entries in cells {a, b, c} induces a counter-

clockwise orientation. Note that for a filling of a partition, every triple is a type

A triple since the lefthand column is always weakly taller. Therefore, every triple

in a partition filling is a type A triple and the items called inversion triples of a

partition are type A inversion triples.

Example 1.4.7. The cells {4, 7, 9} are a type A inversion triple.
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1 2 3 4 5 6 7 8 9
4
5

4
9
7

3 1
7

2

Similarly, three cells {a, b, c} ∈ λ are a type B triple if they are situated as shown

below,

a
b
c.. .

where a and c are in the same row (possibly the basement) and the column con-

taining b and c has greater height than the column containing a.

Let σ̂ be an augmented filling and let α, β, δ be the entries of σ̂ in the cells of a

type B triple {a, b, c}.

α
β

δ.. .

Then the triple {a, b, c} is called an type B inversion triple if and only if I(β, α) +

I(α, δ)−I(β, δ) = 1. In other words, the triple {a, b, c} is an inversion triple of type

B if and only if after standardization, the ordering from smallest to largest of the

entries in cells a, b, c induces a clockwise orientation.

We often abuse notation by identifying the entries {σ(a), σ(b), σ(c)} with the

triple {a, b, c}.

Example 1.4.8. The cells {5, 7, 9} are a type A inversion triple.

1 2 3 4 5 6 7 8 9
4
5

4
9
7

3 1
7

2
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For an augmented filling σ̂ of a composition γ, define

Inv(σ̂) = {inversion triples of σ̂}, and

inv(σ̂) = |Inv(σ̂)|.

Let coinv(σ̂) be the number of triples which are not an inversion triple.

Theorem 1.4.9 ([6]). The nonsymmetric Macdonald polynomials Eγ are given by

the formula

Eγ(x; q, t) =
∑

σ̂ : cdg(γ)→[n]
non-attacking

xσ̂qmaj(bσ)tcoinv(bσ)
∏

u∈cdg(µ)bσ(u) 6=bσ(d(u))

1− t

1− ql(u)+1ta(u)+1
,

where xσ̂ =
∏

u∈cdg(µ) xσ̂(u) and d(u) is the cell directly beneath u.

When the Macdonald polynomial is expressed in the form Pλ(x; q, t), the non-

symmetric Macdonald polynomials decompose the Macdonald polynomials in a nat-

ural way.

Proposition 1.4.10 ([15]). Let λ◦ be the rearrangement of the parts of λ in weakly

increasing order. Then

Pλ(x; q, t) =
∏

u∈cdg(λ◦)

(1− ql(u)+1ta(u)) ·
∑
γ∼λ

Eγ(x; q−1, t−1)

(1− ql(u)+1ta(u))
, (1.4.1)

where the sum is over all rearrangements γ of λ.

It is well known that

sλ(x) = lim
q,t→0

Pλ(x; q, t),

so letting q, t→∞ in Equation 1.4.1 yields a combinatorial expansion of the Schur

functions into polynomials Eγ(x;∞,∞) called nonsymmetric Schur functions.
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Chapter 2

Combinatorial description of

nonsymmetric Schur functions

Letting q, t→ 0 in Equation 1.4.1 yields the following combinatorial decomposition

of the Schur functions [6].

sλ(x) =
∏

u∈cdg(λ◦)

(1− 0l(u)+10a(u)) ·
∑
γ∼λ

Eγ(x;∞,∞)

(1− 0l(u)+10a(u))
⇒

sλ =
∑
γ∼λ

Eγ(x;∞,∞), (2.0.1)

where

Eγ(x;∞,∞) =
∑

σ̂ : cdg(γ)→[n]
non-attacking

maj(bσ)=coinv(bσ)=0

xσ (2.0.2)

For ease of notation, we set Eγ(x;∞,∞) = NSγ(x), and call NSγ(x) a non-
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symmetric Schur function. This chapter examines the objects which appear in this

decomposition and some of their properties. Chapter 3 describes a bijection between

between these objects and semi-standard Young tableaux to provide a combinatorial

understanding of Equation 2.0.1.

2.1 Skyline Augmented fillings (SAF)

Equation 2.0.2 implies that the nonsymmetric Schur function NSγ is a sum of the

weights of certain types of augmented fillings of γ. Recall that

maj (σ̂) =
∑

u∈Des(σ̂)

(l(u) + 1),

and coinv(σ̂) is the number of non-inversion triples. Therefore, maj (σ̂) = 0 implies

that there are no descents in σ̂ and coinv(σ̂) = 0 implies that every triple is an

inversion triple.

Definition 2.1.1. A skyline augmented filling is (SAF) any augmented filling F

such that Des(F ) = ∅ and every triple is an inversion triple.

Let γ be a composition of n into n parts, where some of the parts could be

equal to zero. The nonsymmetric Schur function NSγ = NSγ(x) in the variables

x = (x1, x2, ..., xn) is the formal power series NSγ(x) =
∑

F xF summed over all

skyline augmented fillings F of composition γ. Here, xF =
∏n

i=1 xσi
i is the weight of

σ. (See Figure 2.1.)
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1 2 3 4 5

x1x2x
2
3x5 + x1x

2
3x4x5 + x1x

2
3x

2
5 + x1x2x3x4x5 + x1x2x3x

2
5

Figure 2.1: NS(1,0,2,0,2)

The combinatorial formula for nonsymmetric Macdonald polynomials [6] con-

tains an additional “non-attacking” condition. Recall from Definition 1.4.6 that

this condition consists of two sub-conditions. The first states that for each pair of

cells a and b with a strictly to the left of b in the row directly below b, σ(a) 6= σ(b).

The second states that for each pair of cells a and b in the same row, σ(a) 6= σ(b).

(In each case, if σ(a) = σ(b), then a and b are called attacking cells.)

Lemma 2.1.2. If the cells a and b are in the same row of a skyline augmented

filling, then σ(a) 6= σ(b).

Proof. Argue by contradiction. First, assume that a and b are in the same row (a

to the left of b) and σ(a) = σ(b), where the column containing σ(a) is weakly taller

than the column containing σ(b). Assume a is directly on top of a cell c, so we have

σ(c) ≥ σ(a). After standardization, {σ(a), σ(b), σ(c)} is a type A non-inversion

triple.

c
a b

d
.. .
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Next, assume that a and b are in the same row and σ(a) = σ(b), where the

column containing σ(b) is strictly taller than the column containing σ(a). (Again,

a is to the left of b.) Then the cell d on top of b must have σ(d) ≤ σ(b).

a
d
b.. .

Therefore after standardization we have σ(d) < σ(a) < σ(b), which implies that

σ(d), σ(a), σ(b) is a type B non-inversion triple.

Lemma 2.1.3. For each pair of cells a and b in a skyline augmented filling with a

to the left of b in the row directly below b, σ(a) 6= σ(b).

Proof. Assume there exist two attacking cells a and b (with a to the left of b in the

row directly below b) such that σ(a) = σ(b) = α to get a contradiction.

a
c b

d
.. .

If the column containing a is taller than or equal to the column containing b, then

a lies directly below a cell c which must have σ(c) ≤ α. When the values in these

three cells are standardized, {c, b, a} is a type A non-inversion triple. If the column

containing b is taller than the column containing a, then b is directly on top of a cell

d which must have σ(d) ≥ α. Then {b, a, d} is a type B non-inversion triple.

Corollary 2.1.4. The descent and inversion conditions used to describe the skyline

augmented fillings guarantee that no two cells of a skyline augmented filling are

attacking.
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Lemma 2.1.5. If {a, b, c} is a type B triple with a and c in the same row and b

directly above c, then σ(a) < σ(c).

Proof. Let a, b, c be a type B triple situated as pictured below.

a

b
c. ..

To get a contradiction, assume σ(a) > σ(c). (We know σ(a) 6= σ(c), by Lemma

2.1.2.) In the basement row, the column containing a has a value less than the value

of the column containing c. So at some intermediate row we have

e
f
g

d . ..

with σ(d) > σ(f) and σ(e) < σ(g). The descent condition implies that σ(d) ≤ σ(e).

Therefore, σ(f) < σ(d) ≤ σ(e) < σ(g). But then σ(f) < σ(e) < σ(g) so {f, e, g} is

not an inversion triple.

Given any type B triple {a, b, c} as depicted in the proof of Lemma 2.1.5, the

descent condition implies that σ(b) ≤ σ(c). So σ(a) must be less than σ(b), for

otherwise Lemma 2.1.5 implies that σ(b) ≤ σ(a) < σ(c), which would mean {b, a, c}

is a type B non-inversion triple. So σ(a) < σ(b) ≤ σ(c). Therefore Lemma 2.1.5

completely characterizes the relative values of the cells in a type B inversion triple.

Lemmas 2.1.2, 2.1.3, and 2.1.5 provide us with several conditions on the cells in

a skyline augmented filling. They will be useful in proving facts about the insertion

process.
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2.2 A basis for all polynomials

We may relax the restriction on the number of parts to obtain nonsymmetric Schur

functions in infinitely many variables.

Let γ be a weak composition of n into k parts, where k is any positive integer

or infinity. Its column diagram consists of k columns such that the ith column

contains γi cells. As above, fill the augmented diagram with positive integers in

such a way that there are no descents and every triple is an inversion triple to get a

skyline augmented filling. Then NSγ(x) =
∑

F xF , where F ranges over all skyline

augmented fillings of the augmented column diagram of γ.

We may define a nonsymmetric analogue of the monomial symmetric functions.

The nonsmmyetric monomial, NMγ corresponding to a weak composition γ of

n into k parts is given by NMγ =
∏k

i=1 xγi

i . It is clear that the sum over all

rearrangements of a given partition γ of the nonsymmetric monomials is equal to

the monomial symmetric function mγ.

Consider the case in which k equals infinity. Then every polynomial can be

written as a sum of nonsymmetric monomials, so the nonsymmetric monomials

form a basis for all polynomials.

Definition 2.2.1. Let µ and γ be weak compositions of n into infinitely many

parts. The reverse dominance order on weak compositions is defined as follows.
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µ ≤ γ ⇐⇒
∞∑

i=k

µi ≤
∞∑

i=k

γi, ∀k ≥ 1.

If γ and µ are weak compositions of n into infinitely many parts, let NKγ,µ

denote the number of skyline augmented fillings of shape γ and type µ. We will

see in Section 5.2 that the ordinary Kostka numbers are obtained as a sum of

nonsymmetric Kostka numbers. In fact, Kλ,µ =
∑

NKγ,µ, where the sum is over

all rearrangements γ of λ.

Theorem 2.2.2. Suppose that γ and µ are both weak compositions of n and

NKγ,µ 6= 0. Then µ ≤ γ in the dominance order. Moreover, NKγ,γ = 1.

Proof. Assume that NKγ,µ 6= 0. By definition, this means that there exists a skyline

augmented filling of shape γ and type µ. Assume that an entry k appears in one

of the first k − 1 columns. Then this column would contain a descent, since the

basement entry is less than k. Therefore, all entries greater than or equal to k must

appear after the (k − 1)th column. So
∑∞

i=k µi ≤
∑∞

i=k γi for each k, as desired.

Moreover, if µ = γ, then the ith column must contain only entries with value i. To

see that this is indeed a skyline augmented filling, consider first a type A triple as

shown below.

α

α δ.. .

Here δ > α, so listing the entries from smallest to largest after standardization yields

a counterclockwise orientation, so the triple is indeed a type A inversion triple.
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Next consider a type B triple as shown below.

α

β
β. ..

Since α < β, listing the entries from smallest to largest after standardization yields

a clockwise orientation, so the triple is a type B inversion triple.

The filling of γ in which the ith column contains only the letter i is a valid skyline

augmented filling, since it contains no descents and each triple is an inversion triple.

We must show this is the only SAF of shape γ and type γ. Consider the last non-

zero part γm of γ. If the value m appears to the left of this column, it creates a

descent. So m can only appear in this column. But there are γm entries equal to

m. Therefore the mth column contains all of the m entries and no other entries.

Assume that the last k columns have been filled so that column γj contains exactly

γj j’s. Consider the last non-zero column, γr before these columns. There are γr

r’s which cannot be placed to the left of γr. But there are no empty cells available

to the right of γr. Therefore γr must be filled with exactly γr r’s. Therefore any

SAF of shape γ and weight γ must be the SAF in which the ith column contains

only the letter i, so NKγ,γ = 1.

Corollary 2.2.3. The nonsymmetric Schur functions form a basis for all polyno-

mials.

Proof. Theorem 2.2.2 is equivalent to the assertion that the transition matrix from

the nonsymmetric Schur functions to the nonsymmetric monomials (with respect
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to the reverse dominance order) is upper triangular with 1’s on the main diagonal.

Since this matrix is invertible, the nonsymmetric Schur functions are a basis for all

polynomials.

2.3 The partially ordered set Pn,m

Let γ and δ be two compositions of n into m parts. We have the dual to reverse

dominance order:

γ ≤ δ ⇐⇒
k∑

i=1

γi ≤
k∑

i=1

δi, ∀k ≤ n.

This partial ordering is called the dominance order. We define the poset Pn,m to be

compositions of n into m parts under the dominance order. Our exploration of this

poset is motivated by its natural appearance in the transition between nonsymmet-

ric monomials and nonsymmetric Schur polynomials in the previous section.

2.3.1 Connection to the poset L(n,m)

Given two partitions, µ and λ, we say that µ ≤ λ component-wise if and only if

µi ≤ λi for all i. Let L(n,m) be the poset of partitions with at most n parts

whose parts are bounded by m, ordered component-wise. Another way to think of

this poset is to consider all partitions whose Young diagram fits inside an m × n

rectangle, ordered by containment. (See Figure 2.2.)

Let λ ∈ L(n, m), such that l(λ) = k. We consider λ to be a partition into n
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∅

Figure 2.2: The poset L(2, 3)
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parts, so we add n−k zeros to the end of λ. This poset is known to have the Sperner

property [20], which states that the size of any collection of pairwise incomparable

elements is bounded by the size of the largest level. L(n, m) is a unimodal poset

[23], which means that the size of the levels is a unimodal sequence.

Proposition 2.3.1. The poset Pn,m is isomorphic to L(n,m− 1).

Proof. Let γ ∈ Pn,m. Then γ is a composition of n into m parts. We define a

partition f(γ) as follows. The number of parts of f(γ) which are equal to m− i is

given by γi. Since γ is a composition of n, the number of parts of f(γ) is at most n.

Also, the largest part of f(γ) is less than or equal to m− 1. So f(γ) ∈ L(n,m− 1).

We must prove that the map f : Pn,m −→ L(n, m − 1) is an order-preserving

bijection.

First we describe the inverse f−1 : L(n,m − 1) −→ Pn,m to prove that f :

Pn,m −→ L(m − 1, n) is indeed a bijection. Given λ ∈ L(n, m − 1), define a

composition f−1(λ) = (f−1(λ)1, f
−1(λ)2, ..., f

−1(λ)m). Let f−1(λ)i be the number

of parts of p which are equal to m− i. Note that
∑

j=1...m f−1(λ)j = n, since λ has

n parts including its zeros. Since f−1(λ) has m parts, f−1(λ) is a composition of n

into m parts. So f−1(λ) ∈ Pn,m.

