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ABSTRACT

ARITHMETIC AND GEOMETRY OF THE OPEN P -ADIC DISC

Scott Corry

Florian Pop, Advisor

Motivated by the local lifting problem for Galois covers of curves, this thesis inves-

tigates Galois branched covers of the open p-adic disc. Our main result is that the

special fiber of an abelian cover is completely determined by arithmetic and geomet-

ric properties of the generic fiber and its characteristic zero specializations. This

determination of the special fiber in terms of characteristic zero data is accomplished

via the field of norms functor of Fontaine and Wintenberger. As a consequence of

our result, we derive a characteristic zero reformulation of the abelian local lifting

problem, and as an application we give a new proof of the p-cyclic case of the Oort

Conjecture, which states that cyclic covers should always lift.
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Chapter 1

Introduction

The main result of this thesis (Theorem 4.0.1) says that the special fiber of an

abelian branched cover of the open p-adic disc is completely determined by charac-

teristic zero fibers. The motivation for such a theorem comes from the global lifting

problem for Galois covers of curves : if G is a finite group, k is an algebraically

closed field of characteristic p > 0, and f : C → C ′ is a finite G-Galois branched

cover of smooth projective k-curves, does there exist a lifting of f to a G-Galois

branched cover of smooth projective R-curves, where R is a discrete valuation ring

of mixed characteristic with residue field k? This problem has been much studied;

see e.g. [9], [13], [8], [14], [16].

As a brief survey of the subject, we mention the following results:

• (Grothendieck, [9]) If f is at most tamely ramified, then a lifting exists over

R, where R is any complete DVR with residue field k. Moreover, the lifting
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is unique once we fix a lifting of C ′ and the branch locus of f .

• Not all wildly ramified covers are liftable: there exist curves of genus g ≥

2 in positive characteristic whose automorphism groups are too large to be

automorphism groups of genus g curves in characteristic zero, by the Hurwitz

genus bounds. If C is such a curve, it is then clear that C → C ′ = C/Aut(C)

is not liftable to mixed characteristic.

• There are even examples of non-liftable p-elementary abelian covers. See [8]

for an example with G = (Z/pZ)2 for p > 2.

• Oort, Sekiguchi, and Suwa showed in [13] that cyclic covers lift if p divides |G|

at most once. Their method was global in nature, involving a group scheme

degeneration of Kummer Theory to Artin-Schreier Theory.

• Using local methods (see below), Green and Matignon proved in [8] that cyclic

covers lift if p divides |G| at most twice.

• Pagot has shown in [14] that Klein-four covers always lift.

• Dp-covers are liftable by [16], where the method of differential data is used.

The guiding conjecture in the subject was provided by F. Oort [12], who sug-

gested the

Oort Conjecture: Cyclic covers always lift.
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In Chapter 5 of this thesis, we derive an arithmetic reformulation of a stronger form

of this conjecture, which specifies the ring R over which the lifting should occur:

Strong Oort Conjecture: If f : C → C ′ is cyclic of order pen with (p, n) = 1,

then f lifts over R = W (k)[ζpe ], where W (k) denotes the Witt vectors of k.

A major breakthrough in the subject came when Green and Matignon discovered

that the obstructions to lifting are not global in nature, but rather local. Indeed,

using either rigid patching [8] or deformation theory [1], the global lifting problem

reduces to a local one, due to the

Local-to-Global Principle: ([8] section III, [1] Corollaire 3.3.5) Let y ∈ C be

a ramification point for the G-Galois cover f : C → C ′, and consider the Gy-

Galois cover fy : Spec(ÔC,y) → Spec(ÔC′,f(y)) obtained by completion, where Gy

is the inertia subgroup at y. Suppose that for each such ramified y ∈ C, the map

fy can be lifted to a Gy-Galois cover of open p-adic discs, Fy : D → D, where

D = Spec(R[[Z]]). Then the local liftings, Fy, can be patched together to yield a

lifting of f to a G-Galois cover of smooth projective R-curves.

Since ÔC,y ∼= k[[t]], we are led to consider the following local lifting problem

for Galois covers of curves : given a finite G-Galois extension of power series rings

k[[t]]|k[[z]], does there exists a lifting to a G-Galois extension R[[T ]]|R[[Z]], where

R is a mixed characteristic DVR with residue field k? One could also consider the

(weaker) birational local lifting problem for Galois covers of curves : given a finite

G-Galois extension of Laurent series fields k((t))|k((z)), does there exists a lifting to
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a G-Galois extension of normal rings A|R[[Z]]? By a lifting in this case, we mean

that As := A/$A is an integral domain (where $ is a uniformizer for R), and

the fields Frac(As) and k((t)) are isomorphic as G-Galois extensions of k((z)). In

particular, in the birational version of the local problem, we do not require Spec(A)

to be smooth: in terms of geometry, this corresponds to allowing the curve C to

acquire singularities.

As mentioned above, the local lifting problem does not always have a positive

solution. On the other hand, Garuti has shown in [6] that the birational local

lifting problem does always have a positive solution, so the birational problem is

indeed weaker than the local lifting problem. It is clearly advantageous to work

with Laurent series fields rather than power series rings, however, and the following

criterion for good reduction ensures that we may do so without sacrificing the

smoothness of our liftings.

Local Criterion for Good Reduction: ([10] section 5, [8] 3.4) Let A be a

normal integral local ring, which is also a finite R[[Z]]-module. Assume moreover

that As := A/$A is reduced and Frac(As)|k((z)) is separable. Let Ãs be the integral

closure of As, and define δk := dimk(Ãs/As). Also, setting K = Frac(R), denote

by dη the degree of the different of (A⊗K)|(R[[Z]]⊗K), and by ds the degree of the

different of Frac(As)|k((z)). Then dη = ds + 2δk, and if dη = ds, then A ∼= R[[T ]].

Using this criterion, we obtain the

Birational Criterion for Local Lifting: Suppose that k[[t]]|k[[z]] is a G-Galois
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extension of power series rings. Then a G-Galois extension of normal integral local

rings, A|R[[Z]], is a lifting of k[[t]]|k[[z]] if and only if it is a birational lifting of

k((t))|k((z)), and ds = dη.

Hence, the local lifting problem can be reformulated as follows: given a G-Galois

extension k((t))|k((z)), does there exist a G-Galois birational lifting A|R[[Z]] which

preserves the different, i.e. such that ds = dη?

It is this last formulation of the local lifting problem that provides our motiva-

tion for studying Galois covers of the open p-adic disc. In particular, given such a

G-Galois branched cover Y = Spec(A)→ D, we are interested in determining geo-

metric and arithmetic properties of the special fiber Yk → Dk (such as irreducibility,

separability, and the degree of the different ds) from the corresponding properties

of the generic fiber YK → DK and its specializations at various points x ∈ DK .

Our main result (Theorem 4.0.1) provides precisely such a characterization of the

special fiber in terms of characteristic zero data. Roughly speaking, our result says

that the special fiber of a Galois cover of the open p-adic disc “wants” to be the field

of norms of the characteristic zero fibers, and the degree to which this fails is the

phenomenon of inseparability. Our work can be regarded as a concrete investigation

of the class field theory of the open p-adic disc, and our main result suggests that

the local lifting problem would be answered by a Grunwald-Wang type theorem for

the open disc, with control over the generic different.

In Chapter 2 of this thesis we review the basic structure of the open p-adic
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disc, and then in Chapter 3 we describe the theory of the field of norms due to

Fontaine and Wintenberger, which plays a major role in our main result. Chapter 4

contains the proof of our main theorem characterizing the special fiber of a Galois

branched cover of the open p-adic disc in terms of the characteristic zero fibers of the

cover. An arithmetic reformulation of the Oort Conjecture is deduced in Chapter 5,

together with a new proof of this conjecture in the p-cyclic case. Finally, Appendix

A amends a result of Brylinksi to derive a formula for the different of a pn-cyclic

extension of a local field of characterstic p in terms of the classifying Witt vector.

1.1 Notation

Let K be a complete discretely valued field. We make the following notational

conventions:

- RK denotes the valuation ring of K;

- mK denotes the maximal ideal of RK ;

- kK denotes the residue field of RK ;

- νK denotes the normalized discrete valuation on K, determined by the condi-

tion that νK(K×) = Z;

- | · |K is the absolute value on K induced by νK , normalized so that |α|K =

p−νK(α).
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- if L is the completion of an algebraic extension of K, then we also denote by

νK (resp. | · |K) the unique prolongation of νK (resp. | · |K) to L;

- forN ∈ Z, the symbol o(N) denotes an element ofK such that νK(o(N)) ≥ N ;

- if L|K is algebraic, then K0 denotes the maximal unramified subextension,

and K1 the maximal tamely ramified subextension.
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Chapter 2

The Open p-adic Disc

Let K be a complete discretely valued p-adic field, with valuation ring R = RK .

Then the open p-adic disc (over K) is defined to be DK := Spec(R[[Z]] ⊗R K),

and its smooth integral model is denoted by D = Spec(R[[Z]]). The key result for

understanding the structure of the open p-adic disc is the Weierstrass Preparation

Theorem:

Proposition 2.0.1. (Weierstrass Preparation Theorem, [2] VII.3.8, Prop. 6) Sup-

pose that g(Z) ∈ R[[Z]] has a nonzero reduced series g(z) ∈ k[[z]], of valuation

νk((z))(g(z)) = d ≥ 0. Then g(Z) can be written uniquely as

g(Z) = (Zd + ad−1Z
d−1 + · · ·+ a0)U(Z),

where all ai ∈ m and U(Z) is a unit in R[[Z]]. The degree d is called the Weierstrass

degree of g(Z).
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Polynomials Zd + ad−1Z
d−1 + · · · + a0 as in the proposition are called distin-

guished polynomials, and we see that the ring R[[Z]] has the following properties: it

is a 2-dimensional regular local ring with maximal ideal ($,Z), where $ is a uni-

formizer for R. Moreover, if P is a height 1 prime of R[[Z]], then either P = ($), or

P = (f(Z)) for some irreducible distinguished polynomial in R[Z]. It follows that

R[[Z]]⊗K is a Dedekind domain whose maximal ideals are in one-to-one correspon-

dence with the irreducible distinguished polynomials over R. Finally, the geometric

points of DK can be described as:

DK(K) =
{
α ∈ K | f(α) = 0 & f ∈ R[Z] irred. distinguished

}
=

{
α ∈ K | |α|K < 1

}
,

which explains the name of DK .

2.1 The Weierstrass Argument

As a consequence of the Weierstrass Preparation Theorem, we see that an arbitrary

nonzero power series g(Z) ∈ R[[Z]] can be written in the form g(Z) = $cf(Z)U(Z),

where c ≥ 0 and f(Z) is distinguished of degree d ≥ 0. In the course of our

investigation, we will very often have to work with the ring R[[Z]]m, the local ring

of D at the generic point of the special fiber Dk = Spec(k[[z]]) ⊂ D. Now the

previous remarks imply that an arbitrary nonzero element ξ(Z) ∈ R[[Z]]m has the
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form

ξ(Z) =
$cf1(Z)U(Z)

f2(Z)
,

where the fi(Z) are distinguished. In particular, the denominator f2(Z) will be

relatively prime to almost all height one primes of R[[Z]], so if P = (h(Z)) is one

of these primes, we will have ξ(Z) ∈ R[[Z]]P , and it will make sense to look at the

image of ξ in R[[Z]]P/P ∼= K(α), where α is a root of h(Z) in K. When we have

chosen a particular root α, we will refer to the image of ξ as the specialization of

ξ at the point Z = α. Since in any particular argument only finitely many such

elements ξ will be involved, it will generally make sense to specialize everything in

sight at most points of DK . In the rest of this thesis, we will refer to this argument

(which allows us to specialize almost everywhere) as the Weierstrass Argument.

2.2 The Ramification Argument

Suppose that {xm}m ⊂ DK is a sequence of points corresponding to a sequence

{αm}m ∈ K with each αm being a uniformizer for the discrete valuation fieldK(αm).

Moreover, suppose that |αm|K → 1 as m→∞, so that the points xm are approach-

ing the boundary of DK . Equivalently, we are assuming that the ramification index

em := e(K(αm)|K) goes to ∞ with m. Given ξ(Z) = $c f1(Z)
f2(Z)

U(Z) ∈ R[[Z]]m, we

can consider the specialization of ξ at xm for m >> 0 (by the Weierstrass Argu-
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ment). Denoting this specialization by ξm ∈ K(αm), we see that

νK(αm)(ξm) = cνK(αm)($) + νK(αm)

(
f1(αm)

f2(αm)

)
.