Next, we show that γ ≤ δ ⇐⇒ f(γ) ≤ f(δ). First, assume that γ ≤ δ ∈ Pn,m.

This means that for each k,
∑k

i=1 γi ≤
∑k

i=1 δi. We know that f(γ)j is equal to

m − I, for I such that
∑I−1

i=1 γi < j and
∑I

i=1 γi ≥ j. Similarly, f(δ)j = m − J ,

for J such that
∑J−1

i=1 δi < j and
∑J

i=1 δi ≥ j. Since
∑k

i=1 γi ≤
∑k

i=1 δi for all i,
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∑I
i=1 γi ≤

∑I
i=1 δi. So

∑I
i=1 δi ≥ j, which implies I ≥ J . But I ≥ J ⇒ m − I ≤

m− J . Therefore f(γ)j ≤ f(δ)j. So γ ≤ δ ⇒ f(γ) ≤ f(δ).

Assume that f(γ) ≤ f(δ) ∈ L(n,m− 1). Then f(γ)i ≤ f(δ)i for all i. The sum∑k
j=1 γj is equal to the number of parts of f(γ) which are greater than or equal to

m− k. But f(γ) ≤ f(δ)⇒ the number of parts of f(γ) which are greater than or

equal to m−k is less than or equal to the number of parts of f(δ) which are greater

than or equal to m− k. So
∑k

j=1 γj ≤
∑k

j=1 δj, and hence γ ≤ δ ∈ Pn,m. Therefore

γ ≤ δ ⇐⇒ f(γ) ≤ f(δ) and the proof is complete.

A poset P has a zero element, 0̂, if for every u in P , 0̂ ≤ u. A chain of a poset is a

collection of pair-wise comparable elements. The length of a chain is the number of

elements in the chain minus 1. A maximal chain between two comparable elements

u ≤ v is a chain C containing u and v such that x ∈ C ⇒ u ≤ x ≤ v and if C ′

is any other such chain, then |C| ≥ |C ′|. The rank of an element u is the length of

any maximal chain between 0̂ and u. Pictorally, the rank of an element is the level

of the poset in which it appears.

In L(n, m), the rank of λ is the number which λ partitions, since 0̂ is the empty

partition and adding a cell to the diagram increases the level of the shape by one.

The zero element in Pn,m is the element (0, 0, . . . , n). Move one cell to the column

immediately to its left to increase the rank by one. Therefore each cell in the ith

column contributes m − i to the rank, since it has been moved m − i times to get

to the ith column. So rank(γ) =
∑

i γi(m− i).
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For example, let γ = (3, 0, 1, 1, 0, 2, 4) ∈ P11,7. Then rank(γ) =
∑

i γi(m−i) = 3·

6+1·4+1·3+2·1+4·0 = 27. Apply the bijection to γ to get f(γ) = (6, 6, 6, 4, 3, 1, 1) ∈

L(11, 6). Notice that rank(f(γ)) =
∑

i f(γ)i = 6 + 6 + 6 + 4 + 3 + 1 + 1 = 27.
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Chapter 3

The bijection between SSYT and

SAF

Recall that letting q, t→∞ in Equation 1.4.1 implies algebraically that

sλ(x) =
∑

γ

NSγ(x), (3.0.1)

where the sum is over all compositions γ which rearrange λ. This chapter provides

the first bijective proof of Equation 3.0.1.

In Section 3.1, we describe a simple weight-reversing bijection between SSYT of

shape λ and SAF whose shape rearranges λ. This bijection provides a combinatorial

interpretation of the connection between SSYT and SAF, but it is not optimal since

it reverses the weights. A weight-preserving bijection is presented in Section 3.2.

This bijection, while more complicated, has several applications and provides deeper

insights into the nature of this connection.
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3.1 A weight-reversing bijection

Described below, the bijection f : SSY T → SAF sends an SSYT with content

(a1, a2, . . . , an) to an SAF with content (an, an−1, . . . a1). The symmetric property

of the Schur functions implies that the coefficient of xa1
1 xa2

2 · · ·xan
n is equal to the

coefficient of xan
1 x

an−1

2 · · ·xa1
n . Therefore, this weight-reversing bijection is a valid

bijective proof of Equation 3.0.1.

3.1.1 The map f from SSY T ’s to SAF ’s

Begin with an arbitrary semi-standard young tableau T of shape λ, where λ ` n.

The cells are filled by some multiset of positive integers {1a1 , 2a2 , ..., nan}. (Note

that some of the ai might equal 0.) Map the value in each cell to a new value by

sending α to n−α+1. Call the resulting filling rev(T ). (Recall that a filling of shape

µ is a function σ : λ → Z+, as described in Section 1.2.) Notice that the column

entries are now strictly decreasing and the row entries are weakly decreasing. Let

rev(T )i be the set of entries in the ith column of rev(T ).

Begin with an empty SAF and build the SAF f(T ) by placing the elements

of rev(T )i on top of row i − 1 as follows. Begin with the largest member, α1, of

rev(T )i. Find the left-most entry of row i − 1 that is greater than or equal to α1.

We know such an element exists, since the entry β1 to the immediate left of α1 in

rev(T ) is greater than or equal to α1 and was mapped to row i− 1 in the previous

step. Place α1 on top of this element. Next place the second-largest member, α2
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of rev(T )i in the same way. (Again, an entry greater than α2 exists because the

entry β2 immediately to the left of α2 in the filling is greater than or equal to α2,

as is the entry β1. Even if α1 has already been placed on one of these, the other is

still available.) Continue in this manner until all the elements of rev(T )i have been

placed. Any remaining cell of row i− 1 has an empty cell directly above it.

Following this process for each column of rev(T ) produces a filling of a compo-

sition Young diagram, as in the example below.

Example 3.1.1. Let T be a semi-standard Young tableau of shape λ =(5,3,3,2,1)

(note that λ ` 14) as pictured below and apply the map described above that sends

each of the numbers, α, to 14− α + 1.

1
2
4
7
9

1
2
5
7

2
4
7

3 7

T

14
13
11
8
6

14
13
10
8

13
11
8

12 8

rev(T )

Next examine the empty composition filling.

1 2 3 4 5 6 7 8 9 10 11 12 13 14

We must assign the numbers rev(T )1 = {6, 8, 11, 13, 14} to the first row of our

augmented filling according to the map defined above. The figure below shows the

placement of these numbers into the empty augmented filling.
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1 2 3 4 5 6 7 8 9 10 11 12 13 14
6 8 11 13 14

The following figure shows the placement of the second row.

1 2 3 4 5 6 7 8 9 10 11 12 13 14
6 8 11 13 14

8 10 13 14

After the placement of the final three rows, we have the following figure.

1 2 3 4 5 6 7 8 9 10 11 12 13 14
6 8 11 13 14

8 10 13 14
13 118
12
8

We say that a cell c is row-wise above another cell d if c appears weakly before

the cell on top of d in reading order. In the previous example, the entry 12 is

row-wise above the entries 11 and 13 but not the entry 8.

Lemma 3.1.2. Once the entries have been placed into the rows, the resulting figure

is an SAF, and this placement procedure produces the only SAF containing the

elements of rev(T )i in the ith row.

Proof. To see that the resulting figure is indeed a skyline augmented filling, we must

prove that there are no descents and every triple is an inversion triple. There are

no descents by construction, so we must check for non-inversion triples.

First check for type A non-inversion triples. They must have the cell configura-

tion depicted below, where the column containing α and γ has height greater than

or equal to the height of the column containing β.
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γ

α β
δ

. . .

Here α ≤ γ by construction. Therefore, to get a non-inversion triple, we must have

α ≤ β ≤ γ. The elements of a row are all distinct since entries in a column of

an SSYT are all distinct, so α < β. But then β must have been placed before α.

Since β ≤ γ, β would have been placed on top of γ or on top of some entry to the

left of γ. So this configuration would not happen. Therefore, there are no type A

non-inversion triples.

Next check for type B non-inversion triples. This can occur in two ways. Either

the lefthand cell in the triple has a non-empty cell on top of it (case 1) or the cell

on top of the lefthand cell is empty (case 2). In either case, the column containing

β and γ is strictly taller than the column containing α.

α
δ β

γ
. . .

Case 1

α
β
γ. . .

Case 2

We know that β ≤ γ by construction. Thus, to get an non-inversion triple, we

must have β ≤ α ≤ γ. (Again, since column entries in an SSYT are distinct, we

have α < γ.)

Case 1. There exists a non-empty cell with entry δ on top of α.

In this case, since β is less than or equal to α and γ, we could have placed β

on top of either. Since δ was placed on top of α, δ must have been placed before

β. So δ must be greater than β. But then in the row immediately above the row

45



containing α and β, any entry ε small enough to be placed on top of β would be

placed on top of δ, unless there was already an entry κ on top of δ. Then κ > ε and

we are in the same situation. Therefore, it is not possible for the column containing

β and γ to be strictly taller than the column containing α.

Case 2. The entry α is the highest cell in its column.

In this case, since β is less than α and γ, we could have placed β on top of α

instead. Placing β on top of γ means β was not placed as far to the left as it should

have been. Thus Case 2 cannot occur.

Therefore our process yields a filling with no descents such that all triples are

inversion triples. We conclude that our process yields a skyline augmented filling

F .

Next we must show that F is the only SAF with rows rev(T )1, ..., rev(T )k.

Assume there is a different skyline augmented filling with the same row entries

{rev(T )i} to derive a contradiction. Let F ′ denote a different SAF whose rows

contain the same entries (rev(T )i) as the rows of F but in different cells.

Find the lowest row i of F ′ which differs from row i of F . Consider the largest

element of rev(T )i whose position in F ′ does not agree with its position in F . Call

this element α. Now α was placed in the leftmost possible position in F after all

entries greater than α had been placed. Therefore, α must lie in a position further

to the right in F ′.
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Say α is in cell a above the entry β = σ(b) in F and above the entry γ = σ(c)

in F ′. Then this part of the skyline augmented filling looks like the picture below,

where δ and ε might be empty cells:

β

α δ
γ

F

ε

β
α
γ

F ′

Since α is the largest entry of F ′ to occupy a cell different from the cell occupied

by α in F , then ε must be less than α. If the column in F ′ containing ε and β were

taller than the column containing α and γ, then the triple {ε, α, β} would be a type

A non-inversion triple in F ′. So the column containing α and γ must be taller than

the column containing ε and β. By Lemma 2.1.5, β < γ. But then {α, β, γ} is a

type B non-inversion triple in F ′, since α ≤ β.

Therefore, regardless of which column is taller, F ′ contains at least one non-

inversion triple. So F ′ is not a skyline augmented filling. Thus F is the unique

skyline augmented filling with row entries rev(T )i.

3.1.2 The inverse of f

Begin with an arbitrary skyline augmented filling, F . Select all the entries in the

bottom row. Arrange them in a vertical column, sorted into descending order so

that the largest entry is at the bottom of the column. Then select the entries in

the second row, and arrange them in a column immediately to the right of the first

column, again in descending order up the column. Continue in this manner until
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there are no more rows left in the skyline augmented filling. The resulting shape is

clearly a Ferrers diagram, since each column of this figure has height greater than

or equal to the height of the column immediately to its right.

Lemma 2.1.3 implies that the row entries of an SAF are distinct. Therefore the

entries in a column of the Ferrers diagram are distinct, so the entries are strictly

decreasing as one travels up the column.

Lemma 3.1.3. Each entry in the Ferrers diagram filling is less than or equal to

the entry immediately to its left.

Proof. The entry, α, at height i in the jth column of the Young diagram filling is

the ith largest entry in the jth row of the skyline augmented filling F . If this value is

greater than the value β to its left in the Young diagram filling, at most i−1 entries

in the (j− 1)st row of F are greater than or equal to α while i entries in the jth row

of F are greater than or equal to α. Then the pigeonhole principle tells us that at

least one entry in the jth row is greater than the entry below it. But then we have

a descent and our composition filling is not a skyline augmented filling, which is a

contradiction. So each entry must be less than or equal to the entry immediately

to its left.

The cells in the Ferrers diagram filling are filled by the members of the multiset

{1a1 , 2a2 , ..., kak}. The number n of cells in the skyline augmented filling is equal to

the number of cells in the Young diagram. Map the value in each cell of the Young

diagram filling to a new value by sending α to n − α + 1. Before the mapping,
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the entries were weakly decreasing by row and strictly decreasing by column. Since

the map reverses the orders of the labels while preserving the fact that no repeated

entries occur within a column, the labels are now weakly increasing by row and

strictly increasing by column. Therefore the result, g(F ), is a semi-standard Young

tableau.

Assume that two different skyline augmented fillings produce the same SSYT.

Then these two skyline augmented fillings would contain the same set of entries in

each row. But we saw in Lemma 3.1.2 that once we know the entries in a row,

the placement of those entries in a skyline augmented filling is unique. So the two

skyline augmented fillings must be identical. Thererfore our map is injective.

Example 3.1.4. Below we demonstrate the mapping from a skyline augmented

filling to a semi-standard Young tableau.

1 2 3 4 5 6 7 8 9 10 11 12 13 14
6 8 11 13 14

8 10 13 14
13 118
12
8

g

1
2
4
7
9

1
2
5
7

2
4
7

3 7

The maps f and g in Examples 3.1.1 and 3.1.4 are inverses, which is true in

general.

Lemma 3.1.5. The two maps f and g are inverses.

Proof. To see this, begin with the map from a semi-standard Young tableau T to

a skyline augmented filling F . This map sends the numbers in a given column to
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the corresponding row, changing the numbers by mapping α to n − α + 1, where

the shape of the SSYT is a partition of n. When we map this skyline augmented

filling back to an SSYT, first we take the numbers in each row and place them in

the corresponding column in decreasing order. Then we send α to n−α + 1, which

inverts the mapping in the first step of f . So the same numbers appear in each

column, arranged in increasing order. Therefore we obtain the original SSYT.

Going the other way, we begin with a skyline augmented filling F and map each

row to a column with the same numbers in decreasing order. We change this shape

to a SSYT by mapping α to n−α + 1. When we map back to a skyline augmented

filling, we first send α to n− α + 1, which inverts the reversal of weights. Next, we

enter each column into its corresponding row via the unique map defined in Section

3.1.1 to produce an SAF F . Since this is the only SAF with these row entries, this

is the original SAF.

Thus, the two injective maps are inverses and form a bijection between SAFs

whose shape rearranges λ and SSYT of shape λ. Since the sλ are symmetric, the

number of SSYT of weight xa1
1 xa2

2 ...xan
n is equal to the number of SSYT of weight

xa1
n−1x

a2
n−2...x

an
1 . Our map sends each SSYT of weight xa1

1 xa2
2 ...xan

n to an SAF of

weight xa1
n−1x

a2
n−2...x

an
1 , so the coefficient of

∏n
i=1 xαi

i in sλ(x) is equal to the coefficient

of
∏n

i=1 xαi
i in

∑
γ NSγ(x) (where the sum is over all rearrangements γ of λ), for all

possible multisets {α1, ...αn} with 0 ≤ αi ≤ n, ∀i, and
∑n

i=1 αi = n.