Note that for any a ∈ mK we have νK(αm)(a) ≥ νK(αm)($) = em. Hence, if di is the

Weierstrass degree of fi(Z), then for m >> 0 we have νK(αm)(a) ≥ d1 + d2 for all

a ∈ mK . It follows that νK(αm)(fi(αm)) = νK(αm)(α
di
m) = di, so

νK(αm)(ξm) = cem + (d1 − d2) ≥ −d2.

Thus, we see that the normalized valuations of the specializations ξm ∈ K(αm) are

bounded below by −d2 = −(degree of the pole of ξ(Z)). Moreover, if c > 0 (i.e. if

ξ(z) = 0), then νK(αm)(ξm)→∞ as m→∞. Finally, if d1 ≥ d2, then ξm ∈ RK(αm)

for m >> 0, even if c = 0.

Again, since in any particular argument only finitely many such elements ξ will

be involved, the foregoing remarks imply that there will be a uniform lower bound

on the normalized valuations of the specializations at the points xm, independently

of m. Moreover, we see that it will be easy to check whether these specializations

are integral, and whether their valuations run off to infinity. We will refer to this

argument as the Ramification Argument in the sequel.
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Chapter 3

The Field of Norms

3.1 Review of ramification theory

In this section we briefly recall the definitions and important properties of the

upper and lower ramification filtrations. For complete proofs and a more leisurely

treatment, the classic source is [15], Chapter IV.

Let K be a complete discretely valued field, and let L|K be a finite Galois

extension. Then we define a function iL : Gal(L|K)→ Z ∪ {∞} by

iL(σ) := min
x∈RL

(νL(σ(x)− x)− 1).

Remark 3.1.1. The function iL just defined differs slightly from the function iG

defined by Serre in [15]: iL = iG − 1 for G = Gal(L|K). We prefer to use the

function iL in order to match the notations of [17].
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Lemma 3.1.2. Suppose that L|K is totally ramified, and let π be any uniformizer

for L. Then iL(σ) = νL(σ(π)
π
− 1) for all σ ∈ Gal(L|K).

Proof: Since L|K is totally ramified, it follows that RL = RK [π]. On the other

hand, iL(σ) is the greatest integer i such that σ acts trivially on the quotient

RL/m
i+1
L = RK [π]/(πi+1). But σ acts trivially on this quotient if and only if

νL(σ(π)− π) ≥ i+ 1, which implies that

iL(σ) = νL(σ(π)− π)− 1 = νL(
σ(π)

π
− 1)

as claimed. 2

Definition 3.1.3. Let L|K be a finite Galois extension with group G. Then for an

integer i ≥ −1,

Gi := {σ ∈ G | iL(σ) ≥ i}

is called the ith ramification subgroup in the lower numbering. We extend the

indexing to the set of real numbers ≥ −1 by setting

Gt := Gdte ∀t ∈ R≥−1.

Note that Gi is a normal subgroup of G, being the kernel of the natural map

G→ Aut(RL/m
i+1
L ).

Moreover, the groups Gi form a decreasing and separated filtration of G, with

G−1 = G and G0 = the inertia subgroup of G.
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Definition 3.1.4. Define the Herbrand function of L|K, ϕL|K : R≥−1 → R≥−1 by

ϕL|K(t) :=

∫ t

0

#Gs

#G0

ds.

The function ϕL|K is an increasing, continuous, piecewise-linear bijection, and

hence has an increasing, continuous, and piecewise-linear inverse ψL|K . If K ′|K is a

Galois subextension of the finite Galois extension L|K, then we have the following

transitivity formulas for the functions ϕ and ψ:

ψL|K = ψL|K′ ◦ ψK′|K

ϕL|K = ϕK′|K ◦ ϕL|K′ .

Finally, if K ′|K is an arbitrary subextension (possibly non-Galois) of the finite

Galois extension L|K, then we define a Herbrand function ϕK′|K by

ϕK′|K := ϕL|K ◦ ψL|K′ .

This definition coincides with our previous definition in the case where K ′|K is

Galois, and the transitivity formulas above ensure that ϕK′|K does not depend on

the containing Galois extension L|K.

Using the function ψL|K , we define a new ramification filtration on the Galois

group G.

Definition 3.1.5. For a real number s ≥ −1, define

Gs := GψL|K(s).

14



The decreasing and separated filtration {Gs}s is called the ramification filtration in

the upper numbering. Note that G−1 = G−1 = G and Gs = G0 for −1 < s ≤ 0.

Using the upper numbering, we can give an integral expression for the inverse

Herbrand function ψL|K :

ψL|K(s) =

∫ s

0

#G0

#Gt
dt ∀s ∈ R≥−1. (3.1.1)

The difference between the upper and lower ramification filtrations of G is that

the latter behaves well under taking subgroups of G, while the former behaves well

under forming quotient groups.

Proposition 3.1.6. Let H be a subgroup of G = Gal(L|K) with fixed field K ′.

Then the lower ramification filtration of H = Gal(L|K ′) is induced by the lower

ramification filtration of G:

Hi = H ∩Gi ∀i ≥ −1.

Proof: This is clear from the fact that Hi is the kernel of the composition

H ↪→ G→ Aut(RL/m
i+1
L ),

while Gi is the kernel of the second map. 2

Proposition 3.1.7. ([15], Chapter IV, Prop. 14) Let H be a normal subgroup

of G = Gal(L|K), with fixed field K ′. Then the upper ramification filtration on

G/H = Gal(K ′|K) is induced by the upper ramification filtration of G:

(G/H)s = GsH/H ∀s ∈ R≥−1.
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Now suppose that L|K is an infinite Galois extension. Then Proposition 3.1.7

allows us to define an upper ramification filtration on the profinite group G =

Gal(L|K):

Definition 3.1.8. For a real number s ≥ −1, define

Gs := lim
←
Gal(K ′|K)s

where the limit is over all finite Galois subextensions K ′|K of L|K. Then the groups

{Gs}s form a decreasing, exhaustive, and separated filtration of G by closed normal

subgroups, called the upper ramification filtration. We say that a real number

r ≥ −1 is a jump for the upper ramification filtration if Gr+ε 6= Gr for all ε > 0.

In particular, if Ksep|K is a separable closure of K, then the absolute Galois

group GK := Gal(Ksep|K) is equipped with its upper ramification filtration {Gs
K}s.

Lemma 3.1.9. Suppose that L|K is a (possibly infinite) Galois extension with

group G, and let K ′|K be a finite subextension corresponding to the open subgroup

H. Then for all u ≥ −1 we have

Hu = H ∩GϕK′|K(u).

Proof: Let G be the set of all finite extensions L′|K ′ contained in L such that L′

is Galois over K. Then G is cofinal in the set of all finite Galois subextensions of

L|K ′, so

Hu = lim←−−−
L′∈G

Gal(L′|K ′)u.
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But for each L′ ∈ G we have

Gal(L′|K ′)u = Gal(L′|K ′)ψL′|K′ (u)

= Gal(L′|K ′) ∩Gal(L′|K)ψL′|K′ (u)

= Gal(L′|K ′) ∩Gal(L′|K)ϕL′|K◦ψL′|K′ (u)

= Gal(L′|K ′) ∩Gal(L′|K)ϕK′|K◦ϕL′|K′◦ψL′|K′ (u)

= Gal(L′|K ′) ∩Gal(L′|K)ϕK′|K(u).

Taking the limit now yields

Hu = lim←−−−
L′∈G

Gal(L′|K ′) ∩Gal(L′|K)ϕK′|K(u) = H ∩GϕK′|K(u). 2

3.2 Arithmetically profinite extensions

The field of norms construction applies to a certain type of field extension, which

we now describe. The basic reference for this material is [17].

Definition 3.2.1. Let K be a complete discrete valuation field with perfect residue

field kK of characteristic p > 0, and Ksep a fixed separable closure. Then an

extension L|K contained in Ksep|K is called arithmetically profinite (APF) if for

all u ≥ −1, the group Gu
KGL is open in GK .

If we set Ku := Fix(Gu
K) ⊂ Ksep, then this definition means simply that Ku :=

Ku ∩ L is a finite extension of K for all u ≥ −1. Since the upper ramification

filtration is separated, it follows that Ksep = ∪uKu, which implies that L = ∪uKu.
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A concrete example of an infinite APF extension is Qp(ζp∞)|Qp, and in this case

Km = Qp(ζpm).

Note that an APF extension need not be Galois. However, many statements

about APF extensions become more transparent in the Galois case, so we will take

special care in the following exposition to explain the meaning of various properties

and definitions in the Galois situation.

One way of thinking about APF extensions is that they are exactly those which

allow for the definition of the inverse Herbrand function (which we defined in the

previous section only for finite Galois extensions). Indeed, if L|K is a (possibly

infinite) APF extension, then we set G0
L := G0

K ∩GL and define

ψL|K(u) :=


∫ u

0
(G0

K : G0
LG

t
K)dt if u ≥ 0

u if −1 ≤ u ≤ 0.

If L|K is Galois with group G = GK/GL, then Gt = Gt
KGL/GL, and

G0/Gt = (G0
KGL/GL)/(Gt

KGL/GL) ∼= G0
KGL/G

t
KGL

∼= G0
K/G

t
KG

0
L.

This implies that in the Galois case we have

ψL|K(u) =

∫ u

0

(G0 : Gt)dt for u ≥ 0,

which accords with equation (3.1.1) given previously for finite Galois extensions.

For a general APF extension L|K, the function ψL|K just defined is increasing,

continuous, and piecewise-linear, with inverse ϕL|K which is also increasing, contin-
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uous, and piecewise-linear. Of course, when L|K is finite, ϕL|K coincides with our

previous definition of the Herbrand function.

An important quantity attached to an APF extension L|K is

i(L|K) := sup{u ≥ −1 | Gu
KGL = GK}.

In terms of the ramification subextensions Ku|K, the quantity i(L|K) is the supre-

mum of the indices u such that Ku = K. In the case where L|K is Galois with group

G = GK/GL, we have Gu = Gu
KGL/GL, and i(L|K) is the first jump in the upper

ramification filtration on G. Note that i(L|K) ≥ 0 if and only if L|K is totally

ramified, and i(L|K) > 0 if and only if L|K is totally wildly ramified. Because the

inverse Herbrand function ψL|K and the quantity i(L|K) will be essential for our

later work, we include here the

Proposition 3.2.2. ([17], Proposition 1.2.3) Let M and N be two extensions of K

contained in Ksep with M ⊂ N . Then

1. if M |K is finite, then N |K is APF if and only if N |M is APF;

2. if N |M is finite, then N |K is APF if and only if M |K is APF;

3. if N |K is APF then M |K is APF;

4. if N |K is APF, then i(M |K) ≥ i(N |K), and if in addition M |K is finite,

then i(N |M) ≥ ψM |K(i(N |K)) ≥ i(N |K).
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Proof: Note that the following equality always holds, and in particular, the finite-

ness of any two of the quantities implies the finiteness of the third:

(GK : GNG
u
K) = (GK : GMG

u
K)(GM : GN(GM ∩Gu

K)).

If M |K is finite, then the first term on the right hand side is finite, which means

that the remaining terms are either both finite or both infinite. But by definition,

N |K is APF if and only if the left hand side is finite. On the other hand, GM∩Gu
K =

G
ψM|K(u)

M by Lemma 3.1.9, so the finiteness of the right hand side again amounts to

the arithmetic profiniteness of N |M . This proves 1.

Part 2 follows immediately from the fact that N |M finite implies that the second

term on the right hand side is finite, hence the remaining two terms are either both

finite or both infinite.

For 3, if N |K is APF, then the left hand side is finite, and this implies the

finiteness of the right hand side, and in particular the fact that M |K is APF.

Finally, we prove part 4. First suppose only that N |K is APF. Then by part 3,

M |K is APF, and by the definition of i(−) we have

GK = G
i(N |K)
K GN ⊂ G

i(N |K)
K GM ⊂ GK .

Hence, all of these inclusions are equalities, which implies that i(M |K) ≥ i(N |K).