This proves that the sum of the nonsymmetric Schur functions over all rear-
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rangements of a partition λ is equal to the Schur function sλ.

3.2 A weight-preserving bijection

Although the bijection in Section 3.1 is simple to state and easy to work with, it is

not optimal due to its reversal of weights. We now describe a bijection which sends

an SSYT of content (a1, a2, . . . , an) to an SAF of content (a1, a2, . . . , an).

Theorem 3.2.1. There exists a weight-preserving bijection between SSYT of shape

λ and SAF’s whose shapes rearrange λ.

The bijection in Theorem 3.2.1 makes use of an analogue of Schensted insertion,

which ultimately leads to a “nonsymmetric” version of the Robinson-Schensted-

Knuth Algorithm. This and other applications of the bijection are described in

Chapter 4.

3.2.1 An analogue of Schensted insertion

Schensted insertion is a procedure for inserting a positive integer k into a semi-

standard Young tablau T via a scanning and “bumping” technique. It is the funda-

mental operation of the RSK algorithm, described in Section 1.2.2. Here we define

a procedure for inserting a positive integer k into a skyline augmented filling F via a

similar technique. In Section 4.1 we will use this procedure to describe an analogue

of the RSK algorithm for compositions.
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F

1 4
4

5
2

3

1 2 3 4 5 6 7

4→

1 4
4

5
2

4

1 2 3 4 5 6 7

3→

1 4
4

5
3

4

1 2 3 4 5 6 7

2→
1 4

4
5
3

4

1 2 3 4 5 6 7
2

F ← 4

Figure 3.1: F ← 4

Let F be a skyline augmented filling of a weak composition γ of n into infinitely

many parts. Then F = (F (j)), where F (j) is the jth cell in reading order, including

the cells in the basement. We define the operation F ← k.

Begin with the first cell in read(F ). Scan left to right through the reading word,

stopping at the first cell c such that F (c) ≥ k. If there is no cell directly on top

of c, then place k on top of c and the resulting figure is F ← k. Otherwise let

a be the cell directly on top of c. If F (a) < k then k “bumps” F (a). In other

words, k replaces F (a) and we now begin with the cell immediately to the right

of c in read(F ) and repeat the scanning procedure for F (a). If F (a) ≥ k then

continue scanning read(F ) for the next cell which contains an entry greater than or

equal to k. Continue this scanning and bumping process until an entry is placed on

top of a column. When this occurs, the resulting diagram is F ← k. (See Figure

3.1.) We call the set of cells whose entries have been bumped the insertion path Pk.

This procedure always terminates, since there are infinitely many basement entries

greater than k. Let tk denote the cell at which the procedure terminates.

Lemma 3.2.2. When restricted to compositions of n into n parts, this procedure
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terminates.

Proof. Suppose the procedure does not terminate to get a contradiction. This

occurs only if some letter α0 = α reaches the last cell in the basement without

finding a cell c such that F (c) ≥ α and such that the cell b on top of c is empty or

has F (b) < α. The value α is an entry in the basement, say F (c0). The letter α0

which is unplaced could not have been bumped from a cell to the right of c0 in the

row above c0, for otherwise the cell containing α0 and the cell c0 would be attacking

in F .

c0

b α0.. .

Since α0 was not inserted on top of c0, the entry b on top of c0 must have F (b) ≥ α.

But since F has no descents, F (b) = α. So α0 must have come from a higher row

than this, since two occurrences of α in the same row would be attacking in F .

Continuing this line of reasoning implies that the αth column contains the value α

at each row until a certain height h at which this column contains a cell d such

that F (d) = β is strictly smaller than α. If α0 was bumped from row h, α must

have been bumped from a cell to the right of the αth column for otherwise α would

bump F (d). However, then α0 and the α in row h− 1 of the αth column would be

entries in attacking cells in F . By Lemma 2.1.3, there are no attacking cells in F .

Therefore we have a contradiction.

We often compare entries in the same cell during the insertion of different num-
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bers. Therefore, we denote by σk(a) the number contained in the cell a immediately

following the insertion of the number k. The notation σ(a) refers to the entry con-

tained in the cell a in the filling F .

Proposition 3.2.3. If F is a skyline augmented filling, then F ← k is a skyline

augmented filling.

Proof. It is clear by construction that F ← k has no descents. We must prove that

every triple is an inversion triple. We argue by contradiction. Suppose not. Then

F ← k contains a triple of either type A or type B. First suppose F ← k contains

a type A non-inversion triple {a, b, c} situated as shown.

c
a b

Then σk(a) ≤ σk(b) ≤ σk(c). In F , we must have different (possibly empty) entries

in these cells. Because the insertion path moves along the reading word and its

entries are strictly decreasing, at most one of σk(a), σk(b), and σk(c) is different

from its value in F . Examine each cell individually to derive a contradiction.

Case A1. The cell a in F ← k contains a different value, α 6= σk(a), in F .

Assume the cell a was non-empty in F . Then {α, σ(b), σ(c)} was an inversion

triple in F , so σ(b) < α ≤ σ(c). Since σk(a) bumped α, we know σk(a) > α and

σk(a) > α > σ(b) = σk(b), which contradicts σk(a) ≤ σk(b).

If the cell a was empty in F , then b and c were part of a type B triple. Say b

is directly on top of a cell d. Since {σ(b), σ(c), σ(d)} is a type B inversion triple in
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F , σ(c) < σ(b) ≤ σ(d) by Lemma 2.1.5. But then σk(c) < σk(b), which contradicts

the assumption that σk(b) ≤ σk(c).

Case A2. The cell b in F ← k contained a different value, β 6= σ(b), in F .

Assume first that b is non-empty in F . Since {σ(a), β, σ(c)} is a type B inversion

triple in F , either β < σ(a) ≤ σ(c) or σ(a) ≤ σ(c) < β. If β > σ(c), then σk(b)

bumped β ⇒ σk(b) > β. Therefore σk(b) > β > σ(c) = σk(c), which contradicts

σk(b) ≤ σk(c).

Thus β < σ(a) ≤ σ(c). Assume first that σk(b) was bumped from a cell before a

in reading order. Since σk(b) did not bump σ(a), we have σk(b) ≤ σ(a) = σk(a). But

σk(a) ≤ σk(b) by assumption. Therefore σ(a) = σk(b). Since F is a non-attacking

filling, σk(b) was bumped from a cell row-wise above a. Then σk(b) would bump

the entry in cell e on top of a unless σ(e) = σk(b). But then σ(b) was bumped from

a cell row-wise above e. Eventually, in some higher row, the cell f in the column

containing a will either be empty or contain an entry less than σk(b). Therefore at

this stage σk(b) is inserted into cell f , a contradiction. So σk(b) must have been

bumped from a cell after a in reading order.

F is a non-attacking filling, so σk(b) > σ(a). Then σk(b) ≤ σ(c) implies that the

column containing σk(b) must be strictly taller than the column containing a, for

otherwise a, c and the cell containing σk(b) would be a type A non-inversion triple.

But σk(b) ≤ σ(c) contradicts Lemma 2.1.5, so the cell b must be empty in F .

If the cell b is empty in F , the same argument described above shows that
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σk(b) must have been bumped from after a, but the bumping from after a yields a

contradiction. So this case cannot happen.

Case A3. The cell c in F ← k contained a different value, γ 6= σ(c), in F .

Since {σ(a), γ, σ(b)} is a type A inversion triple in F and σ(a) = σk(a) ≤ σk(b) =

σ(b), we have σ(a) ≤ γ < σ(b). There are no descents in F , so b is directly on top

of a cell d such that σ(b) ≤ σ(d). So γ < σ(d). Since σk(c) bumps γ, γ is directly

on top of a cell e such that σ(e) ≥ σk(c), as depicted below.

γ
b
d

a

e

. ..

Since {γ, σ(d), σ(e)} is a type A inversion triple in F , we have σ(e) < σ(d).

Therefore, σ(d) > σk(c). So σk(c) was bumped from a cell after b in the reading

order, for otherwise σk(c) would have bumped σ(b), provided σk(c) 6= σ(b). If

σk(c) = σ(b), then σk(c) was bumped from a cell row-wise above b and would

therefore have been inserted on top of σ(b) unless the entry on top of σ(b) is equal

to σ(b). So σk(c) must have been bumped from a cell row-wise above the highest

cell h with σ(h) = σ(d) in the column containing σ(d). But then σ(c) would bump

the entry on top of h.

Assume first that σk(c) was bumped from a cell r in the same row as b. If the

column containing b is weakly taller in F than the column containing σk(c) then

{σ(b), σk(c), σ(d)} is a type A non-inversion triple. Otherwise, σk(c) is directly on

top of a cell f such that σ(f) ≥ σk(c) as shown,
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a b

γ d f
e. .. . ..

where the column containing e and f is strictly taller than that containing b and d.

By Lemma 2.1.5, we have σ(d) < σ(f). But then {σk(c), σ(d), σ(f)} is a type

B non-inversion triple in F , since σk(c) < σ(d). Therefore σk(c) was bumped from

the row containing γ.

We now know that σk(c) was bumped from the row below b, to the left of γ. If

the column containing γ were strictly taller than the column containing σk(c), then

σk(c) > γ would contradict Lemma 2.1.5. Therefore the column containing σk(c) is

weakly taller in F than the column containing γ.

Let κ = σ(h) be the entry which bumped σk(c). Before κ bumped σk(c) = δ,

the figure looked like

. . . . . .

f
δ
g

d
b

γ
a

where the column containing δ is the tallest and the column containing b is the

shortest.

Since σ(h) > σk(c) ≥ σ(g), we have σ(h) > σ(g). Also σ(h) ≤ σ(f), since σ(h)

is placed directly on top of the cell f . We know that {σk(c), σ(d), σ(f)} is a type

A inversion triple in F , so σ(f) < σ(d). Therefore σ(h) < σ(d). Also, σk(c) ≥ σ(b)

implies that σ(h) > σ(b). So σ(h) must have been bumped from a cell after b in

reading order, for otherwise σ(h) would bump σ(b).
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The inequalities satisfied by σ(h) above place σ(h) in exactly the same situation

as σk(c). Therefore, the same argument used above to prove that σk(c) must have

been bumped from the same row as γ proves that σ(h) must have been bumped

from the same row as γ as well. Continuing in this manner, one derives an infinite

number of columns to the left of the column containing γ. But there are only finitely

many columns in the diagram, so this is a contradiction.

Next assume that F ← k contains a type B non-inversion triple, {a, b, c}, situ-

ated as depicted.

. . .a c
b

We must have σk(b) ≤ σk(a) ≤ σk(c). Again, only one of the entries is different

from its value in F . Examine each cell individually to derive a contradiction.

Case B1. The cell a in F ← k contains a different value, α 6= σk(a), in F .

In this case, α was bumped by σk(a), so σk(a) > α. If σk(a) were bumped from

somewhere before the cell b in reading order, σk(a) would have bumped σ(b) unless

σk(a) = σ(b). If σk(a) = σ(b), it would have come from a higher row than b (by

Lemma 2.1.2) to the left of b (by Lemma 2.1.3) and hence been placed in a higher

row of the column containing b. Therefore σk(a) is bumped from somewhere after

b in reading order.

Assume that σk(a) is bumped from the same row as σ(b). If the column con-

taining σk(a) = κ is strictly taller than the column containing b, then κ is directly
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on top of a cell d such that σ(c) < σ(d) by Lemma 2.1.5.

α c
b

d
κ

. . . . . .

But then σk(a) = κ ≤ σ(c) < σ(d) implies {κ, σ(c), σ(d)} is a type B non-

inversion triple in F . So the column containing σ(b) must be weakly taller than the

column containing σk(a). But then σ(b) ≤ σk(a) ≤ σ(c) implies {σ(b), σk(a), σ(c)}

is a type A non-inversion triple.

Thus σk(a) must have been bumped from the same row as α, to the left of α.

The column containing σk(a) = κ must be weakly taller than the column containing

b and c, for otherwise {σk(a), σ(b), σ(c)} would be a type B non-inversion triple. Let

g be the cell such that σ(g) ∈ F bumped σk(a) during F ← k. Since σ(g) > σk(a),

we must have σ(g) > σ(b). Also, σ(g) is less than or equal to the cell h beneath

σk(a), which has σ(h) < σ(c) because {σk(a), σ(c), σ(h)} is a type A inversion triple.

So σ(g) < σ(c). If σ(g) were bumped from a cell before b in reading order, then

σ(g) would bump σ(b). Therefore, σ(g) was bumped from after b in reading order.

If σ(g) is bumped from the same row as b, either {σ(b), σ(g), σ(c)} is a type

A non-inversion triple or σ(g), σ(c), and the cell below σ(g) form a type B non-

inversion triple, depending on which column is taller. Therefore σ(g) was bumped

from a cell in the same row as σk(a) to the left of σk(a).

Any entry δ which bumps σ(g) must be greater than σ(b) since δ > σ(g) > σ(b).

Also, the entry ε directly beneath σ(g) must be less than σ(c) to avoid non-inversion

triples. Since δ is placed on top of this cell ε, δ ≤ ε ⇒ δ < σ(c). So we use the
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same argument to prove that δ is bumped from the same row as α, to the left of

σ(g). Continuing this line of reasoning implies that there is an infinite sequence of

non-zero columns to the right of α. But there are only finitely many non-zero parts

in a composition. Therefore we have a contradiction and Case B1 cannot occur.

Case B2. The cell b in F ← k contains a different value, β 6= σk(b), in F .

First assume that the cell b is empty in F . Then a and c are both at the top

of their respective columns in F . Since σk(b) ≤ σ(a), the entry σk(b) would have

been placed on top of σ(a) if it had been bumped from somewhere farther left in

the reading word. Therefore σk(b) = κ was bumped from somewhere to the right of

a in the row immediately above a. Then κ is directly on top of a cell f such that

σk(b) ≤ σ(f), as shown.

a c
κ
f. . . . . .

By Lemma 2.1.5, σ(a) < σ(f), so {σk(b), σ(a), σ(f)} is a type B non-inversion

triple in F . Therefore the cell on top of c does contain a non-empty entry β in

F . Since σ(b) bumps β, we have β < σk(b). But then β < σ(a) ≤ σ(c), so

{β, σ(a), σ(c)} is a type B non-inversion triple in F .

Case B3. The cell c in F ← k contained a different value, γ 6= σ(c), in F .

The triple {σ(a), σ(b), γ} is a type B inversion triple in F . Therefore, σ(a) <

σ(b) ≤ γ, by Lemma 2.1.5. But this contradicts the assumption that σ(b) ≤

σ(a).
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Lemma 3.2.4. When multiple entries with the same value k are inserted into a

semi-standard skyline filling, the order of the rows in which they appear corresponds

to the order in which they were inserted, with the first one to be inserted appearing

in the lowest row which contains the entry k.