If we also assume that M |K is finite, then N |M is APF by part 1, and we have

G
ψM|K(i(N |K))

M GN = (GM ∩Gi(N |K)
K )GN = GM ∩GK = GM .
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Hence, i(N |M) ≥ ψM |K(i(N |K)) ≥ i(N |K), the last inequality coming from the

fact that the integrand in the definition of ψM |K is ≥ 1. 2

Parts 1 and 2 of this proposition say that the APF property is insensitive to

finite extensions of the top or bottom, while part 3 says that the APF property is

inherited by subextensions. Part 4 says that the quantity i(−) can only increase in

subextensions or under a finite extension of the base M |K. In the latter case, we

get a lower bound on the increase of i(−) in terms of the inverse Herbrand function

ψM |K .

Given an infinite APF extension L|K, let EL|K denote the set of finite subex-

tensions of L|K, partially ordered by inclusion. The key technical fact about the

extension L|K is the following property of the quantity i(−), which generalizes part

4 of the previous proposition:

Proposition 3.2.3. ([17], Lemme 2.2.3.1) The numbers i(L|E) for E ∈ EL|K tend

to ∞ with respect to the directed set EL|K.

3.3 The field of norms

Having discussed some general properties of infinite APF extensions, we are now

ready to describe the field of norms construction, following [17]: given an infinite

APF extension L|K, set

XK(L)∗ = lim←−−−
EL|K

E∗,
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the transition maps being given by the norm NE′|E : E ′∗ → E∗ for E ⊂ E ′. Then

define

XK(L) = XK(L)∗ ∪ {0}.

Thus, a nonzero element α of XK(L) is given by a norm-compatible sequence α =

(αE)E∈EL|K . We wish to endow this set with an additive structure in such a way

that XK(L) becomes a field, called the field of norms of L|K. This is accomplished

by the following

Proposition 3.3.1. ([17], Théorème 2.1.3 (i)) If α, β ∈ XK(L), then for all E ∈

EL|K, the elements {NE′|E(αE′ + βE′)}E′ converge (with respect to the directed set

EL|E) to an element γE ∈ E. Moreover, α + β := (γE)E∈EL|K is an element of

XK(L).

With this definition of addition, the set XK(L) becomes a field, with multi-

plicative group XK(L)∗. Moreover, there is a natural discrete valuation on XK(L).

Indeed, if K0 denotes the maximal unramified subextension of L|K (which is finite

over K by APF), then νXK(L)(α) := νE(αE) ∈ Z does not depend on E ∈ EL|K0 . In

fact ([17], Théorème 2.1.3 (ii)), XK(L) is a complete discrete valuation field with

residue field isomorphic to kL (which is a finite extension of kK). The isomorphism

of residue fields kXK(L)
∼= kL comes about as follows. For x ∈ kL, let [x] ∈ K0

denote the Teichmüller lifting. That is, [−] : kL → K0 is the unique multiplicative

section of the canonical map R0 � kK0 = kL. Note that E|K1 is of p-power degree

for all E ∈ EL|K1 , so x
1

[E:K1] ∈ kL for all such E, since kL is perfect. The element
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([x
1

[E:K1] ])E∈EL|K1
is clearly a coherent system of norms, hence (by cofinality) defines

an element fL|K(x) ∈ XK(L). The map fL|K : kL → XK(L) is a field embedding

which induces the isomorphism kL ∼= kXK(L) mentioned above.

The following result will be used several times in the proof of our Main Theo-

rem 4.0.1. Before stating it, we make a

Definition 3.3.2. For any subfield E ∈ EL|K , define

r(E) :=

⌈
p− 1

p
i(L|E)

⌉
.

Proposition 3.3.3. ([17], Proposition 2.3.1 & Remarque 2.3.3.1) Let L|K be an

infinite APF extension and F ∈ EL|K1 be any finite extension of K1 contained in L.

Then

1. for any x ∈ RF , there exists x̂ = (x̂E)E∈EL|K ∈ XK(L) such that

νF (x̂F − x) ≥ r(F );

2. for any α, β ∈ RXK(L), we have

(α+ β)F ≡ αF + βF mod m
r(F )
F .

The construction just described, which produces a complete discrete valuation

field of characteristic p = char(kK) from an infinite APF extension L|K is actually

functorial in L. Precisely, XK(−) can be viewed as a functor from the category

of infinite APF extensions of K contained in Ksep (where the morphisms are K-

embeddings of finite degree) to the category of complete discretely valued fields of
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characteristic p (where the morphisms are separable embeddings of finite degree).

Moreover, this functor preserves Galois extensions and Galois groups.

Fixing an infinite APF extension L|K, the functorial nature of XK(−) allows

us to define a field of norms for any separable algebraic extension M |L. Namely,

given such an M , we may write it as the colimit of finite extensions of L, say

M = lim−−−−−−−−−−→
L′|L finite,L′⊂M

L′.

Then we define

XL|K(M) := lim−→
L′

XK(L′).

With this definition, we can consider XL|K(−) as a functor from the category of

separable algebraic extensions of L to the category of separable algebraic extensions

of XK(L). The amazing fact about this functor is the following

Proposition 3.3.4. ([17], Théorème 3.2.2) The field of norms functor XL|K(−) is

an equivalence of categories.

In particular, XL|K(Ksep) is a separable closure of XK(L), and we have an isomor-

phism GXK(L)
∼= GL.

Since XK(L) is a complete discrete valuation field with residue field kL, it fol-

lows that any choice of uniformizer π = (πE)E for XK(L) yields an isomorphism

kL((z)) ∼= XK(L), defined by sending z to π. Via this isomorphism, an element

α = (αE)E ∈ RXK(L) corresponds to a power series gα(z) ∈ kL[[z]]. The following

lemma describes the relationship between gα(z) and the coherent system of norms
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α = (αE)E in terms of the chosen uniformizer π = (πE)E. First we need to introduce

some notation. Given a power series

g(z) =
∞∑
i=0

aiz
i ∈ kL[[z]],

define for each E ∈ EL|K1 a new power series

gE(z) :=
∞∑
i=0

[a
1

[E:K1]

i ]zi =
∞∑
i=0

(fL|K(ai))Ez
i ∈ RE[[z]].

Lemma 3.3.5. For all α = (αE)E ∈ XK(L), we have

αE ≡ gα,E(πE) mod m
r(E)
E

for all E ∈ EL|K1, where r(E) := dp−1
p
i(L|E)e.

Proof: By definition of the isomorphism kL((z)) ∼= XK(L), if gα(z) =
∑∞

i=0 aiz
i,

then

α =
∞∑
i=0

fL|K(ai)π
i = lim

n→∞

n∑
i=0

fL|K(ai)π
i.

Now by Proposition 3.3.3, for any E ∈ EL|K1 we have(
n∑
i=0

fL|K(ai)π
i

)
E

≡
n∑
i=0

(fL|K(ai))Eπ
i
E mod m

r(E)
E .

Thus we see that

αE ≡ lim
n→∞

n∑
i=0

(fL|K(ai))Eπ
i
E = gα,E(πE) mod m

r(E)
E . 2

The congruence of the previous lemma can be replaced by an equality if one

is willing to restrict attention to Lubin-Tate extensions of local fields. This is a

theorem of Coleman ([4], Theorem A), to which we now turn.
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3.4 Coleman’s Theorem

A special class of infinite APF extensions are the Lubin-Tate extensions, which we

now briefly recall (see [11] Chapter V for proofs). Let H be a finite extension of

Qp, and Γ a Lubin-Tate formal group associated to a uniformizer $ of H. Then

Γ is a formal RH-module, and interpreting the group Γ in msep makes this ideal

into an RH-module (here msep is the maximal ideal of the valuation ring of Hsep).

Let Γm ⊂ msep be the $m-torsion of this RH-module. Then RH/$
mRH

∼= Γm

for all m, and in particular Γm is finite. Now define L0 := ∪mH(Γm), which is

an infinite totally ramified abelian extension of H, the Lubin-Tate extension of H

associated to $. Let K be a complete unramified extension of H with Frobenius

element φ ∈ Gal(K|H), and define L := L0K. Then L|K is an infinite abelian

APF extension, with ramification subfields Km := Fix(G(L|K)m) = K(Γm) ([11],

Corollary V.5.6). Moreover, we have [Km : K] = qm−1(q − 1), where q := #(kH).

We will refer to extensions of this type as Lubin-Tate extensions, despite the fact

that they are really the compositum of a Lubin-Tate extension with an unramified

extension.

Now fix a primitive element (ωm)m for the Tate module

T$(Γ) := lim
←

Γm.

That is, ωm is a generator for Γm as an RH-module, and if [$]Γ denotes the en-

domorphism of Γ corresponding to $, then [$]Γ(ωm+1) = ωm for all m ≥ 1. Note
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that the Frobenius φ ∈ Gal(K|H) acts coefficient-wise on the ring RK [[Z]][ 1
Z
].

Theorem 3.4.1. ([4], Theorem A) For all α = (αm)m ∈ XK(L), there exists a

unique fα(Z) ∈ RK [[Z]][ 1
Z
]∗ such that for all m ≥ 1,

(φ−(m−1)fα)(ωm) = αm.

We may suppose that the endomorphism [$]Γ(Z) ∈ RH [[Z]] is actually a poly-

nomial of degree q = #(kH):

[$]Γ(Z) = Zq + aq−1Z
q−1 + · · ·+$Z ai ∈ mH .

Then if p 6= 2, I claim that every primitive element (πm)m for T$(Γ) is also a

uniformizer for XK(L). Indeed, for all m ≥ 1 we have [$]Γ(πm+1) = πm, so πm+1

satisfies the polynomial [$]Γ(Z)− πm ∈ Km[Z]. But this polynomial is Eisenstein,

and hence is the minimal polynomial for πm+1 over the field Km. This means that

NKm+1/Km(πm+1) = (−1)q(−πm) = πm, since q = p[kH :Fp] is odd.

We will say that we are in the Coleman situation when p 6= 2 and we have chosen

a uniformizer π = (πm)m ∈ XK(L) that is also a primitive element for T$(Γ). An

example of the Coleman situation is given by K = Qp and L = K(ζp∞), the p-

cyclotomic extension (for p odd). L|K is then of Lubin-Tate type, corresponding

to the uniformizer $ = p ∈ Qp and the formal group Γ = Ĝm with endomorphism

[p]Γ(Z) = (1 + Z)p − 1.

Moreover, the choice of a compatible system of roots of unity {ζpm}m ⊂ L yields a
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uniformizer π := (ζpm−1)m ∈ XK(L) which is also a primitive element for the Tate

module Tp(Ĝm).

Now suppose that we are in the Coleman situation with uniformizer π deter-

mining an isomorphism kL((z)) ∼= XK(L). Note that L|K is totally ramified, so

kL = kK =: k ⊂ Fp. It is easy to check that the subfield Fql((z)) ⊂ k((z)) cor-

responds to XH(ζ
ql−1

)(L0(ζql−1)) ⊂ XK(L) under the isomorphism above. In the

following lemma, we make use of the Teichmüller lifting τ : k[[z]]→ RK [[Z]]:

τ(
∞∑
i=0

aiz
i) =

∞∑
i=0

[ai]Z
i.

Lemma 3.4.2. Suppose that α ∈ RXK(L) corresponds to the power series gα(z) ∈

Fql [[z]] under the isomorphism above, where q = #(kH). Then

fα(Z) ≡ gα(z) mod ($)

where fα(Z) ∈ RK [[Z]] is the Coleman power series for α.

Proof: By lemma 3.3.5, the power series gα(z) has the property that

gα,Km(πm) ≡ αm mod mrm
m .

On the other hand, the Coleman series fα(Z) satisfies

(φ−(m−1)fα)(πm) = αm.

Note that the operation of raising to the qlth power is the identity on Fql , and

φl acts as the identity on H(ζql−1) ⊂ K. Hence, for all m ≡ 1 mod l we have
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gα,Km = τ(gα) and φ−(m−1)(fα) = fα. Restricting attention to these indices m, we

find that

fα(πm) = αm ≡ (τ(g))(πm) mod mrm
m .

Now apply the Weierstrass Preparation Theorem to the power series fα(Z) −

τ(g)(Z) ∈ RK [[Z]] to conclude that

fα(Z)− τ(g)(Z) = $c(Zn + an−1Z
n−1 + · · ·+ a0)U(Z)

for c ≥ 0, U(Z) a unit, and all ai ∈ mK . Evaluating at πm for m ≡ 1 mod t yields

$c(πnm + an−1π
n−1
m · · ·+ a0)U(πm) ∈ mrm

m .