Proof. Let k1 and k2 have the same value, k, and assume that k1 is inserted into the

SSSF F before k2. Then if k2 reaches k1 during an insertion process, k2 is placed on

top of k1, unless the entry k′ on top of k1 has the value k as well. In that case, k2

must have been bumped from a higher row (by Lemma 2.1.2) to the left of k′ (by

Lemma 2.1.3). The column C containing k1 eventually contains a value less than k

or an empty cell. Lemma 2.1.2 implies that k2 must have been bumped from a row

higher than the highest appearance of k in column C. Lemma 2.1.3 implies that

if k2 was bumped from the row directly above this highest appearance of k, then

k2 must have been bumped from a column strictly to the left of C. Therefore k2

would have been placed on top of this occurrence of k. In either case k2 appears in

a higher row than k1.

3.2.2 The bijection Ψ between SSYT and SAF

Let T be a semi-standard young tableau. We may associate to T the word col(T )

which consists of the entries of each column of T , read top to bottom from columns

left to right, as in Figure 3.2. In general, any word w can be decomposed into its

maximal strictly decreasing subwords. This decomposition is called col(w).
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1
2
4
8
9
10

2
5
7

10
11

3
5
8
10

5 10

Figure 3.2: col(T ) = 10 9 8 4 2 1 · 11 10 7 5 2 · 10 8 5 3 · 5 · 10

Example 3.2.5. If w = 3 5 4 2 2 1, then col(w) = 3 · 5 4 2 · 2 1.

Begin with an arbitrary SSYT T and the empty SAF φ with the basement row

containing all letters of Z+. Let k be the rightmost letter in col(T ). Insert k into

φ to get the SAF (φ← k). Then let k′ be the next letter in col(T ) reading right to

left. Obtain the SAF ((φ← k)← k′). Continue in this manner until all the letters

of col(T ) have been inserted. The resulting diagram is the SAF Ψ(T ).

Example 3.2.6. Ψ(T ) = F

1
2
4
8
9
10

2
5
7
10
11

3
5
8
10

5 10

T

Ψ

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
3
2
2

5
5
5

7 8
8
1

10
10
10
10
4

11
9

F

Recall that the insertion path Pα for a given letter α is the set of cells whose

entries are bumped during the insertion (F ← α) together with the cell tα at which
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the procedure terminates. (The cell tα was empty in F but in (F ← α) contains

the last entry in Pα.)

Lemma 3.2.7. Let α > β and assume that β is inserted immediately before α.

Then the insertion path Pα for α terminates farther to the right in the reading word

than the insertion path Pβ for β.

Proof. Suppose that Pα terminates before Pβ in the reading order. Let α1, ..., αj be

the entries in Pα and let β1, ..., βm be the entries in Pβ. First assume that α = α1 is

placed strictly before the cell β = β1. We know that the value σβ(c) = ε bumped by

α1 is less than α1 and is on top of a cell d such that σβ(d) ≥ α1. (Recall that σβ(d)

refers to the entry in the cell d after the insertion of β.) Since β1 < α1, we have

β1 < σβ(d). Therefore all the entries in Pβ are less than σβ(d), hence σβ(d) /∈ Pβ.

So during the insertion of β, the cell d contained the same entry, σβ(d). If β1 were

greater than σβ(c), β1 would have bumped σβ(c). Otherwise, β1 would have bumped

a cell higher in this column. Therefore α1 could not be placed strictly before the

cell containing β1.

Since αj is the last entry in Pα, then αj is the termination point of Pα. The

value αj terminates on top of the cell c, so σβ(c) ≥ αj.

Since Pβ did not terminate at this column in the previous step, there exists

a βk which passed over the cell c without being placed. Therefore βk > σ(c).

In fact, βk ≥ σβ(c), for even if the entry σ(c) in c was bumped during F ← β,

the entry which bumped it must be less than or equal to βk. This implies that
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αj ≤ σβ(c) ≤ βk < βk−1 < ... < β1. So αj is smaller than all the elements of Pβ

which appear above it after the insertion F ← α. In particular, αj ≤ β1, so αj 6= α1.

So αj appears somewhere in F during F ← β.

The value αj cannot be in Pβ, since αj ≤ βk and βk appears after αj. Therefore,

during the insertion F ← β, some value βi ≥ βk passed αj without bumping αj.

By Lemma 3.2.4, if βi passes αj without bumping αj then βi is not equal to αj.

Therefore βi > αj.

Let d be the cell directly beneath αj during F ← β. Then βi > σ(d), for

otherwise βi would have bumped αj since βi > αj. But αj−1 bumps αj during

F ← α. If σ(d) is bumped by some βl such that l ≥ i during F ← β, this means

that αj−1 ≤ βl ≤ βi. Otherwise αj−1 ≤ σβ(d) < βi. Either way, αj−1 ≤ βi.

Therefore αj−1 is less than all of the values of Pβ which appear above it after the

insertion F ← α. Repeating this argument a total of j times implies that α1 is less

than all the values of Pβ which appear above α1. Recall that β1 is above α1. But

α1 = α > β = β1. Therefore we have a contradiction.

Lemma 3.2.7 implies that if Cj is a column of an SSYT consisting of the letters

a1 > a2 > . . . ak then tai
is after tai+1

in reading order. If we think of ordering the

columns by height (where the leftmost column comes first when two columns are

the same height) then the termination points descend down these columns.

Lemma 3.2.8. Let α ≤ β and assume that β is inserted immediately before α.

Then tα is row-wise above tβ.
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Proof. Let α1, ..., αj be the entries in Pα and let β1, ..., βm be the entries in Pβ.

Notice that the first element (αi) of Pα to reach the cell above β1 must be less than

or equal to α1 = α, and hence less than or equal to β = β1. The element γ1 on

top of β1 must have γ1 ≤ β2, since it was on top of β2 before β2 was bumped by

β1. If αi > γ1, then αi bumps γ1 = αi+1 and αi+1 is inserted from a cell row-wise

above β2. Otherwise, αi ≤ γ1 which means that αi ≤ β2. In either case, we are now

inserting an element row-wise above β2 which is less than or equal to β2.

By induction we may assume that the entry αl of Pα which reaches the cell

on top of βk for some k has αl ≤ βk. So αl either bumps the entry γ on top of

βk or αl ≤ γ ≤ βk+1. (Since γ was on top of βk+1 during the previous insertion,

γ ≤ βk+1.) Either way, the cell of Pα which reaches the cell on top of βk+1 must be

less than or equal to βk+1. So for any k, the entry in Pα which reaches the entry βk

in Pβ must be less than or equal to βk.

Therefore if an element αr of Pα reaches the cell on top of the last entry βm of

Pβ, then αr ≤ βm and so αr will be placed on top of βm and the insertion process

terminates row-wise above tβ. If no element of Pα reaches βm, then the insertion

procedure already terminated row-wise above tβ.

Lemma 3.2.9. Assume that α > β and α is inserted into an SAF immediately

following β. Then whenever an entry αk insertion path Pα reaches a cell βj ∈ Pβ,

we have αk > βj.

Note that this lemma is quite similar to Lemma 3.2.7. We include it in this
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format largely for its role in the proof of an upcoming proposition.

Proof. Argue by induction. First consder β1 ∈ Pβ. Since α1 > β1, α1 reaches β1

without bumping any cells. But α1 > β1 implies that the base case is true.

Next, assume that the lemma is true for the first k − 1 entries in Pβ. Let αj

be the cell which reaches βk−1. Assume first that αj bumps βk−1. Then βk−1 > βk

implies that unless αj+1 = βk−1 bumps an entry between βk−1 and βk, the entry of

Pα to reach βk is indeed greater than βk. Similarly, if αj does not bump βk−1, then

αj is greater than the cell beneath βk−1. This cell is greater than or equal to βk,

since βk was previously above this cell. Again, if αj does not bump an entry before

reaching βk, then the entry of Pα to reach βk is greater than βk and the proof is

complete.

Therefore assume αj bumps an entry γ between βk−1 and βk to get a contradic-

tion. This entry was not bumped by βk. But since αj must be less than or equal

to the entry δ immediately below γ and βk ≤ αj, we must have βk ≤ δ. Since βj

did not bump γ, we must have βj ≤ γ. In fact, since βj passes γ, βj must be less

than γ by Lemma 3.2.4. So the entry bumped remains greater than βk. Therefore

whenever an entry of Pα reaches an entry of Pβ, the entry of Pα is greater than the

entry of Pβ.

Lemma 3.2.10. Let α be the entry directly to the left of β in an SSYT T . If an

entry αj of the path Pα reaches the directly cell on top of a cell which contained the

kth entry, βk, of Pβ, then αj ≤ βk+1.
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We call the inequality in this lemma the first path condition and we say that β

as above satisfies the first path condition. The proof will make use of an additional

condition on the path Pβ, called the second path condition. This condition states

that between the insertion of β and α (for α immediately to the left of β in T ) the

entries above the cell Pβi
are less than or equal to the entry Pβi+1

.

Proof. In the following, the roman letter designates the cell containing the Greek

letter during the insertion of the Greek letter. We will prove that the cell β satisfies

both path conditions. To do this, we argue by induction. Consider the rightmost

two columns of T . Since there is no bumping during the insertion of the rightmost

column of T , the insertion path for each of these letters consists of only one entry,

which is at the top of a column. Since there is no second entry, the second path

condition is vacuously true for all entries in the rightmost column of T .

Similarly, there is no bumping during the insertion of the entries in the rightmost

column of T . Let δ be an entry in the rightmost column of T , and ε the entry

immediately to its left in T . It is enough to show that εj ≤ δ1 for all εj ∈ Pε. But

εj ≤ ε1 ≤ δ1. Therefore the first path condition is satisfied by all entries in the

rightmost column of T .

Assume that the rightmost m columns satisfy both path conditions and consider

the insertion of the (m + 1)th column from the right in T . The first entry β = β1

in the (m + 1)th column is smaller than all other entries which have been inserted

so far. Therefore it is placed on top of the tallest column and is less than or equal
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to any other entries in the insertion path for the cell immediately to its right in

T . Since there is no bumping involved in this insertion, it satisfies the first path

condition vacuously. The first entry, α = α1 in the (m + 2)th column of T has

α1 ≤ β1, and hence αi ≤ β1 for all αi ∈ Pα. So β also satisfies the second path

condition.

Next, assume that the first l entries of the (m + 1)th column have been placed

and satisfy both path conditions. Let β = β1 be the (l + 1)th entry of the (m + 1)th

column of T . We will first show that β satisfies the second path condition.

Assume that the entry immediately above b1 is bumped during the insertion of

some entry ε. First let ε be an entry above β in T . But ε1 > β1, so ε1 must be

inserted into a cell weakly following β1. This means that ε1 and all the cells in Pε

must occur strictly after the cell c above b1. So if an entry εi bumps the entry in

c before the insertion of α, it must occur during the insertion of an entry ε in the

(m + 2)th column of T such that ε < α.

Consider the entry δ immediately to the right of ε in T .

...
...

ε δ

α β

We know by the inductive hypothesis that if εi reaches the cell on top of an entry

δk, then εi ≤ δk+1, and hence εi ≤ δj for all j ≤ k + 1. Let J be the largest value

such that dJ appears before β1 in reading order. (Note that such a J exists since

d1 appears before b1 in reading order by Lemma 3.2.8.)
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Then the entry εi which bumped the entry in c must be less than or equal to

δJ+1, since it or an entry greater than εi had to pass the cell on top of dJ to reach

the cell on top of b1.

By successive applications of Lemma 3.2.9, if β2 reaches dJ+1 during F ← β,

then β2 > δJ+1. Therefore δJ+1 ≥ εi implies that β2 > εi. Otherwise, some entry

βr < β2 of Pβ reaches dJ+1, hence βr > δJ+1. But then β2 > βr > δJ+1 ≥ εi. So in

either case, εi < β2. Therefore any entry which bumps the cell on top of b1 is still

less than or equal to β2. So the cell on top of b1 must remain less than or equal to

β2.

Assume that the first p entries of Pβ satisfy the second path condition. Consider

the cell βp+1 ∈ Pβ. Let κ be the entry in the cell c immediately above βp+1 after

the insertion of β. First assume that the entry κ was bumped during the insertion

of an entry ε > β such that ε is above β in the same column of T .

When the insertion path for ε reaches bp+1, it must be greater than βp+1 by

successive applications of Lemma 3.2.9. When εi ∈ Pε reaches cell above bp+1, the

entry εi must be greater than or equal to the cell which reached bp+1. Therefore

εi > βp+1. But then εi could not bump the cell on top of βp+1. Therefore the entry

immediately on top of bp+1 could only be bumped during the insertion of an element

ε in the (m + 2)th column of T such that ε < α.

Let εi be the entry of Pε which bumped the entry in cell c, where ε is in the

same column as α, below α in T . Consider the entry δ immediately to the right of
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ε in T . We know by the inductive hypothesis that if εi reaches the cell on top of an

entry dk, then εi ≤ δk+1, and hence εi ≤ δj for all j ≤ k + 1. Let J be the largest

value such that dJ appears before bp+1 in reading order. Note that such a J exists

since d1 appears before b1 in reading order, and b1 appears before bp+1 in reading

order.

Then the entry εi which bumped the entry in c must be less than or equal to

δJ+1, since it or an entry greater than εi had to pass the cell on top of δJ to reach

the cell on top of βp+1.

By successive applications of Lemma 3.2.9, if βp+2 reaches δJ+1, then βp+2 >

δJ+1. Therefore δJ+1 ≥ εi implies that βp+2 > εi. Otherwise, some entry βr < βp+2

of Pβ reaches δJ+1, and hence βr > δJ+1. But then βp+2 > βr > δJ+1 ≥ εi. So in

either case, εi < βp+2. Therefore any entry which bumps the cell on top of β1 is still

less than or equal to βp+2. So the cell on top of β1 must remain less than or equal

to β2. Thus the entry β satisfies the second path condition.

Next we must prove that β satisfies the first path condition. Consider the (l+1)th

entry, α = α1, of the (m + 2)th column of T . This entry is immediately to the left

of the entry β1. The rows of an SSYT are weakly increasing, so α1 ≤ β1. Therefore

either α1 bumps a smaller entry before reaching the cell c above b1 or α1 reaches c.

In either case, let αs denote the entry of Pα which reaches the cell c.

When αs reaches the cell above b1, we have αs ≤ β1. If αs bumps the entry κ

on top of b1, then κ ≤ β2 implies that the entry of Pα to reach the cell on top of b2
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must be less than or equal to β2. Otherwise, αs ≤ κ, and hence αs ≤ β2. Again the

entry to reach the cell on top of b2 must be less than or equal to β2.

Finally, assume that for the first p entries βj of Pβ, the entry of Pα to reach the

cell on top of bj is less than or equal to βj. Consider the entry βp+1 ∈ Pβ. Let αq be

the entry of Pα to reach bp+1. We know by the inductive hypothesis that αq ≤ βp.

Therefore, when the entry αq reaches the cell above bp, the cell on top of bp is

less than or equal to βp+1. If αq bumps this cell, then the entry of Pα to reach bp+1

is less than or equal to βp+1. Otherwise, αq is less than or equal to the cell on top

of bp and hence αq ≤ βp+1. So the entry of Pα to reach bp+1 must be less than or

equal to βp+1.