Hence for m >> 0 we have

cνm($) + n ≥ rm →∞

as m→∞ by proposition 3.2.3. Since n is a constant, it follows that we must have

c > 0, so

fα(Z) ≡ gα(Z) mod ($). 2

Hence, in the Coleman situation, a choice of uniformizer (that is also a primitive

element) defines a lifting of the multiplicative group (∪1≤l≤[K:H]Fql [[z]])∗ to RK [[Z]]∗.

Of course, if K|H is finite then the first group above is simply k[[z]]∗. Note that

the multiplicativity of this lifting is guaranteed by the uniqueness in Coleman’s

Theorem. We extend this to a lifting C : (∪1≤t≤[K:H]Fqt [[z]]) → RK [[Z]] by setting

C(0) := 0, and we note that this Coleman lifting provides an alternative to the
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more obvious Teichmüller lifting. In the Coleman situation, the use of C will allow

for some simplification in the proof of our Main Theorem 4.0.1. However, the Main

Theorem holds for p = 2 and also for an arbitrary choice of uniformizer π, and the

proof in the general case has recourse to the usual Teichmüller lifting, τ .

3.5 Connection with the open p-adic disc

Given a totally ramified APF extension L|K, we have seen how any choice of a

uniformizer π = (πm)m ∈ XK(L) determines an isomorphism k((z)) ∼= XK(L)

defined by sending z to π (here we set k := kK = kL). We would now like to

explicitly describe a connection between the field of norms XK(L) and the open p-

adic discDK := Spec(R[[Z]]⊗K) that will underly the rest of our investigation (here

R := RK). Namely, the special fiber of the smooth integral modelD := Spec(R[[Z]])

is Dk = Spec(k[[z]]), with generic point Dk,η = Spec(k((z))). Via the isomorphism

above coming from the choice of uniformizer π, we can thus identify Dk,η with

Spec(XK(L)). On the other hand, each component πm of π is a uniformizer in

Km, and in particular has absolute value |πm|K < 1. Hence, each πm corresponds

to a point xm ∈ DK with residue field Km. In terms of the Dedekind domain

R[[Z]] ⊗ K, the point xm corresponds to the maximal ideal Pm generated by the

minimal polynomial of πm over R. Thus, the uniformizer π defines a sequence of

points {xm}m ⊂ DK which approaches the boundary.
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Chapter 4

The Main Theorem

Let L|K be a Lubin-Tate extension as described in section 3.4, with residue field

k := kK = kL. Hence, there exists a p-adic local fieldH such thatK|H is unramified

and L = KL0, where L0|H is an honest Lubin-Tate extension, associated to a formal

group Γ. As usual, we let Km := Fix(G(L|K)m), and we recall that

[Km : K1] = #(kH)m−1 = qm−1.

Choose a uniformizer π = (πm)m ∈ XK(L), which yields the identification Dk,η =

Spec(XK(L)) as well as the sequence of points {xm}m ⊂ DK as described in the

last section.

Consider a G-Galois regular branched cover Y → D, with Y normal. We con-

sider this cover to be a family over Spec(RK), and we introduce the following no-

tations:

- Yk → Dk denotes the special fiber of the cover, obtained by taking the fiber
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product with Spec(k);

- YK → DK denotes the generic fiber, obtained by taking the fiber product with

Spec(K);

- for each m ≥ 0, we denote by YK,m the fiber of YK at xm ∈ DK ;

- If X is an affine scheme, then F (X) denotes the total ring of fractions of X,

obtained from the ring of global sections, Γ(X), by inverting all non-zero-

divisors.

If the special fiber Yk is reduced, then F (Yk) is a product of ns copies of a field

K:

F (Yk) ∼=
ns∏
j=1

K,

where K is a finite normal extension of k((z)) = XK(L). On the other hand, only

finitely many of the points xm are ramified in the cover YK → DK , so form >> 0 the

fiber YK,m is also reduced and we have an isomorphism of F (YK,m) with a product

of nm copies of a field K ′m:

F (YK,m) ∼=
nm∏
j=1

K ′m,

where K ′m|Km is a finite Galois extension. Let dm := νK′
m
(D(K ′m|Km)) denote the

degree of the different of K ′m|Km, and set Lm := LK ′m ⊂ Ksep.

Theorem 4.0.1. Let Y → D be a G-Galois regular branched cover of the open

p-adic disc, with Y normal and Yk reduced. Then
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1. If Yk → Dk is generically separable, then there exists l > 0 such that for

m >> 0 and m ≡ 1 modulo l, we have nm = ns and

K = XL|K(Lm)

as subfields of XK(L)sep = XL|K(Ksep). Moreover, for these m we have an

isomorphism

Gal(K|XK(L)) ∼= Gal(K ′m|Km)

which respects the ramification filtrations. In particular, if ds is the degree of

the different of K|XK(L), then ds = dm.

2. If G is abelian, then the number of components of Yk is less than or equal to the

number of components of YK,m for m >> 0, independently of any separability

assumption. In particular, Yk is irreducible if YK,m is irreducible for m >> 0.

3. If Yk is irreducible, then Yk → Dk is generically inseparable if and only if

dm →∞.

Remark 4.0.2. If k is a finite field, say #(k) = qt, then we can take l = t in part

1 of the Theorem. That is, in the case of a finite residue field, the number l is

independent of the particular cover Y → D.

Remark 4.0.3. The knowledgeable reader will note that much of our proof of part 1

is inspired by the proof in [17] of the essential surjectivity statement in Proposition

3.3.4. The main difficulty is to spread the construction of [17] over the open p-adic

disc.
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Proof: Let Y = Spec(A), so that A|R[[Z]] is a G-Galois extension of normal

rings (here R = RK). We are assuming that As := A/$A is reduced, where $ is a

uniformizer of R. Moreover, we have (A⊗K)/Pm(A⊗K) =
∏nm

j=1K
′
m for m >> 0

(here Pm is the maximal ideal of R[[Z]]⊗K corresponding to xm).

1): Suppose that Yk → Dk is generically separable, which means that the field

extension K|k((z)) is separable, hence Galois. By the Primitive Element Theorem,

there exists x ∈ K such that K = k((z))[x]. Moreover, we can choose x to be

integral over k[[z]], say with minimal polynomial f(T ) ∈ k[[z]][T ]. Further, since

k((z)) is infinite, we can choose ns different primitive elements xj ∈ K such that

the corresponding minimal polynomials fj(T ) ∈ k[[z]][T ] are distinct. Even more,

by Krasner’s Lemma, we may assume that each fj(T ) ∈ k[z][T ], so that in fact

fj(T ) ∈ Fql [T ] for some l > 0. Having fixed this l, we replace the sequence of

points {xm}m ⊂ DK with the subsequence corresponding to indices m congruent to

1 modulo l.

Setting f(T ) :=
∏ns

j=1 fj(T ), the Chinese Remainder Theorem implies that we

have an isomorphism

k((z))[T ]/(f(T )) ∼=
ns∏
j=1

k((z))[xj] =
ns∏
j=1

K ∼= F (Yk)

Let x be the element of F (Yk) corresponding to T under this isomorphism, and

choose a lifting, ξ, of x to A($). Denote the minimal polynomial of ξ over R[[Z]]($)
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by F (T ), so that F (T ) = f(T ). Then F (T ) has the form

F (T ) = TN + AN−1(Z)TN−1 + · · ·+ A0(Z) ∈ R[[Z]]($)[T ].

Now by the Weierstrass Argument (see section 2.1), the coefficients of F (T ) have

the form

Ai(Z) =
g(Z)

Zn + an−1Zn−1 + · · ·+ a0

,

where g(Z) ∈ R[[Z]] and the denominator is a distinguished polynomial. Moreover,

because F (T ) = f(T ) ∈ k[[z]][T ], it follows that each Ai(z) ∈ k[[z]], which implies

that either $|g(Z) in R[[Z]] (in which case Ai(z) = 0), or the Weierstrass degree of

g(Z) is greater than n (the degree of the denominator).

Again by the Weierstrass Argument, for m >> 0 we can specialize the polyno-

mial F (T ) at the point Z = πm, and we have the

Lemma 4.0.4. For m >> 0, the specialized polynomial Fm(T ) ∈ Rm[T ], where Rm

is the valuation ring of Km.

Proof: This follows immediately from the previous remarks and the Ramification

Argument (section 2.2). 2

Since f(T ) ∈ k[[z]][T ] = RXK(L)[T ] is separable, we have disc(f) = (disc(f)Km)m

6= 0 in XK(L). Setting rm := dp−1
p
i(L|Km)e, we know by Proposition 3.2.3 that

limm→∞ rm =∞, so there exists n0 such that for m ≥ n0 we have

rm ≥ rn0 > νXK(L)(disc(f)) := νKm(disc(f)Km).
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Now

f(T ) = F (T ) = TN + AN−1(z)T
N−1 + · · ·+ A0(z) ∈ k[z][T ].

Under our fixed identification of k((z)) with XK(L), each coefficient Ai(z) corre-

sponds to a coherent system of norms αi = (αi,Km)m. Hence, we can write

f(T ) = TN + αN−1T
N−1 + · · ·+ α0 ∈ RXK(L)[T ].

Now let fm(T ) ∈ Rm[T ] be the polynomial obtained from f(T ) by selecting the mth

component from each coefficient:

fm(T ) := TN + αN−1,KmT
N−1 + · · ·+ α0,Km ∈ Rm[T ].

Lemma 4.0.5. For m >> 0 we have νXK(L)(disc(f)) = νKm(disc(Fm)).

First suppose that we are in the Coleman situation, so that we have the Cole-

man lifting, C, as described in section 3.4. The proof of Lemma 4.0.5 (and also

Lemma 4.0.7) is simpler in this case, so we will give it first and then make the

necessary changes to prove the general case. In particular, the following proof does

not apply when p = 2.

Proof of Lemma 4.0.5 in the Coleman situation: Let G(T ) be the Coleman

lifting of f(T ) to R[[Z]][T ]:

G(T ) := TN + C(AN−1)(Z)TN−1 + · · ·+ C(A0)(Z).

Then G(T ) ≡ f(T ) ≡ F (T ) mod $, hence

F (T ) = G(T ) +$g(Z, T )
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for some g(Z, T ) ∈ R[[Z]]($)[T ]. Specializing at Z = πm yields the equation

Fm(T ) = fm(T ) +$g(πm, T ).

Indeed, by Theorem 3.4.1, if φ is the Frobenius of the unramified extension K|H in

the setup of the Coleman situation, then

(φ−(m−1)C(Ai))(πm) = αi,m ∈ Rm.

Now recall that m ≡ 1 mod l = [Fql : kH ], so

φ−(m−1) = φlt.

But Ai ∈ Fql [z], which implies that C(Ai) ∈ RH(ζ
ql−1

)[[Z]], on which φl acts as the

identity. Thus we have C(Ai)(πm) = αi,m, so that G(T )|Z=πm = fm(T ) as claimed.

Now consider

νKm(disc(f)Km − disc(Fm)) = νKm(disc(f)Km − disc(fm) + disc(fm)− disc(Fm)).

By Proposition 3.3.3, νKm(disc(f)Km − disc(fm)) ≥ rm, and

νKm(disc(fm)− disc(fm +$g(πm, T ))) ≥ rn0

for m >> 0, by the Ramification Argument applied to $g(πm, T ). It follows that

νKm(disc(f)Km − disc(Fm)) ≥ rn0

for m >> 0, which implies that

νXK(L)(disc(f)) := νKm(disc(f)Km) = νKm(disc(Fm)),
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since νKm(disc(f)Km) < rn0 . 2

Now let xm be a root of Fm(T ) in Ksep, and define K̃m := Km(xm), L̃m :=

L(xm). Then L̃m|K̃m is APF by Proposition 3.2.2, and we set r̃m := dp−1
p
i(L̃m|K̃m)e.

Moreover, note that for m >> 0 we have K ′m = K̃m and thus Lm := LK ′m = L̃m

(recall that F (YK,m) ∼=
∏nm

j=1K
′
m). This follows from the fact that there exists

g ∈ R[[Z]] such that ξ ∈ (A ⊗ K)g (for example, take g to be the product of the

denominators of the coefficients Ai(Z) of F (T ) ∈ R[[Z]]($)[T ]). Then the conductor

of the subring (R[[Z]] ⊗ K)g[ξ] ⊂ (A ⊗ K)g defines a closed subset of YK , and if

xm lies outside the image of this set in DK , then the splitting of F (T ) mod Pm

determines the fiber YK,m (see [11], Prop. I.8.3). In particular, L̃m = Lm is Galois

over L.

At this point we introduce the following lemma from [17], and we include the

proof for completeness, as well as to demonstrate that it only depends on Lemma

4.0.5:

Lemma 4.0.6. ([17], Lemme 3.2.5.4) For m >> 0, the extensions L|Km and

K̃m|Km are linearly disjoint. Moreover, we have

i(L̃m|K̃m) = ψK̃m|Km
(i(L|Km)) ≥ i(L|Km).

Proof: Choose m >> 0 so that i(L|Km) ≥ deg(F )νXK(L)(disc(f)). Then I

claim that G
i(L|Km)
Km

⊂ GK̃m
. Indeed, let σ ∈ G

i(L|Km)
Km

, so that iK̃m
(σ|K̃m

) ≥

ψK̃m|Km
(i(L|Km)) ≥ i(L|Km) ≥ deg(F )νXK(L)(disc(f)) = deg(F )νKm(disc(Fm)),
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the last equality holding by Lemma 4.0.5. It follows that

νK̃m
(σ(xm)− xm)− 1 ≥ iK̃m

(σ) ≥ νK̃m
(disc(Fm)).

Hence νK̃m
(σ(xm) − xm) > νK̃m

(disc(Fm)), which implies that σ(xm) = xm since

both are zeros of Fm. But xm generates K̃m over Km, so we see that σ ∈ GK̃m
, as

claimed.

To show the linear disjointness, let S = Fix(G
i(L|Km)
Km

). Then we certainly have

Km ⊂ S ∩ L. On the other hand S ∩ L is fixed by G
i(L|Km)
Km

GL = GKm , so in fact

Km = S∩L. Since S and L are Galois over Km, it follows that S and L are linearly

disjoint over Km. But by the first part of the proof, K̃m ⊂ S, so a fortiori K̃m and

L are linearly disjoint over Km.

Finally, we prove that i(L̃m|K̃m) = ψK̃m|Km
(i(L|Km)). By Lemma 3.1.9 we have

Gu
Km
∩GK̃m

= G
ψK̃m|Km

(u)

K̃m
.

But G
i(L|Km)
Km

⊂ GK̃m
, so we see that for u ≥ i(L|Km) we have

Gu
Km

= G
ψK̃m|Km

(u)

K̃m
.

Now set Γ = G(L|Km) and Γ̃ = G(L̃m|K̃m), and note that Γ ∼= Γ̃ canonically,

by linear disjointness. Moreover, for u ≥ i(L|Km), this canonical map takes Γu =

Gu
Km
GL/GL isomorphically onto Γ̃ψK̃m|Km

(u) = G
ψK̃m|Km

(u)

K̃m
GL̃m

/GL̃m
. In particular,

for u ≥ i(L|Km) we see that Γu = Γ if and only if Γ̃ψK̃m|Km
(u) = Γ̃. This immediately

implies that i(L̃m|K̃m) = ψK̃m|Km
(i(L|Km)). 2
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Since L|Km is totally wildly ramified, it follows from this lemma that

i(L̃m|K̃m) ≥ i(L|Km) > 0,

so L̃m|K̃m is totally wildly ramified. Hence, Proposition 3.3.3 says that there exists

x̂m = (x̂m,E)E ∈ XK(L̃m) such that

νK̃m
(x̂m,K̃m

− xm) ≥ r̃m.

Our immediate goal is to prove the following lemma about the polynomial f(T ) ∈

k[[z]][T ] = RXK(L)[T ] from the beginning of the proof.

Lemma 4.0.7. limm→∞ f(x̂m) = 0.

Proof of Lemma 4.0.7 in the Coleman situation: First, note that

νXK(L)(f(x̂m)) ≥ 1

deg(f)
νXK(L̃m)(f(x̂m)).

But L̃m|K̃m is totally ramified, hence

νXK(L̃m)(f(x̂m)) = νK̃m
(f(x̂m)K̃m

).

Denote by fK̃m
∈ K̃m[T ] the polynomial obtained by replacing each coefficient

of f ∈ XK(L)[T ] ⊂ XK(L̃m)[T ] by its component in K̃m. Then by the linear

disjointness of L|Km and K̃m|Km, it follows that fm = fK̃m
and we have

νK̃m
(f(x̂m)K̃m

− Fm(x̂m,K̃m
)) = νK̃m

(f(x̂m)K̃m
− fK̃m

(x̂m,K̃m
)

+fK̃m
(x̂m,K̃m

)− Fm(x̂m,K̃m
))

= νK̃m
(f(x̂m)K̃m

− fK̃m
(x̂m,K̃m

)

+fm(x̂m,K̃m
)− Fm(x̂m,K̃m

)).
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Now by Proposition 3.3.3 we have

νK̃m
(f(x̂m)K̃m

− fK̃m
(x̂m,K̃m

)) ≥ r̃m.

On the other hand, we have (by the Ramification Argument)

νK̃m
(fm(x̂m,K̃m

)− Fm(x̂m,K̃m
)) = νK̃m

(fm(x̂m,K̃m
)− fm(x̂m,K̃m

)

−$g(πm, x̂m,K̃m
))

= νK̃m
($g(πm, x̂m,K̃m

))

≥ νK̃m
($)−Be(K̃m|Km)

≥ e(K̃m|K)−B deg(f),

where B is the order of the worst pole in the coefficients of g. Thus, we see that

νK̃m
(f(x̂m)K̃m

− Fm(x̂m,K̃m
)) ≥ min{r̃m, e(K̃m|K)−B deg(f)}.

Together with the fact that νK̃m
(x̂m,K̃m

− xm) ≥ r̃m, this implies that

νK̃m
(f(x̂m)K̃m

) = νK̃m
(f(x̂m)K̃m

− Fm(xm))

≥ νK̃m
(f(x̂m)K̃m

− Fm(x̂m,K̃m
− (x̂m,K̃m

− xm)))

≥ min{r̃m, e(K̃m|K)−B deg(f)}.

Thus we have shown that

νXK(L)(f(x̂m)) ≥ 1

deg(f)
(νK̃m

(f(x̂m)K̃m
))

≥ 1

deg(f)
min{r̃m, e(K̃m|K)−B deg(f)}.
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But r̃m → ∞ as m → ∞, and since B is a constant, we also have e(K̃m|K) −

B deg(f)→∞. It follows that νXK(L)(f(x̂m))→∞ so that

lim
m→∞

f(x̂m) = 0

as claimed. 2

We now turn to the proof of Lemmas 4.0.5 and 4.0.7 in the general case. We

no longer have the Coleman lifting, C, and have to make use of the Teichmüller

lifting, τ , instead. As a consequence, the equality C(f)(T )|Z=πm = fm(T ) coming

from Theorem 3.4.1 is replaced by a congruence coming from Lemma 3.3.5.

Proof of Lemma 4.0.5: Let G(T ) ∈ R[Z][T ] be the Teichmüller lifting of f(T ):

G(T ) := τ(f)(T ) = TN + τ(AN−1)(Z)TN−1 + · · ·+ τ(A0)(Z).

Then as before, G and F both reduce mod $ to f , hence

F (T ) = G(T ) +$g(Z, T )

for some g(Z, T ) ∈ R[[Z]]($)[T ]. Specializing at Z = πm now yields the equation

Fm(T ) = fm(T ) + πrmm hm(T ) +$g(πm, T ) (4.0.1)

for some hm(T ) ∈ Rm[T ]. Indeed, by Lemma 3.3.5, we have

Ai,Km
(πm) ≡ αi,Km mod mrm

Km
.

But [Km : K1] = qm−1 = qlt by our choice of indices m. Note that the operation of

raising to the qlth power on the Teichmüller representatives τ(Fql) ⊂ R is the iden-

tity. Since the coefficients of Ai(z) lie in Fql , it follows that Ai,Km
(Z) = τ(Ai)(Z),
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so that

τ(Ai)(πm) ≡ αi,Km mod mrm
Km
,

from which equation (4.0.1) follows immediately.

Consider

νKm(disc(f)Km − disc(Fm)) = νKm(disc(f)Km − disc(fm) + disc(fm)− disc(Fm)).

Now by Proposition 3.3.3, νKm(disc(f)Km − disc(fm)) ≥ rm, and

νKm(disc(fm)− disc(fm + πrmm hm +$g(πm, T ))) ≥ rn0

for m >> 0, by the Ramification Argument applied to $g(πm, T ) and the fact that

rm →∞. It follows that

νKm(disc(f)Km − disc(Fm)) ≥ rn0

for m >> 0, which implies that

νXK(L)(disc(f)) := νKm(disc(f)Km) = νKm(disc(Fm))

for m >> 0. 2

Lemma 4.0.6 still holds in the general situation, since it depends only on the

validity of Lemma 4.0.5. Using these lemmas, we can prove that limm→∞ f(x̂m) = 0

in the general situation.

Proof of lemma 4.0.7: We follow the outline of the proof from the strict Coleman

situation, and the only new difficulty is to manage the extra term in equation (4.0.1).
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So recall that

νXK(L)(f(x̂m)) ≥ 1

deg(f)
νXK(L̃m)(f(x̂m)).

Moreover, just as before L̃m|K̃m is totally ramified, hence

νXK(L̃m)(f(x̂m)) = νK̃m
(f(x̂m)K̃m

).

Denote by fK̃m
∈ K̃m[T ] the polynomial obtained by replacing each coefficient

of f ∈ XK(L)[T ] ⊂ XK(L̃m)[T ] by its component in K̃m. Then by the linear

disjointness of L|Km and K̃m|Km, it follows that fm = fK̃m
and we have

νK̃m
(f(x̂m)K̃m

− Fm(x̂m,K̃m
)) = νK̃m

(f(x̂m)K̃m
− fK̃m

(x̂m,K̃m
)

+fK̃m
(x̂m,K̃m

)− Fm(x̂m,K̃m
))

= νK̃m
(f(x̂m)K̃m

− fK̃m
(x̂m,K̃m

)

+fm(x̂m,K̃m
)− Fm(x̂m,K̃m

)).

As always, we have

νK̃m
(f(x̂m)K̃m

− fK̃m
(x̂m,K̃m

)) ≥ r̃m.

On the other hand, we have by the Ramification Argument

νK̃m
(fm(x̂m,K̃m

)− Fm(x̂m,K̃m
)) = νK̃m

(fm(x̂m,K̃m
)− fm(x̂m,K̃m

)

−πrmm hm(x̂m,K̃m
)−$g(πm, x̂m,K̃m

))

= νK̃m
(πrmm hm(x̂m,K̃m

) +$g(πm, x̂m,K̃m
))

≥ min{rm, νKm($)−B}

= min{rm, e(Km|K)−B},
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where B is the order of the worst pole in the coefficients of g. Thus, we see that

νK̃m
(f(x̂m)K̃m

− Fm(x̂m,K̃m
)) ≥ min{rm, e(Km|K)−B},

since r̃m ≥ rm. Together with the fact that νK̃m
(x̂m,K̃m

−xm) ≥ r̃m, this implies (as

before) that

νK̃m
(f(x̂m)K̃m

) = νK̃m
(f(x̂m)K̃m

− Fm(xm)) ≥ min{rm, e(Km|K)−B}.

Thus we have shown that

νXK(L)(f(x̂m)) ≥ 1

deg(f)
(νK̃m

(f(x̂m)K̃m
))

≥ 1

deg(f)
min{rm, e(Km|K)−B}.

But rm →∞ asm→∞, and since B is a constant, we also have e(Km|K)−B →∞.

It follows that νXK(L)(f(x̂m))→∞ so that

lim
m→∞

f(x̂m) = 0

as claimed. 2

The rest of the proof now proceeds with no special treatment for the Coleman

situation.

Replacing the sequence {x̂m} by a subsequence, we may assume that it converges

to a root x̃ of f . But then x̃ is conjugate to one of the roots xj from the beginning of

this proof, and since K|k((z)) is Galois, we have that K = k((z))(xj) = k((z))(x̃).

Moreover, by Krasner’s Lemma, x̃ ∈ XK(L)(x̂m) ⊂ XK(L̃m) for m >> 0. This
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implies that K ⊂ XK(L̃m) for m >> 0, and I claim that this inclusion is actually

an equality.

Now if σ ∈ Gal(L̃m|L), then XL|K(σ) ∈ Gal(XK(L̃m)|XK(L)) and we have

XL|K(σ)(ŷ) = (σ(ŷ(n)))n ∀ŷ ∈ XK(L̃m),

where ŷ(n) is the component of ŷ ∈ XK(L̃m) in the field K̃mKn ⊂ L̃m.