Lemmas 3.2.7 and 3.2.10 characterize the appearance of termination points. In

particular, if α is directly to the left of β in T , Lemma 3.2.10 implies that if an

entry αj of Pα reaches the empty cell on top of tβ, αj ≤ σ(tβ). Therefore αj would

be placed in this empty cell and the procedure would terminate. This means that

tα is row-wise above tβ. Lemma 3.2.7 implies that if α is the kth largest entry in a

column, tα occurs at or below the kth column in reading order. (Recall that ordering

the columns in reading order just means ordering their highest non-empty cells in

reading order.)

Proposition 3.2.11. The shape of Ψ(T ) is a rearrangement of the shape of T .

Proof. Argue by induction on the number of columns of T . First assume that T

contains only one column. The shape of T is 1n. Then col(T ) is a strictly decreasing
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word. Therefore each letter maps to the bottom row of the semi-standard skyline

filling. The resulting shape is an arrangement of zeros and ones, a rearrangement

of 1n.

Next, assume that if T contains j columns then the shape of Ψ(T ) is a rear-

rangement of the shape of T . Let T be an SSYT of shape λ which contains j + 1

columns. After mapping the first j columns of T , the shape of the resulting figure

is a rearrangement of (λ1 − 1, λ2 − 1, . . .). By Lemmas 3.2.7 and 3.2.10, mapping

the next column into the shape adds one cell to each existing column, plus possibly

several new cells if the (j+1)th column of T is taller than the jth column. Therefore

the resulting shape is a rearrangement of (λ1, λ2, . . .) = λ.

We have shown that Ψ maps an SSYT of shape λ into an SAF whose shape

rearranges λ, and that Ψ preserves weight. We need only to describe the inverse of

Ψ to prove that it is the desired bijection.

In fact, we know from Section 3.1 that the number of SAF whose shape rear-

ranges λ is equal to the number of SSYT of shape λ. Since each SSYT maps to one

and only one SAF, it is enough to show that given an SAF F which comes from an

SSYT, there is precisely one SSYT which maps to F under Ψ.

Proposition 3.2.12. The map Ψ is invertible.

Proof. Given a skyline augmented filling F , consider the set S of all cells which are

in the top row of a column. Of these, begin with the cell c which is farthest right in

the reading order. This was the last cell to be bumped into place during Ψ : T → F
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by Lemma 3.2.7. Scan backwards through the reading order to find the next cell, d,

such that σ(d) > σ(c) and d lies directly below an entry f such that σ(f) ≤ σ(c).

· · ·
d

f

c

or ···
d

f

c

This is the first entry which could have bumped σ(c), since the entries scanned

between c and d were either too small to bump σ(c) or were directly below an entry

which would have created a descent with σ(c). To see that σ(d) did in fact bump

σ(c) = α, consider the cell f directly above d.

Case 1. σ(f) = σ(c) = α.

If σ(d) did not bump α, then α was bumped from a cell g before d in reading

order. This cell could not be in the same row as d or in the same row as f for

otherwise g and f would be attacking. The lowest possible row from which α could

have been bumped is the first row in which the entry β in the column Cd containing

d is not equal to α. If σ(c) were bumped from a cell in this row but to the right

of the column Cd, then c and the cell in Cd in the row below would be attacking.

The entry β could not have bumped α, since β < α. Therefore α must have been

bumped from a cell to the left of the cell containing β. But then α would have

bumped β, a contradiction. Therefore σ(f) 6= α.

Case 2. σ(f) < α.

In this case, α would have bumped σ(f) if α were bumped from a cell before f
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d

f c′· · ·

(a) Cd ≥ Cc

d

f c′· · ·

(b) Cd < Cc

Figure 3.3: The arrow denotes the taller column.

in reading order. Therefore, α was bumped from a cell after f . If α were bumped

from a cell c′ in the same row as f , then either {f, c′, d} would be a type A non-

inversion triple (Figure 3.3(a)) or d, c′, and the cell below c′ would form a type B

non-inversion triple by Lemma 2.1.5 (Figure 3.3(b)).

Therefore α was bumped from a cell c′ from the same row as d.

g
c′ d

f
· · ·

··
·

If the column containing c′ is taller than or equal to the column containing d,

then the entry in the cell g below c′ must be less than σ(d) or else {c′, d, g} is a

type A non-inversion triple. If the column containing d is taller, again the entry

σ(g) must be less than σ(d), for otherwise d, g, and the cell below d would form

a type B non-inversion triple by Lemma 2.1.5. In either case, the cell g directly

below c′ must have σ(g) < σ(d). Therefore the cell c′ which bumps α must have

σ(c′) < σ(d), since σ(c′) ≤ σ(g) < σ(d). Let β be the entry which bumped α.

We saw that β < σ(d) and β > α > σ(f). Therefore the same argument shows

that β must have been bumped from a cell to the left of c′ in the same row as c′.

Continuing this argument produces an infinite sequence of columns to the left of
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the column containing d, which is a contradiction since there are only finitely many

columns in the diagram.

Therefore the entry σ(d) bumped σ(c). Replace σ(d) with σ(c) and repeat the

entire process with σ(d), starting with the cell immediately before d in reading

order. Continue this scanning procedure until there are no cells farther back in the

reading order which could have bumped the selected entry, ε. This entry is the first

letter in col(T ).

Choose the next element δ of S to appear in the backwards reading order. This

was the termination point of the second to last entry in col(T ), by Lemmas 3.2.7

and 3.2.10. (If there are no other cells in S, begin with the new set S ′ consisting of

all the cells which are in the top row of some column and repeat.) Move backwards

from this element through the reading word to determine the initial element whose

placement terminated with this particular element δ. Continue this procedure until

the entire word col(T ) has been determined.

This procedure inverts the map Ψ, since it sends a skyline augmented filling F

to the word col(T ) which maps to F under Ψ.

The map Ψ : SSYT→ SAF is a weight-preserving invertible map between semi-

standard Young tableaux and skyline augmented fillings. In particular, this means

that the number of SSYT of shape λ with weight
∏

xai
i is equal to the number of

SAF with weight
∏

xai
i whose shape rearranges λ. Thus the coefficient of

∏
xai

i

in
∑

λ′ NSλ′ is equal to the coefficient of
∏

xai
i in sλ. This completes the proof of
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Theorem 3.2.1.
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Chapter 4

Applications of the bijection

4.1 An analogue of the Robinson-Schensted-Knuth

Algorithm

The insertion process utilized in the above bijection is reminiscent of Schensted

insertion, the fundamental operation of the Robinson-Schensted-Knuth Algorithm.

Theorem 4.1.1. (Robinson-Schensted-Knuth [19]) There exists a bijection between

N-matrices of finite support and pairs of semi-standard Young tableaux of the same

shape.

We apply the same procedure to arrive at an analogue of the RSK Algorithm

for skyline augmented fillings.

Theorem 4.1.2. There exists a bijection between N−matrices with finite support
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and pairs (F, G) of skyline augmented fillings of compositions which rearrange the

same partition.

We prove Theorem 4.1.2 by constructing this bijection.

4.1.1 A map from N-matrices to pairs of SAF

Let A = (ai,j) be an N-matrix with finite support. This means that there are

only finitely many non-zero entries in A. There exists a unique two-line array

corresponding to A which is defined by the non-zero entries in A. Beginning at

the upper lefthand corner and reading left to right, top to bottom, find the first

non-zero entry ai,j. Place an i in the top line and a j in the bottom line ai,j times.

When this has been done for each non-zero entry, one obtains the following array.

wA =

 i1 i2 ...

j1 j2 ...


Begin with an empty skyline augmented filling φ. Read the bottom row of wA

from right to left, inserting the entries into φ according to the insertion process

described in Section 3.1. Each time an entry jk from the bottom line is inserted,

send the entry ik directly above it into an SAF G which records the cell tjk
at

which the insertion procedure F ← jk terminated. The cell ik is placed on top of

the leftmost column of G with the same height as the column of F at which the

process terminated. If tjk
occurs in the bottom row of F , the corresponding entry

ik is placed on the bottom row in the ithk column of G. (If im were already in the ith
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2 4 1 1 4 2 3
1 1 2 2 2 3 4 ρ

1 2 3 4
3 4
2 4
2 1
1

F

1 2 3 4
2 4
1 3
1 2

2

G

Figure 4.1: ρ : A→ SAF × SAF

column for some m > k, then the entries corresponding to im, im−1, . . . ik inserted

into F form a weakly decreasing sequence by the nature of the array. But then the

cell tik would occur in a higher row by Lemma 3.2.8. So the ith column is available.)

In this way the shape of G becomes a rearrangement of the shape of F . When the

process is complete, the result is a pair (F, G) = ρ(A) of SAF’s whose shapes are

rearrangements of the same partition (see Figure 4.1).

Proposition 4.1.3. The resulting figures F and G are skyline augmented fillings.

Proof. The map ρ produces a figure F with no descents by construction. The values

in the top line of wA are weakly decreasing as the line is read from right to left, so

G contains no descents. Therefore it suffices to prove that every triple of F and

every triple of G is an inversion triple.

Proposition 3.2.3 implies that F is a skyline augmented filling, since F is con-

structed by repeated applications of the insertion procedure F ← k. Use induction

on the number of entries of G to prove that every triple of G is an inversion triple.

Assume that G contains only one entry, α. Then this entry is placed on top of

the letter α in the basement. The only triples in the resulting figure are type B
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triples consisting of a cell from the basement row to the left of α and the column

containing an α in the basement plus the α in the first row. But this triple is a type

B inversion triple, so if G contains only one entry then G is a skyline augmented

filling.

Suppose that if G contains i − 1 entries, then G is a skyline augmented filling.

Place the next value, β, according to the placement of the corresponding entry in F .

Assume that this placement of β creates a non-inversion triple to get a contradiction.

First assume that {β, σ(a), σ(c)} is a type A non-inversion triple, as shown

below.

a
β c

d

Then β ≤ σ(c) ≤ σ(a). Before β is placed c is directly on top of a cell d in G

such that {a, c, d} is a type B inversion triple. By Lemma 2.1.5, σ(a) < σ(d).

Then σ(a) < σ(c), for otherwise {a, c, d} is a type B non-inversion triple. This

contradicts the assumption that σ(c) ≤ σ(a). So placing β could not result in a

type A non-inversion triple with β on the left.

Next, assume that {β, σ(a), σ(c)} is a type A non-inversion triple as shown

below.

a
c β

Then σ(c) ≤ β ≤ σ(a). But β was placed in G after σ(c) and σ(a) by assumption,

so β ≤ σ(c). Therefore this situation can only occur if σ(c) = β. But in this case,
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the corresponding values σ(c′) and β′ in F must have β′ ≤ σ(c′) and the letters

inserted between σ(c′) and β′ form a weakly decreasing sequence by the structure

of the array. By Lemma 3.2.8, the insertion path for β′ terminates before that

of σ(c′) in reading order, which contradicts the fact that σ(c) comes before β in

the reading word of G, because the placement of σ(c) and β mark the termination

points of the corresponding insertion paths in F .

Now assume that {σ(a), β, σ(c)} is a type B non-inversion triple in G, as shown

below.

a c
β

We must have β ≤ σ(a) ≤ σ(c). However, since β was placed after σ(a) and σ(c),

the entry β would have been placed in the leftmost possible column of G with the

correct height. The column containing σ(a) had the same height as the column

containing σ(c), so β would have been placed on top of the column containing σ(a).

So this case cannot occur.

Finally, assume that {σ(a), β, σ(c)} is a type B non-inversion triple in G, as

depicted below.

β c
a

Since β is placed after σ(a) which is placed after σ(c) in G, we have β ≤ σ(a) ≤ σ(c).

The only way this is a type B non-inversion triple is if β = σ(a). In this case, the

corresponding entries β′ and σ(a′) in F must have β′ ≤ σ(a′), and the elements
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inserted between σ(a′) and β′ must form a weakly decreasing sequence. By Lemma

3.2.8, the insertion path for β′ must terminate before tσ(a′) in reading order. But

β and σ(a) in G mark these termination points. Since β is after σ(a) in reading

order, this is a contradiction.

The skyline augmented filling G records the column to which a cell is added in

F . Therefore F and G are clearly rearrangements of the same shape. This fact and

Proposition 4.1.3 imply that ρ is indeed a map from N-matrices to pairs of skyline

augmented fillings which are rearrangements of the same shape.

4.1.2 The inverse map

Given a pair (F, G) of skyline augmented fillings whose shapes are rearrangements

of the same partition λ, let Grs be the first occurrence of the smallest entry of G in

reading order. (Here Grs is the element of G in row r and column s.) If s is the ith

column of height r in G, let s′ be the ith column of height r in F . Equal elements

of G are inserted bottom to top by Lemma 3.2.4. It follows that Grs = i1 and Frs′

was the last element of F to be bumped into place during the insertion of j1.

Delete Frs′ from F and Grs from G. Scan right to left, bottom to top (back-

wards through the reading word) starting with the cell directly to the left of Frs′

to determine which cell (if any) bumped Frs′ . If there exists a cell k before Frs′

in the reading word such that σ(k) > σ(Frs′) and the cell directly on top of k has

value less than or equal to σ(Frs′), this σ(k) bumped Frs′ by the argument from
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Section 3.2. Replace σ(k) by σ(Frs′) and repeat the procedure with σ(k) starting

from the cell k. Continue working backward through the reading word until there

are no more letters. The remaining entry is the letter j1. (Notice that this is the

same procedure used in the map Ψ−1 in Section 3.2, so we have already proved that

this procedure does in fact yield the correct insertion path.)

Next find the highest occurrence of the smallest entry j2 of the new G. Repeat

the procedure to find i2. Continue until there are no more entries in F and G. Then

all of the i and j values of the array wA have been determined, and the process is

inverted.

4.2 Standard Bases for Schubert polynomials

The Schubert polynomials were introduced by Lascoux and Schützenberger [11] as

a combinatorial tool for attacking problems in algebraic geometry. The Schubert

polynomials can be described as a sum of key polynomials [18], which are decom-

posed into standard bases, U(π, λ), for a permutation π and a partition λ. Lascoux

and Schützenberger [12] define an action of the symmetric group on the free al-

gebra wwhich can be used to build the standard bases inductively. We provide a

non-inductive description of the standard bases.

83



4.2.1 Key polynomials

A key is a semi-standard Young tableau such that the set of entries in the (j + 1)th

column are a subset of the set of entries in the jth column, for all j. There is a

bijection [18] between compositions and keys given by γ 7→ key(γ) where key(γ) is

the key whose first γj columns contain the letter j. To invert this map, send the

key T to the composition with jth part equal to the number of times j occurs in T .

(Recall that this composition is called the content of T .)

Example 4.2.1. Let γ = (2, 1, 1, 4, 0, 3). Then key(γ) =

1 1 4 4
2 4 6
3 6
4
6

Let w be any word such that applying the RSK algorithm to w yields the pair

of tableaux (P, Q). Then w is said to be Knuth equivalent [10] to col(P ), denoted

w ∼ P . (There is precisely one word which is the column form of an SSYT in each

equivalence class.) This equivalence can also be described by the following set of

relations on subwords.

xzy ∼ zxy for x ≤ y < z,

yxz ∼ yzx for x < y ≤ z.

Let λ′ be the conjugate shape of a partition λ, obtained by reflecting the Ferrers

diagram of λ across the line x = y. Let w be an arbitrary word such that w ∼ T
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for T of shape λ. Then colform(w) is the composition consisting of the lengths of

the subwords in col(w). The word w is said to be column-frank if colform(w) is a

rearrangement of the nonzero parts of λ′.