Lemma 4.0.8. Given σ ∈ Gal(L̃m|L), suppose that y ∈ K̃m is an element such

that

νK̃m
(σ(y)− y) < r̃m.

Using proposition 3.3.3, choose an element ŷ ∈ XK(L̃m) such that

νK̃m
(ŷ(m) − y) ≥ r̃m.

Then

νXK(L̃m)(XL|K(σ)(ŷ)− ŷ) = νK̃m
(σ(y)− y).

Proof: We compute (here o(r) denotes an element of valuation at least r):

νXK(L̃m)(XL|K(σ)(ŷ)− ŷ) = νXK(L̃m)((σ(ŷ(n)))n − (ŷ(n))n)

:= νK̃m
([(σ(ŷ(n)))n − (ŷ(n))n]K̃m

)

= νK̃m
(σ(ŷ(m))− ŷ(m) + o(r̃m))

= νK̃m
(σ(y + o(r̃m))− y + o(r̃m))

= νK̃m
(σ(y)− y + o(r̃m))

= νK̃m
(σ(y)− y). 2
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We wish to apply this lemma with y = xm and ŷ = x̂m, so we compute

νK̃m
(σ(xm)− xm) ≤ νK̃m

(disc(Fm))

≤ (degF )νKm(disc(Fm))

= (degF )νXK(L)(disc(f))

for m >> 0 by Lemma 4.0.5. Since r̃m → ∞, it follows that xm satisfies the

hypothesis of Lemma 4.0.8 for m >> 0, and we conclude that

νXK(L̃m)(XL|K(σ)(x̂m)− x̂m) = νK̃m
(σ(xm)− xm)

for m >> 0. This immediately implies that XK(L)(x̂m) = XK(L̃m), because if

the inclusion were proper, then there would exist σ 6= 1 in Gal(L̃m|L) such that

XL|K(σ)(x̂m) = x̂m, which is a contradiction since since σ(xm) 6= xm.

Thus, in order to show thatK = XK(L̃m), we just need to show thatXK(L)(x̂m) ⊂

XK(L)(x̃). But the sequence {x̂m} converges to x̃, and our computation above shows

that the Krasner radii

max{νXK(L)(XL|K(σ)(x̂m)− x̂m) | σ ∈ G(L̃m|L), σ 6= 1} < C

for some constant C independent of m. Hence for m >> 0 so that νXK(L)(x̃− x̂m) >

C, Krasner’s lemma tells us that

XK(L)(x̂m) ⊂ XK(L)(x̃)

as required.
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Thus, we have shown that K = XL|K(L̃m) = XL|K(Lm). It now follows from the

fundamental equality that ns = nm:

ns =
deg f

[K : k((z))]
=

degF

[Lm : L]
=

degF

[K ′m : Km]
= nm.

It remains to prove the statement about the Galois groups. By the general

theory of the field of norms, we have

Gal(Lm|L) ∼= Gal(XK(Lm)|XK(L)) = Gal(K|XK(L)).

Moreover, since Lm = K ′mL and L|Km and K ′m|Km are linearly disjoint, it follows

that

Gal(Lm|L) = Gal(K ′mL|L) ∼= Gal(K ′m|K ′m ∩ L) = Gal(K ′m|Km).

Thus, we just need to show that the ramification filtrations are preserved under

these isomorphisms.

First note that for all m,n >> 0, we have Lm = Ln, since by the preceding proof

we have that XK(Lm) = K = XK(Ln) and XL|K(−) is an equivalence of categories.

Denote this common field by L′.

Lemma 4.0.9. (compare [17], Proposition 3.3.2) For σ ∈ Gal(L′|L) and m >> 0,

we have iK′
m
(σ) = iXK(L′)(XL|K(σ)).

Proof: This has essentially been proven on the previous pages: recall that

iK′
m
(σ) := min

x∈R′m
{νK′

m
(σ(x)− x)− 1},
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and similarly for iXK(L′)(XL|K(σ)). But for any ŷ = (ŷ(n))n ∈ XK(L′), we have

νXK(L′)(XL|K(σ)(ŷ)− ŷ) = νXK(L′)((σ(ŷ(n)))n − (ŷ(n))n)

:= νK′
m
([(σ(ŷ(n)))n − (ŷ(n))n]K′

m
)

= νK′
m
(σ(ŷ(m))− ŷ(m) + o(r′m))

≥ min{νK′
m
(σ(ŷ(m))− ŷ(m)), r′m).

Now r′m →∞, so for m >> 0 and for any ŷ not fixed by XK(L)(σ) we have

νXK(L′)(XL|K(σ)(ŷ)− ŷ) < r′m,

which implies that

νXK(L′)(XL|K(σ)(ŷ)− ŷ) = νK′
m
(σ(ŷ(m))− ŷ(m))

for m >> 0. It follows that iXK(L′)(XL|K(σ)) ≥ iK′
m
(σ). For the other inequality,

choose m >> 0 so that νK′
m
(σ(xm) − xm) < r′m (this is possible by our previous

computations). Then clearly iK′
m
(σ) < r′m, and if x ∈ K ′m is the element achieving

the minimum value iK′
m
(σ), lemma 4.0.8 says that

νXK(L′)(XL|K(σ)(x̂)− x̂) = νK′
m
(σ(x)− x) = iK′

m
(σ) + 1

for a suitably chosen x̂ ∈ XK(L′m). It follows that

iXK(L′)(XL|K(σ)) ≤ iK′
m
(σ),

so we have equality as claimed. 2
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Since the lower ramification filtration is determined by the function i, it follows

that the isomorphism

Gal(K ′m|Km) ∼= Gal(L′|L) ∼= Gal(K|XK(L))

induced by XK(−) preserves the ramification filtrations. Since the degree of the

different depends only on the ramification filtration, it follows that ds = dm for

m >> 0.

2): We now assume that G is abelian, but make no separability assumption on

the special fiber Yk → Dk. Since G is abelian, the decomposition groups at the ns

primes of A($) lying over ($) ∈ Spec(R[[Z]]) all coincide. Call this decomposition

group Z. Taking Z-invariants, we observe that Y Z → D is a G/Z-Galois regular

branched cover with totally split special fiber:

F (Y Zk ) ∼=
ns∏
j=1

k((z)). (4.0.2)

In particular, there is no more splitting in the special fiber Yk → Y Zk . Moreover,

the isomorphism (4.0.2) of k((z))-algebras is clearly defined over Fp((z)), so we can

apply part 1 with l = 1 to the cover Y Z → D. We conclude that nZm = ns for

m >> 0 (here nZm is the number of components of Y ZK,m). Since YK,m → Y ZK,m is

surjective, it follows that nm ≥ nZm = ns as claimed.

3): Note that by part 1, if dm → ∞, then the special fiber must be generically
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inseparable, without any irreducibility hypothesis or restriction on the group G.

Now suppose that Yk is irreducible and Yk → Dk is generically inseparable. Let

V be the first ramification group at the unique prime of A lying over ($). Taking

V -invariants, we consider the tower

Y → Y V → D.

Now V is a nontrivial p-group, and thus has a p-cyclic quotient. Hence Y → Y V

possesses a p-cyclic subcover, W → Y V , and we have the tower

Y → W → Y V → D.

Now consider the associated tower of special fibers

Yk → Wk → Y V
k → Dk,

which corresponds (by considering the generic points) to a chain of field extensions

k((z)) ⊂ k((s)) ⊂ W ⊂ K.

Note that there is no extension of constants in this tower because the cover Y → D

was assumed to be regular.

The extension W|k((s)) is purely inseparable of degree p. Hence, there exists

x ∈ W such that x 6∈ k((s)) but xp = sau ∈ k((s)), where a ∈ Z and u is a unit

in k[[s]]. Moreover, we may assume that u is a principle unit since k is perfect and

we can always multiply this equation by a p-power. Similarly, we may assume that
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0 ≤ a < p. First take the case where a 6= 0. Then by Hensel’s Lemma, u has an ath

root in k((s)), call it v. Thus, xp = (sv)a := s̃a, and s̃ is a uniformizer for k((s)).

Now a generates the cyclic group Z/pZ, so there exists j with 0 < j < p such that

ja ≡ 1 (p). We get:

(xj)p = (xp)j = (s̃a)j = s̃ja = s̃s̃rp

for some r ∈ Z. Dividing by s̃rp yields(
xj

s̃r

)p
= s̃.

Note that xj 6∈ k((s)) since the minimal polynomial of x over k((s)) has degree p.

Hence, replacing x by xj

s̃r , we may assume that xp = s̃ = sv, so that x is the pth

root of a uniformizer.

Now consider the case where a = 0 above, so that we have xp = u, a principle

unit in k[[s]]. Write u = 1 +
∑∞

i=1 αis
i with αi ∈ k. Note that there exists i such

that (i, p) = 1 and αi 6= 0. Indeed, if u ∈ k[[sp]], then u is a pth power in k[[s]] and

(x− u
1
p )p = xp − u = 0, contradicting our assumption that Yk is reduced. So let i0

be the least i such that (i, p) = 1 and αi 6= 0. Then we have

u = 1 +
∑

1≤j< i0
p

αjps
jp + si0u′

for some unit u′. Then replacing x by x− 1−
∑

1≤j< i0
p
α

1
p

jps
j yields the equation

xp = si0u′,

so that we are in the first case already considered.
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Thus, we have shown that in any case, there exists x ∈ W such that x 6∈ k((s))

and xp = s̃ = sv, a uniformizer for k((s)). Replacing s by s̃, we may assume that

xp = s. Now let ξ be a lifting of x to the localized ring of global sections Γ(W )($).

Then ξ is integral over AV($) and we let F (T ) ∈ AV($)[T ] be its minimal polynomial.

By Nakayama’s Lemma, the powers of ξ generate Γ(W )($) as an AV($)-module, so

F (T ) has degree p and we conclude that modding out by $ yields

F (T ) = (T p − s).

Now let S ∈ AV($) be any lifting of s ∈ k((s)). Then we have

F (T ) = T p − S +$H(T ),

where H(T ) ∈ AV($)[T ] is of degree at most p− 1.

The extension k((s))|k((z)) is totally ramified, so the minimal polynomial of s

over k((z)) is Eisenstein:

g(T ) = T c + zad−1(z)T
c−1 + · · ·+ za1(z)T + zu(z) ∈ k[[z]][T ],

where u(z) is a unit. Again by Nakayama’s Lemma, the powers of S generate AV($)

as a R[[Z]]($)-module, so the minimal polynomial of S, G(T ), is of degree c and we

have

G(T ) = g(T ).

Using the Teichmüller lifting τ : k[[z]]→ R[[Z]], we find that

G(T ) = τ(g)(T ) +$P (Z, T )

= T c + Zτ(ad−1)(Z)T c−1 + · · ·+ Zτ(u)(Z) +$P (Z, T ),
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for some polynomial P (Z, T ) ∈ R[[Z]]($)[T ] of degree at most c− 1 in T .

Setting Z = πm, we get the specialized polynomial

Gm(T ) = T c + πmτ(ad−1)(πm)T c−1 + · · ·+ πmτ(u)(πm) +$P (πm, T ),

which form >> 0 is Eisenstein by the Ramification Argument applied to$P (πm, T ).

Letting Sm denote the image of S in F (Y V
K,m), it follows that Y V

K,m is irreducible for

m >> 0 and Sm is a uniformizer for the field F (Y V
K,m).

Now consider the polynomial H(T ) ∈ AV($)[T ], which has the form

H(T ) = T r + cr−1T
r−1 + · · ·+ c1T + c0,

where r < p. Now each coefficient ci ∈ AV($) is integral over R[[Z]]($), say with

minimal polynomial

pi(T ) = T n + bn−1(Z)T n−1 + · · · b0(Z) ∈ R[[Z]]($)[T ].

Setting Z = πm yields the specialized polynomial

pi,m(T ) = T n + bn−1(πm)T n−1 + · · ·+ b0(πm) ∈ Km[T ].

Now by the Ramification Argument, the coefficients of the polynomials pm(T ) are

bounded in absolute value independently of m. Hence, if ci,m denotes the image of

the coefficient ci in the field F (Y V
K,m), then the absolute value of ci,m is bounded

independently of m. Hence, for m >> 0, we see that

Fm(T ) = T p − Sm +$H(T )Z=πm
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is an Eisenstein polynomial over the field F (Y V
K,m), again by the Ramification Ar-

gument applied to $H(T ).