Example 4.2.2. Let w = 3 5 4 2 2 1. Then colform(w) = (1, 3, 2). But w ∼ T ,

where T =

1 2
2 4
3
5

Therefore λ′ = (4, 2), so w is not column-frank since (1, 3, 2) is not a rearrangement

of (4, 2).

Let v = 4 2 5 3 2 1. Then colform(v) = (2, 4). In this case, v ∼ P , where P =

1 2
2 5
3
4

Again, λ′ = (4, 2), so in this case v is column-frank.

The set SSY T (λ) of semi-standard Young tableaux of shape λ admits a partial

ordering. Let S, T ∈ SSY T (λ). Then S ≤ T ⇐⇒ each entry in S is less than or

equal to the corresponding entry in T .

Let T be a semi-standard Young tableau of shape λ. The right key of T , denoted

K+(T ) is the key of shape λ whose jth column is given by the rightmost column of

any column-frank word v such that v ∼ T and colform(v) is of the form (. . . , λ′j)

[18]. (For T = 5 3 2 1 · 4 2 above, we have K+(T ) = 5 4 2 1 · 4 2.)
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Given an arbitrary partition λ and permutation π, there exists an associated key

K(π, λ) defined as follows. Take the subword of π consisting of the first λ1 letters

and reorder the letters in decreasing order. This is the first column of K(π, λ). Then

take the first λ2 letters of π and order these in decreasing order to get the second

column of K(π, λ). Continuing this way, one derives the word col(K(π, λ)) as in [12].

For example, let π = 241635 and λ = (4, 2, 2, 1). Then K(π, λ) = 6 4 2 1 ·4 2 ·4 2 ·2.

To any composition γ, there is an associated key polynomial, κγ. The original

algebraic definition of the key polynomial involves operators on reduced words, but

Lascoux and Schutzenberger [12] provide the following combinatorial description.

κγ =
∑

T∈SSY T (γ′)
K+(T )≤key(γ′)

xT ,

where γ′ is the partition such that γ rearranges γ′ and SSY T (γ′) is the collection

of SSYT of shape γ′.

The Schubert polynomials [11] help bridge the gap between combinatorics and

algebraic geometry. Reiner and Shimozono [18] introduce many beautiful connec-

tions between key polynomials, Schur polynomials, and Schubert polynomials.

Definition 4.2.3. The standard basis U(π, λ) is the sum of the weights of all SSYT

having right key K(π, λ).

This definition does not provide a method for construction of the standard bases,

since it is not at all obvious which SSYT have a given right key.
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4.2.2 Constructing the standard bases

Lascoux and Schützenberger [12] define an action of the symmetric group on poly-

nomials to construct the standard bases inductively. Each permutation in the sym-

metric group can be decomposed into a series of elementary transpositions, so it

suffices to define an action for a simple transposition, σi, which permutes i and i+1.

The operator πi = πσi
is

f −→ (fσi − f)

(1− xi/xi+1)
= πif,

where fσi denotes the transposition action of σi on the indices of the variables in

f . For example, if f = x2
1x2x3, then π1f =

(x1x2
2x3−x2

1x2x3)

(1−x1/x2)
= x1x

2
2x3

The operators πi satisfy the Coxeter relations πiπi+1πi = πi+1πiπi+1 and πiπj =

πjπi for ‖j − i‖ > 1 [12]. We can lift the operator πi to an operator θi on the

free algebra by the following process. Given i and a word w in the alphabet X =

x1, x2, . . ., let m be the number of times the letter xi+1 occurs in w and let m + k

be the number of times the letter xi occurs in w. Then if k ≥ 0, w and wσi differ by

the exchange of a subword xk
i into xk

i+1. The case where k < 0 is not needed in this

paper. When k ≥ 0, define wθi to be the sum of all words in which the subword xk
i

has been changed respectively into xk−1
i xi+1, xk−2

i x2
i+1, . . . , xk

i+1.

Every partition λ = (λ1, λ2, . . .) has a corresponding dominant monomial,

xλ = (xλ1 . . . x2x1)(xλ2 . . . x2x1) . . .

which equals the weight of the super tableau. (The super tableau is the SSYT which
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contains only the entry i in the ith row.)

Theorem 4.2.4. (Lascoux-Schützenberger [12]) Let xλ be the dominant monomial

corresponding to λ and σiσj...σk be any reduced decomposition of a permutation π.

Then U(π, λ) = θiθj...θkx
λ.

Theorem 4.2.4 provides an inductive method for constructing the standard basis

U(π, λ). Begin with U(id, λ) and apply θi to determine U(σi, λ). Then apply θj to

U(σi, λ) to get U(σjσi, λ). Continue this process until the desired standard basis is

obtained. We abuse notation by identifying the standard basis, a sum of monomials,

with the set of diagrams (or their weights) which constitute the sum. Figure 4.2

depicts all the standard bases for the partition (2, 1).

4.2.3 A non-inductive construction of the standard bases

The set of standard bases for the partition λ can be considered as a decomposition

of the Schur function sλ. For any partition λ of n, we have ([12])

∑
π∈Sn

U(π, λ) = sλ.

Since the nonsymmetric Schur functions are also a decomposition of the Schur

functions, it is natural to determine their relationship to the standard bases.

Theorem 4.2.5. U(π, λ) = NSπ(λ), where π(λ) denotes the action of π on the parts

of λ.
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2 3
3

U((13), (2, 1)) = x2x
2
3

2 2
3

U((123), (2, 1)) = x1x2x3 + x2
2x3

+
1 2
3

1 1
3

U((23), (2, 1)) = x2
1x3

1 3
2 +

1 3
3

U((132), (2, 1)) = x1x2x3 + x1x
2
3

1 2
2

U((12), (2, 1)) = x1x
2
2

1 1
2

U(id, (2, 1)) = x2
1x2

θ2 θ1

θ1 θ2

θ2 θ1

Figure 4.2: The standard bases for λ = (2, 1).
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To prove Theorem 4.2.5 combinatorially, we need a few lemmas. Recall that

Lemma 3.2.4 implies the following:

Let col(T ) be the column reading word of a SSYT T . Label the occurrences of

the entry α in col(T ) by α1, α2, ..., αk in increasing order starting from the right.

Then i < j ⇒ the ith occurrence of α (αi) in Ψ(T ) is in a lower row than αj, the

jth occurrence of α.

Lemma 4.2.6. Given an arbitrary skyline augmented filling F with row entries

R1, R2, ...Rk (where k = max i{γi}), then F is the only SAF with these row entries.

Proof. Given the row entries R1, R2, ..., Rk, map them into a skyline augmented

filling as follows. Let α1 be the largest entry in R1. Place α1 as far left as possible

in the first row of an empty SAF without creating a descent. Next place the second

largest entry, α2, of R1 into the leftmost empty cell c in the first row such that

the entry directly beneath c is greater than or equal to α2. Continue placing the

elements of R1 in this manner until the smallest element of R1 has been placed.

Next choose the largest entry of R2. Place it as far left as possible without

creating a descent in the second row of the partially constructed SAF. Continue

this procedure until the smallest entry of R2 has been placed. Do this for each of

the k rows. Notice that by Lemma 3.1.2 the resulting figure F is indeed a skyline

augmented filling, the only SAF with row entries R1, R2, ..., Rk.

Let θ̃i be the action of θi on an individual semi-standard Young tableau. This

action can be described by a matching procedure. Let col(T ) be the column word
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of T and let (i + 1)1 be the first occurrence of i + 1 in col(T ). Match (i + 1)1 with

the leftmost occurrence of i which lies to the right of (i + 1)1 in col(T ). If there is

no such i, the matching procedure is complete. Otherwise, continue with the next

i + 1 until there are no more occurrences of i + 1.

For example, if col(T ) = 4 2 1 · 5 3 1 · 4 2 · 3 and i = 2, then the first 3 in col(T )

(read left to right) is matched to the second 2 in col(T ).

When the matching procedure is complete, send the rightmost unmatched i to

i + 1. The resulting word is θ̃i(T ) = T ′. If T ∈ U(π, λ) then either θ̃i(T ) ∈ U(π, λ)

or θ̃i(T ) ∈ U(σiπ, λ).

Proposition 4.2.7. There exists a map Θi :SAF−→SAF such that the following

diagram commutes.

F

T

F ′

T ′

ΨΨ

θ̃i

Θi

Proof. Let F be an arbitrary skyline augmented filling and let read(F ) be the

reading word obtained by reading F left to right, top to bottom, keeping track of

the rows. Find the first occurence (i + 1)1 of i + 1 in this word. If there exists

an occurrence of i in the same row as (i + 1)1, match (i + 1)1 to this i. Otherwise

match this entry i+1 to the first unmatched i which occurs after (i+1)1 in read(F ).

If there is no such i, (i + 1)1 is unmatched and the matching process is complete.

Continue this matching procedure for each i + 1 until either an unmatched i + 1 is

reached or there are no more entries i + 1.
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Pick the rightmost unmatched i. Change it to i + 1. (If there is none, then

Θi(F ) = F .) The result is a collection of rows which differ from read(F ) in precisely

one entry. Lemma 4.2.6 provides a procedure for mapping this collection of rows

to a unique SAF. (This is the same procedure used in Section 3.1.) This SAF is

Θi(F ) = F ′. We must show that Θi(Ψ(T )) = Ψ(θ̃i(T )).

Given an arbitrary SSYT T , consider the SAF F = Ψ(T ). We claim that sending

the rightmost unmatched i in T to an i + 1 affects the row of F which contains the

rightmost i in read(F ).

To see this, begin with the word col(T ) and let i0 be the rightmost unmatched

i in col(T ). Let m be the number of matched i’s to the right of i0 in col(T ).

Let i = i1 be the first value equal to i to be inserted into F . If i1 is matched to

some i + 1 = (i + 1)1, then (i + 1)1 is inserted after i1. If (i + 1)1 reaches i1 during

some insertion stage and i1 is not in the bottom row, (i + 1)1 will bump i1 since

i1 must be on top of a cell with entry greater than or equal to i + 1. If i1 is on

the bottom row, i + 1 will be placed immediately to the right of i in the (i + 1)th

column. In either situation, i1 is still matched to (i + 1)1 in F .

Assume that the rightmost k − 1 matched appearances of i in col(T ) are still

matched to the same i + 1 in F . Consider the kth matched i = ik. It is matched to

some i + 1 = (i + 1)k which is inserted after ik. The only way for (i + 1)k to pass

ik is if ik is immediately on top of a cell containing the value i = ik−1. But then by

the inductive hypothesis, ik−1 is matched to an i + 1 = (i + 1)k−1 appearing either

92



in the same row or at some higher row. Since (i + 1)k was not placed on top of

(i + 1)k−1, (i + 1)k−1 must appear after ik−1 in the same row. But then (i + 1)k is

placed on top of (i + 1)k−1 if not before. Hence (i + 1)k appears on the same row

as ik, and so the two remain matched to each other.

Therefore, the first m matched values i remain matched to the same values i+1

in F . So the lowest candidate for a row containing an unmatched i in F is the row

containing i0. However, it is possible that i0 is matched in F to some i+1 = (i+1)2

which was matched to some value i2 6= i0 in col(T ).

If this is the case, then (i + 1)2 passed i2 in F during some insertion process

without bumping i2. But then i2 is on top of some value less than i + 1, and hence

i2 is on top of an entry i. This means that the column containing i2 contains only

i’s between the row containing i2 and the row containing i0. Therefore, (i + 1)2 is

placed in the same row as i0.

Assume there are q such i’s in this column. Then there must be at most q − 1

(i + 1)’s which are matched to these i’s in F , for otherwise there are q (i + 1)’s to

the right of q − 1 matched i’s and one unmatched i. But then one of the (i + 1)’s

would have been matched to i0 in col(T ).

Therefore the top i in the column with q i’s is the unmatched i in F which is

converted to an i + 1 during Θi(F ). However, in θ̃i(Ψ(T )), when i0 is converted to

an i+1 = (i+1)0, this entry fills the position occupied by (i+1)2 in Ψ(T ). Then the

other values i + 1 are shifted up by one row. Similarly, the second i in the column
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of i’s now occupies the position filled by i0 in Ψ(T ). So the i’s are shifted down

by one row. Hence the row which appears different in θ̃i(Ψ(T )) is the row which

contains the qth i of this column of i’s in Ψ(T ). This row contained an i in Ψ(T )

but contains an i+1 in θ̃i(Ψ(T )). But this is precisely the row which contained the

rightmost unmatched i in read(Ψ(T )), and hence the row in which an i is converted

to an i + 1. So the rows affected by θ̃i and Θi are the same.

The only way the rows of Ψ(T ) and Ψ(θ̃i(T )) could differ other than this one

change would be if some letter α which is inserted on top of i+1 in Ψ(θ̃i(T )) cannot

be placed on top of i in Ψ(T ) . This could only happen if the letter α is equal to

i + 1. But if i + 1 is inserted in the row directly above i + 1 in Ψ(θ̃i(T )), then this

i + 1 would be matched in col(T ) to the i which was changed to i + 1. This is a

contradiction; the rows of Ψ(θ̃i(T )) are the same as the rows of Ψ(T ) except for the

altering of the rightmost unmatched i.

But Θi sends Ψ(T ) to the unique SAF whose rows are identical to those of

Ψ(T ) other than the altering the same row which is altered in Θi(Ψ(T )). Therefore

Θi(Ψ(T )) = Ψ(θ̃i(T )) and the diagram commutes.

Lemma 4.2.8. For F ∈ NSγ, either Θi(F ) ∈ NSγ or Θi(F ) ∈ NSσiγ. In particu-

lar, Θi(F ) ∈ NSσiγ precisely when there are no unmatched (i + 1)’s to the right of

the rightmost unmatched i in read(F ).

Proof. Assume that F ∈ NSγ. If Θi(F ) = F , then Θi(F ) ∈ NSγ. We must

show that in the case where an unmatched i is sent to i + 1, the resulting skyline
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augmented filling is either in NSγ or in NSσiγ. But the map Θi shifts the lowest

(row-wise) unmatched i, denoted i0, in F . If there are no occurrences of the letter

i in the row directly below the row r containing the shifted i, then i + 1 is mapped

to the same position as i0 in F . If there are no i + 1’s in the row r + 1 above r,

then the entries in r + 1 are sent to the same positions as in F , and so the shape is

still γ.

If there exists an i + 1 = (i + 1)r+1 in row r + 1, then there must be an i in row

r+1, for otherwise the i+1 would be matched to the i0 in row r. If (i+1)r+1 lies to

the left of i0 in F , then it is mapped to the same position in Θi(F ) and everything

remains the same. Otherwise, it will be placed on top of the i + 1 = (i + 1)0 which

replaced i0. Then the i = ir+1 in row r + 1 will be placed in the position previously

occupied by i + 1. The only entries in row r + 2 affected by this change are i and

i + 1. Again, if there is an i + 1 = (i + 1)r+2 in row r + 2 then there must be an

i = ir+2 in row r + 2. By similar reasoning, the positions of the i and the i + 1

will switch, but all other entries remain in the same position as in F . Therefore the

heights of the columns containing i and i+1 remain the same. The same reasoning

implies that the shape of the result is γ regardless of whether or not an i + 1 is in

a row above i0.