We obtain the chain of field extensions

Km ⊂ Km(Sm) = F (Y V
K,m) ⊂ Km(Sm, ξm) = F (WK,m) ⊂ K ′m

and note that ξm satisfies the Eisenstein polynomial Fm(T ) over Km(Sm).

Thus ξm is a uniformizer in the totally ramified extension Km(Sm, ξm)|Km(Sm),

so

D(Km(Sm, ξm)|Km(Sm)) = (F ′m(ξm)) = (pξp−1
m +$H ′(ξm)Z=πm).

But

νKm(Sm,ξm)(pξ
p−1
m + $H ′(ξm)Z=πm) ≥

min{νKm(Sm,ξm)(pξ
p−1
m ), νKm(Sm,ξm)($H

′(ξm)Z=πm)},

and the latter quantity goes to ∞ as m goes to ∞. By multiplicativity of the

different in towers we conclude that

dm ≥ νKm(Sm,ξm)(D(Km(Sm, ξm)|Km(Sm))),

so dm goes to ∞ as m goes to ∞ as claimed. 2
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Chapter 5

Arithmetic Form of the Oort

Conjecture

Using Theorem 1, we deduce a new local lifting criterion for abelian extensions of

Fp((z)). For this, consider a Lubin-Tate extension L|K with K = HQ̂un
p for some

finite extension H|Qp. Then choose a uniformizer π ∈ XK(L), which defines an

isomorphism Fp((z)) ∼= XK(L) as well as a sequence of points {xm}m ⊂ DK .

Proposition 5.0.10. Suppose that G is a finite abelian group, and let M |L be a G-

Galois extension, corresponding to the G-Galois extension XK(M)|XK(L) via the

field of norms functor. Suppose that Y → D is a G-Galois regular branched cover

with Y normal and Yk reduced. Then Y → D is a smooth lifting of XK(M)|XK(L)

if and only if there exists l > 0 such that for m >> 0 and m ≡ 1 mod l, we have

Lm = M as G-Galois extensions of L, and dm = dη.
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Proof: First suppose that Y → D is a smooth lifting ofXK(M)|XK(L). Then Yk →

Dk is generically separable, so by part 1 of Theorem 4.0.1 we see that XK(M) =

XK(Lm) and dm = ds for m >> 0 and m ≡ 1 mod l, for some l > 0. Since XK(−)

is an equivalence of categories, we conclude that M = Lm for these values of m.

Moreover, by the local criterion for good reduction (see Introduction), we have

ds = dη, which implies that dm = dη for m >> 0 and m ≡ 1 mod l, as claimed.

Now suppose that there exists l > 0 so that Lm = M and dm = dη for m >> 0

and m ≡ 1 mod l. Then by part 2 of Theorem 4.0.1, Yk is irreducible, and then by

part 3, Yk → Dk is generically separable. Hence we may apply part 1 to conclude

that there exits l1 > 0 such that F (Yk) = XK(Lm) and ds = dm for m >> 0 and

m ≡ 1 mod l1. But the two arithmetic progressions {tl + 1}t and {tl1 + 1}t have

a common subsequence. It follows that F (Yk) = XK(M) and ds = dη, so Y → D

is a birational lifting of XK(M)|XK(L) which preserves the different. By the local

criterion for good reduction, it follows that Y → D is actually a smooth lifting. 2

In particular, we obtain an “arithmetic reformulation” of the Oort Conjecture

concerning the liftability of cyclic covers over an algebraically closed field k of char-

acteristic p. For this, note that it suffices to prove the Oort Conjecture over the

algebraic closure of a finite field, k = Fp, by standard techniques of model theory.

So set K = Q̂un
p , and let L = K(ζp∞). Then L|K is Lubin-Tate for H = Qp and

Γ = Ĝm. Finally, if C is a finite cyclic group, define RC := OK [ζ|C|] ⊂ OL. Then

we have the following “arithmetic form” of the Strong Oort Conjecture from the
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Introduction:

Arithmetic Form of the Oort Conjecture: Suppose that M |L is a finite

cyclic extension of L, with group C. Then there exists a normal, C-Galois regular

branched cover Y → D := Spec(RC [[Z]]) with Yk reduced such that for some l > 0

we have:

1. Lm = M for m >> 0 and m ≡ 1 mod l;

2. dη = dm for m >> 0 and m ≡ 1 mod l.

Proposition 5.0.11. The arithmetic form of the Oort Conjecture is equivalent to

the Strong Oort Conjecture.

Proof: This follows immediately from Proposition 5.0.10. 2

Now we would like to give a direct proof of the arithmetic form of the Oort

Conjecture for p-cyclic covers, and for this we need to make some preliminary

observations. First note that Km := Fix(G(L|K)m) = K(ζpm), and therefore

[Km+1 : Km] = p for m ≥ 1. Moreover, by Proposition 3.2.3, the numbers

i(L|Km)→∞ as m→∞. But then by Proposition 3.2.2 we have

i(Km+1|Km) ≥ i(L|Km)→∞ as m→∞.

Hence given any N > 0, there exists m0 >> 0 such that for m ≥ m0, Km+1|Km

is a p-cyclic extension with G(Km+1|Km)N = G(Km+1|Km). In particular, if σ is a

generator of G(Km+1|Km), then

νm+1(σ(πm+1)− πm+1) ≥ ψKm+1|Km(N) + 1 > N
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for any uniformizer πm+1 ∈ Km+1.

Now suppose that π = (πm) is a uniformizer for XK(L), so that

NKm+1|Km(πm+1) = πm

for all m. If pm(T ) is the minimal polynomial of πm+1 over Km, then we have

pm(T ) = T p + a1T
p−1 + · · ·+ ap−1T + (−1)pπm,

an Eisenstein polynomial.

Lemma 5.0.12. For any B > 0, there exists m1 >> 0 so that if m ≥ m1, the

coefficients of pm(T ) ∈ Rm[T ] satisfy νm(ai) ≥ B for i = 1, . . . , p− 1.

Proof: Given B > 0, set N = pB and choose m1 >> 0 so that i(Km+1|Km) > N

and em+1 > N for m ≥ m1, where em is the absolute ramification index of Km. If

we denote by o(N + 1) an element of Rm+1 of valuation greater than or equal to

N + 1, then for any generator σ of Gal(Km+1|Km) we have

±ai =
∑

j1,j2,...,ji,distinct

σj1(πm+1) · · ·σji(πm+1)

=
∑

(πm+1 + o(N + 1))i

=
∑

(πim+1 + o(N + 1))

=

(
p

i

)
πim+1 + o(N + 1).

Since p|
(
p
i

)
for i = 1, . . . , p− 1, we find that

νm(ai) =
1

p
νm+1(ai) ≥

1

p
min{νm+1(p) + i, N} ≥ 1

p
min{em+1, N} = B. 2
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In the course of our proof of the arithmetic form of the Oort Conjecture for p-

cyclic covers, we will need a result about the stability of the ramification filtration

under base change by subfields of an infinite APF extension L|K. Of course, the

ramification filtration behaves badly in general under ramified base change, but in

our situation we have the following

Proposition 5.0.13. ( [17], 3.3.2) Let σ be a K-automorphism of L. Then there

exists a subfield E ∈ EL|K such that for E ′ ∈ EL|E we have iE′(σ) = iXK(L)(XK(σ)).

To see how this gives the type of stability that we require, suppose that M |L

is a finite G-Galois extension, say defined over Km0 . That is, there exists a G-

Galois extension K ′m0
|Km0 such that M = K ′m0

L. Then M |K is APF and any

σ ∈ G is a K-automorphism of M to which we may apply the proposition. Hence

there exists E ∈ EM |K such that for any finite extension E ′|E contained in M we

have iE′(σ) = iXK(L)(XK(σ)). Moreover, by enlarging E we may assume that it

contains Km0 and works for all σ ∈ G. But G(M |K ′m0
) ∼= Zp is procyclic (since

L|Km0 is), so there is a unique subextension of M |K ′m0
of each p-power degree.

But Km+iK
′
m0
|K ′m0

is a subextension of degree pi, so it follows that E coincides

with one of them. Increasing m0 if necessary, we may assume that E = K ′m0
. It

now follows immediately from Proposition 5.0.13 that for m ≥ m0, the canonical

isomorphism G(KmK
′
m0
|Km) ∼= G(K ′m0

|Km0) preserves the ramification filtrations

on these groups. In particular, we see that form ≥ m0, the conductor ofKmK
′
m0
|Km

is equal to the conductor of K ′m0
|Km0 .
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Theorem 5.0.14. The arithmetic form of the Oort Conjecture holds for p-cyclic

covers.

Proof: Let M |L be a p-cyclic extension, say defined by adjoining the pth root of a

principle unit u ∈ Km0 (note that every such M is so defined if we take m0 >> 0).

Then K̃m0|Km0 is totally ramified, where K̃m0 = Km0(u
1
p ), since kKm0

= kK is

algebraically closed. Moreover, take m0 >> 0 so that the conductor of K̃m0|Km0 is

stable under base change by Km|Km0 (see remarks after Proposition 5.0.13). Then

modifying u by a p-power in Km0 , we have

u = 1 +
λp

πcm0

v,

where v is a unit in Km0 , λ = ζp − 1, and c+ 1 is the Artin conductor of K̃m0|Km0

(see [7] Proposition 1.6.3). Now choose N > c and increase m0 if necessary so that

min{rm0 ,
em0

p−1
} ≥ N .

By Proposition 3.3.3, there exists a unit v̂ ∈ XK(L) such that νm0(v̂Km0
− v) ≥

rm0 ≥ N . Hence we can write

u = 1 +
λp

πcm0

(v̂Km0
− (v̂Km0

− v)) = 1 +
λpv̂Km0

πcm0

w

where w ∈ Km0 is a unit of index at least N . Now (c, p) = 1, so by Hensel’s Lemma

v̂ has a cth root in XK(L). Then replace the uniformizer π = (πm) by πv̂−
1
c . Again

calling this uniformizer π, we find that

u = 1 +
λp

πcm0

w

61



where w is a unit of index at least N , say

w = 1 + b1π
N
m0

+ b2π
N+1
m0

+ · · · ,

where the bi ∈ K are Teichmüller representatives. Now set W = 1 + b1Z
N +

b2Z
N+1 + · · · ∈ R[[Z]]× and consider the extension of normal rings A | R1[[Z]]

defined generically by the Kummer equation

T p = 1 +
λp

Zc
W.

Lemma 5.0.15. (compare [5], Proposition 1.4) As = A/λA is reduced.

Proof: Let S0 = ̂R1[[Z]](λ) be the completion of the base ring at the special fiber,

and suppose on the contrary that the extension of normal rings, S|S0, defined

generically by the equation T p = 1 + λp

ZcW is totally ramified of degree p. Then

λ = Bωp, where ω is a uniformizer for S and B is a unit in S. Now in S we have

the factorization (where we set V = W
Zc ∈ S×0 )

T p − 1 = (T − 1)(T − ζp) · · · (T − ζp−1
p ) = V λp.

But all factors in this product are (up to units) Galois-conjugate over S0, and hence

have the same valuation. It follows that

νS(T − 1) =
1

p
νS(V λ

p) =
1

p
νS(V B

pωp
2

) = p,

so T = 1 + Aωp for some unit A ∈ S. Taking p-powers yields:

T p = (1 + Aωp)p = 1 + pAωp + · · ·+ Apωp
2

= 1 + V Bpωp
2

.
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Now p = Uλp−1 = UBp−1ωp(p−1), for some unit U ∈ S0. Then considering the terms

of valuation p2 in the previous equation implies that

UBp−1A+ Ap ≡ V Bp mod ω.

Setting X = A
B

, it follows that V = UX +X
p

in kS = kS0 . But then 1 + V λp is a

pth power in S0. Indeed, lift X to a unit X0 ∈ S0 and compute

(1 + V λp)(1−X0λ)p = (1 + V λp)(1− pX0λ+ · · · −Xp
0λ

p)

= (1 + V λp)(1− (UX0 −Xp
0 )λp + o(p+ 1))

= 1 + (V − UX0 −Xp
0 )λp + o(p+ 1)

= 1 + o(p+ 1).

But any unit of index greater than νS0(λ
p) = p in S0 is a pth power, so 1+V λp is a

pth power in S0 as claimed. But then S = S0, contrary to our supposition. Hence

S/λS is reduced, which implies the same for As. 2

Setting T̃ = TZc yields the integral equation

T̃ p = Zcp + λpZ(p−1)cW = Z(p−1)c(Zc +Wλp).