If there exists an i = ir−1 in the row r − 1 directly below i0, their must also be

an i + 1 = (i + 1)r−1 in row r − 1, since ir−1 is matched. If (i + 1)r−1 appears to

the left of ir−1, then i0 could not have been on top of ir−1 in F , because i0 would
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reach the empty cell on top of (i + 1)r−1 first. Therefore, (i + 1)0 is mapped to the

same cell in Θi(F ) as i0 in F . In this case, we are back in the previous situation.

Finally, assume that ir−1 appears to the left of (i + 1)r−1 in F . If the column

containing (i + 1)r−1 is strictly taller than the column containing ir−1, then the

entry on top of (i+1)r−1 must be equal to i+1 to ensure a type B inversion triple.

But this contradicts the fact that there are no i + 1 entries in row r.

Therefore the column containing i is weakly taller than the column containing

i + 1. The entry below i must be less than i + 1 to ensure that these three cells are

a type A inversion triple. But this entry must also be greater than or equal to i.

Hence it must be equal to i, denoted ir−2. There must be an i + 1 = (i + 1)r−2 in

row r − 2, since ir−2 is matched in F . Since F is a non-attacking filling, (i + 1)r−2

must appear weakly to the right of (i + 1)r−1. But the entry α immediately below

(i + 1)r−1 must have α ≥ i + 1. By Lemma 2.1.5, the column containing (i + 1)r−1

must be weakly taller than the column containing (i + 1)r−2, which means that the

column containing ir−2 is weakly taller than the column containing (i+ 1)r−2. This

again implies that the entry below ir−2 is i. Continuing in this manner, we have

a column consisting only of i’s, so this must be the ith column. Since there must

be an i + 1 in each of these rows, there must be an i + 1 in the first row. But

any entry in the bottom row lies on top of its corresponding entry in the basement

row. Therefore the i + 1 in the bottom row is in the (i + 1)th column. This entry

is weakly to the right of the other (i + 1)’s. Since it is immediately to the right of

96



the ith column, this means that the (i + 1)th column contains only the entries i + 1

until the rth row.

The entry i0 cannot lie strictly to the right of ir−1 since F is non-attacking.

But it cannot lie strictly to the left of the ith column without creating a descent.

Therefore i0 is in the ith column. Sending i0 to i + 1 = (i + 1)0 moves it from the

ith column into the (i + 1)th column. There are no unmatched (i + 1)’s in the row

r+1 above r, so if there is only an i in the row above, it is placed on top of (i+1)0.

If both i and i + 1 appear, i + 1 is placed on top of (i + 1)0 and i is placed in the

position occupied by i + 1 in F . If neither appears, then the rest of the column

containing (i + 1)0 is the same as the rest of the i0 column in F . This implies that

Θi permutes the ith and (i + 1)th column, resulting in shape σiγ. This case occurs

only when there are no unmatched (i + 1)s after the rightmost unmatched i (in

reading order), for each (i + 1) which appears in a lower row is matched to the i in

its same row.

We are now ready to describe the connection between the standard bases of

Lascoux and Schützenberger and the nonsymmetric Schur functions.

Recall that Theorem 4.2.5 states that U(π, λ) = NSπ(λ), where π(λ) denotes the

action of π on the parts of λ.

Proof. (of Theorem 4.2.5)

Fix a partition λ and argue by induction on the length of the permutation π

in U(π, λ). First let π be the identity. Then U(π, λ) is the dominant monomial.
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Consider λ as a composition of n into n parts by adding zeros to the right if

necessary. Each cell a in λ1 must have σ(a) = 1, for otherwise there would be a

descent. If the second column contained a cell b such that σ(b) = 1, this cell and the

cell beside it in first column would be attacking. To avoid descents, each cell b in

the second column must have σ(b) ≤ 2. Therefore each cell b in the second column

has σ(b) = 2. Continuing inductively, we see that each cell c in the ith column

must have σ(c) = i. To see that this is indeed an SAF, we need only to check type

A triples. But if the two cells in the lefthand column are equal and less than the

cell in the righthand column, the result is a type A inversion triple. Therefore, the

NSλ = U(π, λ).

Next assume that U(π, λ) = NSπ(λ), where π(λ) is the permutation π applied

to the columns of λ when λ is considered as a composition of n into n parts. The

monomials in U(σiπ, λ) are the images of monomials of U(π, λ) whose image under

(possibly multiple applications of) θ̃i is not a monomial of U(π, λ). Pick some

such monomial of U(π, λ) which maps to U(σiπ, λ), represented by the SSYT T .

By Proposition 4.2.7, Ψ(θ̃i(T )) = Θi(Ψ(T )). Since Ψ(T ) ∈ NSπ(λ), Lemma 4.2.8

implies that Θi(Ψ(T )) ∈ NSπ(λ) or Θi(Ψ(T )) ∈ NSσiπ(λ). If Θi(Ψ(T )) ∈ NSπ(λ),

then Ψ(θ̃i(T )) ∈ NSπ(λ), so θ̃i(T ) ∈ U(π, λ) because U(π, λ) = NSπ(λ) by the

inductive hypothesis. But this contradicts the assumption that θ̃i(T ) ∈ U(σiπ, λ),

so Θi(Ψ(T )) ∈ NSσiπ(λ). Therefore, U(σiπ, λ) ⊆ NSσiπ(λ).

Let F be a monomial in NSσiπ(λ). Consider read(F ). Match the occurrences
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i and i + 1 of F as in Proposition 4.2.7 above. Find the leftmost unmatched

i + 1 = (i + 1)0. Send it to i and map the row entries back in according to

the procedure in Lemma 4.2.6. The resulting reading word is the reading word

of an SAF F ′ where this i = i0 is the rightmost unmatched i. (If there were

any unmatched values of i to the right of i0, they would have been matched to

(i + 1)0 in read(F ). If i0 were matched to some i + 1 to its left, that would be

an unmatched i + 1 in read(F ) farther left than the selected i + 1.) Therefore

Θi(F
′) = F . If F ′ ∈ NSπ(λ), then Ψ−1(F ) = T is the semi-standard Young tableau

in U(π, λ) such that θ̃i(T ) maps to F . Otherwise, repeat the procedure on F ′ until

an element of NSπ(λ) is reached. This happens eventually since by Lemma 4.2.8,

an element of NSπ(λ) is sent by Θi to an element of NSσiπ(λ) precisely when there

are no unmatched (i + 1)s to the right of the rightmost unmatched i in read(F ).

F ′ satisfies this condition when the leftmost unmatched i + 1 in F is also the

rightmost unmatched i + 1. Since the number of i’s must be less than or equal to

the number of (i + 1)’s, this will eventually occur. Therefore NSσiπ(λ) ⊆ U(σiπ, λ).

So NSσiπ(λ) = U(σiπ, λ).

Theorem 4.2.5 provides us with a non-inductive construction of the standard

bases. In particular, given a partition λ ` n and a permutation π ∈ Sn, first

consider λ as a composition of n into n parts by adding zeros to the right if necessary.

Then apply the permutation π to the columns of I to get the shape π(λ). Finally,

determine all skyline augmented fillings of the shape π(λ). The monomials given
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by the weights of these SAFs are the monomials of U(π, λ)

Recall that the standard basis U(π, λ) is equal to the sum of the weights of all

SSYT with right key K(π, λ). Therefore all of the SSYT which map to an SAF

of shape π(λ) have the same right key, K(π, λ). The lock (denoted lock(γ)) of a

composition γ is the SAF of shape γ whose ith column contains only the entries i.

Theorem 4.2.5 provides a simple method for determining the right key of a

semi-standard Young tableau.

Corollary 4.2.9. Given an arbitrary SSYT T , let γ be the shape of Ψ(T ). Then

K+(T ) = key(γ).

Proof. We must show that the map Ψ : SSY T → SAF sends a key T to lock(γ),

where γ is the composition content(T ).

We prove this by induction on the number of columns of T . If T has only one

column, C1 = α1 α2 . . . αj, then this column maps to a filling F with one row such

that the αth
i column contains the entry αi. This is precisely lock(content(T )).

Next, assume that Ψ(T ) = lock(content(T )) for all keys T with less than or

equal to m− 1 columns. Let S be a key with m columns. After the insertion of the

last m− 1 columns, the figure is lock(content(S \C1)) by the inductive hypothesis.

We must show that inserting the first column produces lock(content(S)).

Let C1 = α1 α2 . . . αl. The last entry, α1 to be inserted, must be placed on top

of the αth
1 column, since all other columns contain strictly smaller entries. Therefore

if α2 had been placed here during a previous step, α2 is bumped to the αth
2 column.
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If not, then α2 was already on top of the αth
2 column, since all other columns contain

entries which are strictly smaller than α2. Continuing in this manner we see that

after all elements of C1 have been inserted, the element αi must lie on top of the

αth
i column. Therefore Ψ(S) = lock(content(S)).

Since lock(π(λ)) ∈ U(π, λ), all SSYT which map to SAFs of shape π(λ) have the

same right key as lock(π(λ)). Therefore, if T ∈ U(π, λ), then key(T ) = key(π(λ)).

For example, the SSYT T of Example 3.2.6 has right key

3 3 3 10 10
5 5 5
7 8 8
8 10 10

10 11
11

since it maps to an SAF of shape (0, 0, 3, 0, 3, 0, 1, 3, 0, 5, 2, 0, 0, 0, 0, 0, 0).

This is a simple and quick procedure for calculating the right key of any SSYT

which facilitates the computation of key polynomials and Schubert polynomials.
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Chapter 5

Symmetries and Kotska numbers

In this chapter, we describe several properties of skyline augmented fillings and

nonsymmetric Schur functions. These properties are potentially useful for answering

difficult questions about Schur functions.

5.1 Symmetries of nonsymmetric Schur functions

The nonsymmetric Schur functions are not symmetric in general. However, the

polynomial NSγ is invariant under the action of a certain subgroup of Sn.

Theorem 5.1.1. Let H = {i : γi = γi+1} and let G = 〈σi : i ∈ H〉 be the subgroup

of Sn generated by the elementary transpositions σi = (i, i + 1) for i ∈ H. Then for

π ∈ Sn, we have π(NSγ) = NSγ ⇐⇒ π ∈ G.

Proof. Recall that Theorem 4.2.5 states that U(π, λ) = NSπ(λ), where π(λ) denotes

the action of π on the parts of λ. So for any composition γ, NSγ = U(π, λ) for some
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permutation π of the partition λ which rearranges to γ. (This means that γ = π(λ)

as compositions.)

If γi = γi+1, then σi(γ) = γ. Let
∏n

i=1 xai
i be the weight of an SAF F of shape

γ in NSγ. Say ai − ai+1 = b. The monomial determined by applying σi to the

weight of F ∈ U(π, λ) is equal to the weight of Θb
i(F ). But Proposition 4.2.7 states

that Θb
i(F ) = θ̃i

b
(T ) for some T ∈ SSY T (λ). The map θ̃i

b
sends an SSYT T in

U(π, λ) to an SSYT T ′ in U(σiπ, λ) such that the number of i’s and (i + 1)’s are

interchanged.

We saw in Section 4.2.2 that θ̃i
b

is a bijection between SSYT of shape λ in

U(π, λ), content {1a1 , 2a2 , . . . iai , (i+1)ai+1 , . . . nan} and SSYT of shape λ in U(σiπ, λ),

content {1a1 , 2a2 , . . . iai+1 , (i+1)ai , . . . nan}. Therefore Θ̃i
b
is a bijection between SAF

of shape π(λ) = γ, content {1a1 , 2a2 , . . . iai , (i + 1)ai+1 , . . . nan} and SAF of shape

σi(γ), content {1a1 , 2a2 , . . . iai+1 , (i + 1)ai , . . . nan}.

We know that σi(γ) = γ, so the bijection is between SAF’s of shape γ and

content {1a1 , 2a2 , . . . iai , (i + 1)ai+1 , . . . nan} and SAF’s of shape γ and content

{1a1 , 2a2 , . . . iai+1 , (i+1)ai , . . . nan}. Therefore NSγ is invariant under σi if γi = γi+1.

It remains to show that if γj 6= γj+1, then σj(NSγ) 6= NSγ. But consider

the SAF lock(γ) in which the ith column contains only the entry i. First assume

γj > γj+1. There are γj j’s in lock(γ). The only way to place more (j + 1)’s in the

shape γ is to place them in a column Ck to the right of the (j + 1)th column. But

this would eliminate some of the entries k. Therefore there is no SAF of shape γ
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with content {1γ1 , 2γ2 , . . . jγj+1 , (j + 1)γj , . . . nγn}.

Finally, assume that γj < γj+1. Again consider lock(γ). Any SAF with content

{1γ1 , 2γ2 , . . . jγj+1 , (j + 1)γj , . . . nγn} must have the property that the mth column

contains all of the γm m’s for m > j +1. Therefore any j must appear either in the

jth column or the (j + 1)th column. But there must be γj entries equal to j + 1 in

the first γj rows of the (j + 1)th column. This means that the γj entries in the jth

column are equal to j and the remainder of the j’s appear in the (j + 1)th column,

beginning at row γj +1 and continuing up the column. But then the j in row γj +1

of the (j + 1)th column and the j at the top of the jth column would be attacking,

which is a contradiction. So σj(NSγ) 6= NSγ when γj 6= γj+1.

For example, let γ = (0, 2, 2, 0, 1). Then NSγ = x1x
2
2x3x5 + x1x2x

2
3x5 + x2

2x
2
3x5,

as shown below.

2 3
1

5
2

1 2 3 4 5
2 3

3
5

1

1 2 3 4 5
2 3

3
5

2

1 2 3 4 5

The polynomial NSγ is fixed under the permutation σ2 and no other permutation.

So the subgroup of Sn that fixes NSγ is 〈(2, 3)〉.

5.2 Nonsymmetric Kostka numbers

Recall that the Kostka number Kλµ is the number of semi-standard Young tableaux

of shape λ and weight µ. The nonsymmetric Kostka number NKγδ is the number
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of skyline augmented fillings of shape γ and weight δ. Equation 3.0.1 implies that

Kλµ =
∑
γ∼λ

NKγµ

since Kλµ is the coefficient of xµ in sλ and NKγµ is the coefficient of xµ in NSγ.

Therefore, a simple formula for NKγµ would provide a simple formula for Kλµ.

The Hook Length Formula [2] described in Chapter 1.2 is an example of a

computational formula for the Kostka number Kλ1n . The probabilistic proof of

Greene, Nijenhuis, and Wilf [4] utilizes a recursive formula for counting the number

of standard Young tableaux. We describe a recursive formula for counting the

number of standard skyline augmented fillings (SSAF) with the hope that this

formula will lead to an analogue of the Hook Length Formula in the nonsymmetric

setting.

Definition 5.2.1. An attic is a cell c in d̂g(γ) satisfying the following conditions.

1. c is the highest cell in its column.

2. If the column containing c has height k, then there are no columns of height

k − 1 to the left of c.

3. For each column j to the left of the column containing c, we have

j∑
i=1

γi < j.

Let γc be the figure obtained by deleting the cell c. Note that if c is an attic, γc

is still a composition. Let NFγ be the number of SSAF of shape γ.
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Proposition 5.2.2. For any composition γ,

NFγ =
∑

c

NFγc ,

where the sum is over all attics c.

Proof. Let γ be a composition. We must prove that for any SSAF of shape γ, the

entry 1 must appear in an attic. We must also show that the number of SSAF of

shape γc is equal to the number of SSAF of shape γ with the entry 1 in c.

Let F be an arbitrary SSAF of shape γ. Let c be the cell containing the entry

1. Then c must appear at the top of a column, for otherwise c and the cell on top

of c would create a descent. So c satisfies the first attic condition.

Assume that the column C0 containing c has height k. To get a contradiction

on the second attic condition, assume that there exists a column C1 of height k− 1

to the left of C0. Let a be the cell in the (k− 1)th row of C1 and let b be the cell in

the (k − 1)th row of C0 as depicted below.

a

c

b.. .

Then σ(a) < σ(b) by Lemma 2.1.5. But then 1 = σ(c) < σ(a) < σ(b) implies

that {a, b, c} is a type B non-inversion triple. So c must satisfy the second attic

condition.

To prove that c satisfies the third attic condition, again argue by contradiction.

Let γj be a part of γ to the left of the column containing c. Suppose that
∑j

i=1 γi ≥

j. This means that in the first j columns, there are at least j cells. None of these
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Figure 5.1: Shape γ maps to shape γc

cells can contain an entry greater than j, for that would create a descent. Therefore

each of the numbers 1 through j must appear somewhere in the first j columns.

So the entry 1 appears in one of the first j columns. Because c is not contained in

one of these columns, the entry 1 could not be contained in the cell c. This is a

contradiction, so c satisfies the third attic condition.

This argument shows that c must be an attic if c contains the entry 1. Next we

must prove that the number of SSAF of shape γc is equal to the number of SSAF

of shape γ with the entry 1 in c.

Begin with an SSAF of shape γ and let c be the cell containing the entry 1.

Delete c and delete the leftmost basement entry. Send each entry α to the entry

α − 1. The resulting figure is a standard filling of the shape d̂g(γc). (See Figure

5.1.) We must prove that this filling is an SAF.

Sending each cell α to α− 1 does not create any non-inversion triples, since this

changes the entries but not their order. We must check for non-inversion triples

created by the deletion of cell c.

Let C0 be the column containing c. Consider an arbitrary column Ci to the

left of C0. If Ci is taller than or equal to C0 in γ, the triples involving these two
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columns are type A triples. After deleting c, the column Ci will still be taller than

or equal to C0, so the triples involving these two columns will remain type A triples.

Therefore no non-inversion triples are created.

If Ci is shorter than C0 in γ, then the second attic condition implies that Ci is at

least two rows shorter than C0. So the triples involving these two columns are type

B triples and remain type B triples after c is deleted. Therefore no non-inversion

triples are created with columns to the left of C0.

Let Cj be a column to the right of C0. If C0 is strictly shorter than or strictly

taller than Cj, the type of triple involving these two columns remains the same after

c is deleted. However, if C0 is the same height as Cj, then we must check to see if

any type B non-inversion triples were created. Consider the type A triple {c, a, e}

shown below.

a
c

b
e

.. .

Since σ(c) = 1 and {c, a, e} is a type A triple, σ(c) < σ(a) < σ(e). Therefore

σ(a) < σ(e) < σ(b) so {a, e, b} is a type B inversion triple after the deletion of c.

Next we must show that all type B triples involving cells in lower rows are

inversion triples. Consider d in a cell of C0 somewhere below c and f in a cell of C1

somewhere below b such that d and f are in the same row r of F , the highest row

such that σ(f) < σ(d). Let h be the cell immediately above d and let g be the cell

immediately above f , as shown.
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d

h
f
g

.. .

Then σ(h) < σ(g) < σ(f) < σ(d). But then {h, g, d} would be a type A non-

inversion triple in F . So for every pair of cells d, f in the columns C0 and C1 in the

same row of F , the entry on the left is smaller.

Consider two cells, h, g in F as depicted.

d
h

f
g

.. .

We know that σ(h) < σ(g). Since {h, d, g} is a type A inversion triple in F ,

σ(d) < σ(g). Therefore when c is removed, σ(d) < σ(g) < σ(f). So {d, g, f} is a

type B inversion triple. This implies that every type B triple created by the deletion

of c is an inversion triple. Therefore deleting c does not create any non-inversions.

So this mapping of an SSAF of shape γ to a filling of shape γc does indeed produce

an SSAF.

Similarly, we show that any SSAF of shape γc remains an SSAF when its entries

α are mapped to α + 1 and the cell c is added containing the entry 1.

Given an arbitrary SSAF G of shape γc consider the column C0 which will

contain c and a column C1 to its left. If C0 is strictly taller than C1, the triples

involving the two columns are type B inversion triples. Adding the cell c does not

change this, and c will be at least two rows higher than any entry of C1. So no

non-inversion triples are created. If C1 is strictly taller than C0, the column C1 is

still weakly taller than C0 after adding the cell c. So the existing triples remain the
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same, and we must check that the cells d and b of C1 in the row containing c and

row r − 1 do not form an inversion triple with c.

b

d
a
c

.. .

We know that σ(d) < σ(b) since there are no descents in G. But σ(c) = 1

so σ(c) < σ(d) < σ(b) implies that {c, d, b} is a type A inversion triple. If C1

and C0 were the same height, c would not be added onto C0 by the second attic

condition. Therefore adding the cell c onto the column C0 does not create any new

non-inversion triples to the left.

Consider a column C2 to the right of C0. If C0 is weakly taller than C2, adding

c to C0 does not change the type of existing triples, nor does it add an additional

triple. If the height of C0 is one less than the height of C2, adding c changes the

triples from type B triples to type A triples. But by Lemma 2.1.5, we know that for

every pair h, g of cells in the same row of these two columns, σ(h) < σ(g). Consider

the type A triple {h, g, d} depicted below.

d
h

f
g

.. .

We must prove that {h, g, d} is a type A inversion triple. But since {d, g, f} was a

type B inversion triple, σ(d) < σ(g) < σ(f). So σ(h) < σ(d) < σ(g) implies that

{h, d, g} is indeed a type A inversion triple.

In this case, the cell c is added to column C0 on top of a cell a as depicted below.

a

c

b

e
.. .
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We already know that σ(a) < σ(e) < σ(b), since {a, e, b} is a type B inversion

triple in G. But σ(c) = 1 implies that σ(c) < σ(a) < σ(e), so {c, a, e} is a type A

inversion triple in G ∪ c.

Finally, if C2 is at least two rows taller than C0, adding c does not change the

type of triples involving the two columns. We must check that if c is placed in the

same row as b, with e directly on top of b as depicted below, then the triple {c, e, b}

is a type B inversion triple.

c b
e

.. .

But σ(e) < σ(b) and σ(c) = 1, so σ(c) < σ(e) < σ(b). So {c, e, b} is indeed a type

B inversion triple.

Therefore if c is an attic, adding the cell c with σ(c) = 1 to an SSAF of shape

γc and increasing the entries by one creates an SSAF of shape γ. Therefore, the

number of SSAF of shape γ with the entry 1 in the cell c is exactly the number of

SSAF of shape γc.

One significant difference between standard skyline augmented fillings and stan-

dard Young tableaux is that every partition admits at least one SYT, but there

exist compositions which do not admit a standard SAF.

The complicating factor in this situation is the parts of the composition equal

to zero. It is clear that if γ admits a standard SAF, the last part γm of γ must be

non-zero. (Otherwise the entry m would create a descent wherever it is placed.) If
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all of the zero parts of γ appear at the beginning of γ, then the shape looks like a

composition shifted to the right. If the non-zero columns are weakly decreasing, then

the attics are precisely the corners in the second row through the top row. These

corners are precisely the places where an n could appear if the shape (excluding the

first row) were an SYT. Therefore NFγ = fγ′ , where γ′ is the partition derived by

subtracting 1 from each non-zero part of γ and then discarding the zero parts.

If the columns are not weakly decreasing, then there exist two columns Ci and

Ci+1 such that Ci+1 is immediately to the right of Ci and Ci+1 is strictly taller than

Ci. Then the cells a and b in the first row (containing i and i + 1) together with

the cell g immediately on top of B form a type B triple as shown.

i

a

i+1

b

g

But σ(g) must be less than i, since there are no descents and i and i + 1 already

appear in the entries a and b. Then {g, a, b} is a type B non-inversion triple, a

contradiction. Therefore there are no standard SAFs of this shape.
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Chapter 6

Conclusion

The Schur functions, which are described combinatorially through semi-standard

Young tableaux (SSYT), are a useful basis for symmetric functions. They can

be derived from a specialization of Macdonald polynomials. Recently Haglund,

Haiman, and Loehr found a combinatorial description of the Macdonald polynomials

involving new statistics on fillings of partitions.

Nonsymmetric Macdonald polynomials decompose the Macdonald polynomials

into components indexed by compositions rather than partitions. By extending the

partition statistics to compositions Haglund, Haiman, and Loehr provide a com-

binatorial description of the nonsymmetric Macdonald polynomials. The nonsym-

metric Schur functions are derived as a specialization of nonsymmetric Macdonald

polynomials and hence have a combinatorial description given by the statistics on

compositions. We demonstrate that the nonsymmetric Schur functions in arbitrarily
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many variables form a basis for all polynomials.

The specialization q = t = 0 implies algebraically that the nonsymmetric Schur

functions decompose the ordinary Schur functions. This thesis provides the first

combinatorial proof of this fact through a bijection between SSYT and new objects

called skyline augmented fillings (SAF).

The bijection between SSYT and SAF involves an insertion process similar

to Schensted insertion and therefore leads to a nonsymmetric analogue of the

Robinson-Schensted-Knuth algorithm. This version describes a bijection between

N-matrices of finite support and pairs of SAF’s which rearrange the same partition.

Schubert polynomials are a combinatorial tool used to approach problems in

algebraic geometry. The standard bases of Lascoux and Schützenberger are the

building blocks of Schubert polynomials. We prove that the standard basis U(π, λ)

is equal to the nonsymmetric Schur function NSπ(λ). This provides a non-inductive

method for constructing standard bases.

To each SSYT, there is an associated key, which can be used to construct a

key polynomial. Key polynomials are sums of standard bases and have many ap-

plications to Schubert polynomials and Schubert varieties. We demonstrate that

the key associated to an arbitrary semi-standard Young tableau can be determined

by mapping the SSYT to its associated SAF. This provides a simple method for

constructing the key of an SSYT.
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Appendix A

Tables of nonsymmetric Schur

functions

Table A.1: n = 2

γ NSγ

(2,0) x2
1

(0,2) x1x2 + x2
2

(1,1) x1x2
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Table A.2: n = 3

γ NSγ

(3,0,0) x3
1

(2,1,0) x2
1x2

(2,0,1) x2
1x3

(1,2,0) x1x
2
2

(1,1,1) x1x2x3

(0,3,0) x2
1x2 + x1x

2
2 + x3

2

(1,0,2) x1x2x3 + x1x
2
3

(0,2,1) x1x2x3 + x2
2x3

(0,1,2) x2x
2
3

(0,0,3) x2
1x3 + x1x2x3 + x2

2x3 + x1x
2
3 + x2x

2
3 + x3

3
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Table A.3: n = 4 (γi ≤ 2, ∀i)

γ NSγ

(2,2,0,0) x2
1x

2
2

(2,1,1,0) x2
1x2x3

(2,1,0,1) x2
1x2x4

(2,0,2,0) x2
1x2x3 + x2

1x
2
3

(1,2,1,0) x1x
2
2x3

(2,0,1,1) x2
1x3x4

(1,1,2,0) x1x2x
2
3

(1,2,0,1) x1x
2
2x4

(2,0,0,2) x2
1x2x4 + x2

1x3x4 + x2
1x

2
4

(1,1,1,1) x1x2x3x4

(0,2,2,0) x1x2x
2
3 + x1x

2
2x3 + x2

2x
2
3

(1,1,0,2) x1x2x3x4 + x1x2x
2
4

(1,0,2,1) x1x2x3x4 + x1x
2
3x4

(0,2,1,1) x1x2x3x4 + x2
2x3x4

(1,0,1,2) x1x3x
2
4

(0,2,0,2) x1x2x3x4 + x1x2x
2
4 + x1x

2
2x4 + x2

2x3x4 + x2
2x

2
4

(0,1,2,1) x2x
2
3x4

(0,1,1,2) x2x3x
2
4

(0,0,2,2) x1x3x
2
4 + x1x2x3x4 + x2x3x

2
4 + x1x

2
3x4 + x2x

2
3x4 + x2

3x
2
4
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Table A.4: n = 4 (∃i s.t. γi > 2)

γ NSγ

(4,0,0,0) x4
1

(3,1,0,0) x3
1x2

(3,0,1,0) x3
1x3

(3,0,0,1) x3
1x4

(1,3,0,0) x2
1x

2
2 + x1x

3
2

(0,4,0,0) x3
1x2 + x2

1x
2
2 + x1x

3
2 + x4

2

(0,3,1,0) x2
1x2x3 + x1x

2
2x3 + x3

2x3

(1,0,3,0) x2
1x2x3 + x1x

2
2x3 + x2

1x
2
3 + x1x2x

2
3 + x1x

3
3

(0,3,0,1) x2
1x2x4 + x1x

2
2x4 + x3

2x4

(0,1,3,0) x1x2x
2
3 + x2

2x
2
3 + x2x

3
3

(0,0,4,0) x3
1x3 + x2

1x2x3 + x1x
2
2x3 + x3

2x3 + x2
1x

2
3 + x1x2x

2
3 + x2

2x
2
3 + x1x

3
3+

x2x
3
3 + x4

3

(1,0,0,3) x2
1x2x4 + x1x

2
2x4 + x2

1x3x4 + x1x2x3x4 + x1x
2
3x4 + x2

1x
2
4 + x1x2x

2
4+

x1x3x
2
4 + x1x

3
4

(0,0,3,1) x2
1x3x4 + x1x2x3x4 + x2

2x3x4 + x1x
2
3x4 + x2x

2
3x4 + x3

3x4

(0,1,0,3) x1x2x3x4 + x2
2x3x4 + x2x

2
3x4 + x1x2x

2
4 + x2

2x
2
4 + x2x3x

2
4 + x2x

3
4

(0,0,1,3) x1x3x
2
4 + x2x3x

2
4 + x2

3x
2
4 + x3x

3
4

(0,0,0,4) x3
1x4 + x2

1x2x4 + x1x
2
2x4 + x3

2x4 + x2
1x3x4 + x1x2x3x4 + x2

2x3x4+

x1x
2
3x4 + x2x

2
3x4 + x3

3x4 + x2
1x

2
4 + x1x2x

2
4 + x2

2x
2
4 + x1x3x

2
4 + x2x3x

2
4+

x2
3x

2
4 + x1x

3
4 + x2x

3
4 + x3x

3
4 + x4

4
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