The right hand side has zeros where Z = 0 and where
(
Zc

W

)
=
(

Z

W
1
c

)c
= λp, which

gives c+ 1 points each having ramification index p in the cover. It follows that the

degree of the generic different is dη = (c+ 1)(p− 1).

On the other hand, specializing the equation at Z = πm yields

T p = 1 +
λp

πcm
W (πm),
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and so all of the specializations K ′m|Km are field extensions having Artin conductor

c+1, hence degree of different dm = (c+1)(p− 1) = dη. Thus, from Theorem 1 the

special fiber is separable and irreducible, and we have dη = ds. Hence, the lifting is

smooth, and we just need to verify that M = K ′mL for all m >> 0. But we have

fixed things so that at level m0 we have K ′m0
= K̃m0 , hence M = K̃m0L = K ′m0

L.

Now for m > m0, the extension K ′m|Km is defined by adjoining a pth root of

1 +W (πm) λ
p

πc
m

, so by Kummer Theory, it suffices to show that

(1 +W (πm)
λp

πcm
)(1 +W (πm+1)

λp

πcm+1

)−1

is a pth power in L.

For ease of notation, set um = W (πm), a unit of index at least N in Km. Thus,

we wish to show that

(1 + um
λp

πcm
)(1 + um+1

λp

πcm+1

)−1

is a pth power in L. In fact, I claim that

(1 + um
λp

πcm
)(1 + um+1

λp

πcm+1

)−1(1− λ

πm+1

)p

is a pth power in Km+1.

By Lemma 5.0.12 concerning the minimal polynomial of πm+1 over Km we have

(−1)(p−1)πm = πpm+1 +

p−1∑
i=1

aiπ
p−i
m+1 = πpm+1(1 +

p−1∑
i=1

ai
πim+1

),

and we may assume νm+1(
ai

πi
m+1

) ≥ pN for each i.
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Note that any principal unit in Km of index greater than νm(λp) is a pth power

in Km. Since our goal is to show that something is a pth power, we only need

to keep track of enough terms to determine the index in our computation. So we

compute (here o(−) refers to the valuation νKm+1):

(1 + um
λp

πcm
) = 1 + (−1)p−1 (1 + o(pN))λp

πcpm+1(1 + o(pN))

= 1 + (−1)p−1 λp

πcpm+1

(1 + o(pN)).

Multiplying by a pth power we get

(1 + um
λp

πcm
)(1− λ

πcm+1

)p = (1 + (−1)p−1 λp

πcpm+1

(1 + o(pN)) ·

(1 + (−1)p
λp

πcpm+1

− pλ

πcm+1

(1 + o(
em+1

p− 1
− c)))

= 1− pλ

πcm+1

(1 + o(pN − c(p− 1))).

Finally, we compute

(1 + um+1
λp

πcm+1

)−1(1 + um
λp

πcm
)(1− λ

πcm+1

)p =

(1− λp

πcm+1

(1 + o(N)))(1− pλ

πcm+1

(1 + o(pN − c(p− 1))) =

1− λp + pλ

πcm+1

+ λpo(N − c),

and this unit has index greater than νm+1(λ
p). Indeed, the last term has valuation

greater than νm+1(λ
p) by our choice of N . For the second term, note that

0 = (λ+ 1)p − 1 = λp + pλ+ pλ2o(0).
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It follows that

νm+1(
λp + pλ

πcm+1

) ≥ νm+1(pλ
2)− c

= em+1 + 2
em+1

p− 1
− c

= νm+1(λ
p) +

em+1

p− 1
− c

≥ νm+1(λ
p) +N − c > νm+1(λ

p).

Hence, K ′m+1 = K ′mKm+1, which implies that K ′mL = K ′m0
L = K̃m0L = M , as

required. This completes the proof of the p-cyclic case of the arithmetic form of the

Oort Conjecture. 2
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Appendix A

Computing the Different From

Witt Vectors

In the course of this thesis, we have seen the importance of preserving the different

in the lifting process. This raises the question of how to compute the different of a

pn-cyclic extension of a local field of characteristic p. The answer to this question

involves the relationship between Artin-Schreier-Witt theory and local class field

theory. This relationship is the subject of L. Brylinski’s paper [3], which we describe

here.

In this section, K = k((t)), where k is a finite field of characteristic p > 0.

Then Artin-Schreier-Witt theory says that pn-cyclic extensions of K are classified

by Witt vectors of length n:

Wn(K)/(F − 1)Wn(K) ∼= Hom(Gab
K/p

n,Z/pnZ).
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On the other hand, the reciprocity homomorphism of local class field theory φK :

K∗ → Gab
K induces an isomorphism

K∗/(K∗)p
n ∼= Gab

K/p
n,

and the unit filtration {U (r)
K } on K∗ corresponds under φK to the ramification

filtration {Gab,r
K } ofGab

K in the upper numbering. Combining these two isomorphisms

yields a non-degenerate bilinear form

K∗/(K∗)p
n ⊗Wn(K)/(F − 1)Wn(K) −→ Z/pnZ. (∗)

Recall that the Artin conductor of an abelian extension L | K is defined to be

the least positive integer f = fL/K such that φL/K(U
(f)
K ) = 0, or equivalently such

that U
(f)
K ⊂ NL/K(UL). In terms of the ramification filtration on Gal(L/K), the

Artin conductor is the least positive integer f = fL/K such that Gal(L/K)f = 0.

Starting from the Hilbert formula for the degree of the different of L | K ([15] Ch.

IV, Prop. 4), a straightforward computation yields the following relation between

the different and conductor:

Proposition A.0.16. Given a pn-cyclic totally ramified extension L | K, let Li | K

be the subextension of degree pi. Then

dL/K := νL(DL/K) =
n∑
i=1

(fLi/K − fLi−1/K)pi−1(pn−i+1 − 1) (fL0/K := 0).

Our goal is to compute dL/K directly from the Witt vector classifying L/K. By

the above formula, this amounts to computing the Artin conductor fL/K , which by
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definition is determined by the unit filtration on K∗/(K∗)p
n
. Hence, our task is to

compute the dual filtration on Wn(K)/(F − 1)Wn(K) with respect to the bilinear

form (∗). Brylinski accomplishes this in [3] using Kato’s residue homomorphism in

Milnor K-theory.

Definition A.0.17. For each m ∈ Z, let

W (m)
n (K) = {(x0, . . . , xn−1) ∈ Wn(K) | pn−i−1ν(xi) ≥ m, 0 ≤ i < n}.

Proposition A.0.18. ([3], Proposition 1) {W (m)
n (K)}m∈Z forms a decreasing filtra-

tion of Wn(K) by subgroups which is exhaustive and separated. The quotient group

W
(m)
n (K)/W

(m+1)
n (K) is generated by elements of the form

(0, . . . , 0, λtp
i−n+1m, 0, . . . , 0)

where 0 ≤ i < n ranges over all values such that m
pn−i−1 ∈ Z, the nonzero entry is in

the ith place, and λ ∈ k. Endowing the quotient group Wn(K)/(F − 1)Wn(K) with

the quotient filtration {W (m)
n (K)mod(F − 1)}, we have:

W (m)
n (K)mod(F − 1)/W (m+1)

n (K)mod(F − 1) = 0 for m > 0

W (0)
n (K)mod(F − 1)/W (1)

n (K)mod(F − 1) ∼= [k/(F − 1)k]n

W (m)
n (K)mod(F − 1)/W (m+1)

n (K)mod(F − 1) ∼=
0 if νp(m) ≥ n

k if νp(m) = n− i− 1, i ≥ 0

for m < 0.
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Moreover, in the case m < 0, when the quotient group is nonzero, the isomorphism

with k is given by

λ 7→ (0, . . . , 0, λtpi−n+1m, 0, . . . , 0).

We are now ready to state Brylinski’s

Theorem A.0.19. ([3], Theoreme 1) For the bilinear form (∗), the right annihilator

of U
(m)
K is W

(−m+1)
n (K)mod(F − 1) for all m > 0.

Unfortunately, the corollary to this result stated by Brylinski is not quite true.

Since this corollary computes the Artin conductor of L |K in terms of the classifying

Witt vector, we take this opportunity to introduce the concept necessary to fix

Brylinksi’s statement.

Definition A.0.20. A Witt vector of length n, say (x0, . . . , xn−1) ∈ Wn(K), is

minimal if and only if for i = 0, . . . , n− 1 the following implication holds:

min{piν(x0), p
i−1ν(x1), . . . , ν(xi)} = mi ⇒ (x0, . . . , xi) 6∈ W (mi+1)

i+1 mod(F − 1).

Minimality ensures that modding out by the image of the Artin-Schreier-Witt

transformation F − 1 doesn’t change which piece of the filtration a Witt vector

belongs to. The next proposition gives a nice condition guaranteeing minimality.

Before stating it, however, we need another

Definition A.0.21. A Witt vector (x0, . . . , xn−1) ∈ Wn(K) is essentially prime-to-

p if and only if for all i we have

min{piν(x0), p
i−1ν(x1), . . . , ν(xi)} = pi−jν(xj)⇒ p 6 |ν(xj).
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In other words, if a minimum is ever attained at a certain component, then that

component has valuation prime to p.

Proposition A.0.22. If x = (x0, . . . , xn−1) ∈ Wn(K) is essentially prime-to-p and

ν(x0) < 0, then x is minimal.

Proof: We proceed by induction on the length n. For the case n = 1, suppose that

ν(x0) = m0 < 0 and (m0, p) = 1. The first condition implies that the image of x0

is nonzero in W
(m0)
1 (K)/W

(m0+1)
1 (K). We wish to show that x0 is still nonzero in

W
(m0)
1 (K)mod(F−1)/W

(m0+1)
1 (K)mod(F−1). But sincem0 < 0 is prime to p, both

of these groups are isomorphic to k by Brylinski’s proposition, hence isomorphic to

each other. Thus x0 is nonzero.

Now suppose that the claim holds for length n−1 > 0, and consider an essentially

prime-to-pWitt vector of length n: x = (x0, . . . , xn−1). By the induction hypothesis,

the Witt vector (x0, . . . , xn−2) ∈ Wn−1(K) is minimal. So all we need to show is

that x is nonzero in

W (mn−1)
n (K)mod(F − 1)/W (mn−1+1)

n (K)mod(F − 1),

where mn−1 = min{pn−1ν(x0), . . . , ν(xn−1)}. This is equivalent to the statement

that for all a ∈ Wn(K), setting α = x+ (F − 1)(a) yields

min{pn−1ν(α0), . . . , ν(αn−1)} ≤ mn−1.
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Since (x0, . . . , xn−2) is minimal, we know that

min{pn−1ν(α0), . . . , ν(αn−1)} ≤ min{pn−1ν(α0), . . . , pν(αn−2)}

≤ min{pn−1ν(x0), . . . , pν(xn−2)}.

Thus, we are done unless ν(xn−1) < min{pn−1ν(x0), . . . , pν(xn−2)}. So suppose that

this inequality holds. Then by essentially prime-to-p, p does not divide mn−1 =

ν(xn−1). Then again by Brylinski’s proposition, we have the isomorphisms

W (mn−1)
n (K)mod(F − 1)/W (mn−1+1)

n (K)mod(F − 1) ∼= k

∼= W (mn−1)
n (K)/W (mn−1+1)

n (K).

Since the image of x in the last group is nonzero by definition, it follows that x is

nonzero in the first group as well. This shows that x is minimal as claimed. 2

Now that we have the notion of minimality, we can correctly state the corollary

to Brylinski’s theorem:

Corollary A.0.23. Suppose that (x0, . . . , xn−1) ∈ Wn(K) is minimal with ν(x0) <

0, and for 1 ≤ i ≤ n let Li | K be the pi-cyclic subextension of the corresponding

totally ramified pn-cyclic extension L | K. Then for each i the Artin conductor of

Li | K is given by

fLi/K = −mi−1 + 1 = −min{pi−1ν(x0), . . . , ν(xi−1)}+ 1.

Putting this together with our earlier formula for the different yields

dL/K =
n−1∑
i=0

(mi−1 −mi)p
i(pn−i − 1),
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where as always mi = min{piν(x0), . . . , ν(xi)} and we set m−1 = 1. Note that

this formula only holds for minimal Witt vectors. This is enough to calculate the

different for any pn-cyclic extension L | K, since we can always choose a classifying

Witt vector that is prime-to-p.
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