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ABSTRACT

THE SCHOTTKY PROBLEM IN GENUS FIVE

Charles Siegel

Ron Donagi

In this thesis, we present a solution to the Schottky problem in the spirit of

Schottky and Jung for genus five curves. To do so, we exploit natural incidence

structures on the fibers of several maps to reduce all questions to statements

about the Prym map for genus six curves. This allows us to find all components of

the big Schottky locus and thus, to show that the small Schottky locus introduced

by Donagi is irreducible.
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Chapter 1

Introduction

The Schottky problem has a long history, tied inextricably to curve theory as a

whole. It is one of the first questions to ask at the beginning of the theory: how can

one characterize which abelian varieties are the Jacobians of curves? The first results

were obtained by Schottky himself, and with his collaborator Jung [Sch88, JS09].

The next result in this spirit wasn’t until the 1980s, when Igusa proved the Schottky-

Jung conjecture in genus 4 [Igu81].

Several other approaches were attempted, many of which successfully character-

ized Jacobians, such at Shiota’s theorem on the KP heirarchy [Shi86], the trisecant

conjecture which was recently resolved by Krichever [Kri10], and the general posi-

tion arguments of Pareschi and Popa [PP08]. Another method, which only gives a

weak characterization, that is, a locus where the Jacobians are an irreducible com-

ponent, is via the singularities of the theta divisor, begun by Andreotti and Mayer
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[AM67], pursued in [CM08, CvdG00, GSM07] and many others, has increased our

understanding of the moduli of abelian varieties greatly, without solving the Schot-

tky problem.

In [Don87a, Don87b], Donagi showed that the original Schottky-Jung conjecture

was incorrect, offered a means of correcting it, and made the bold conjecture that

the problems he saw were the only ones that would arise. At that time, he and

others were studying the Prym map, which appeared in the original Schottky-Jung

conjecture, and obtaining insight into the Andreotti-Mayer loci, but also into the

Schottky locus itself [Bea77, Bea82, Deb90, Deb88b, Don92, DS81, DS80, Don81].

This approach gave a second proof of the Schottky-Jung conjecture in genus four,

and this paper pushes the approach through to give a proof in genus five.
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Chapter 2

Background

We will start by establishing some notation. Denote by Mg the moduli space of

genus g curves and by Ag the moduli space of principally polarized abelian varieties

of dimension g. It is useful in the context of theta functions to recall that Ag can

be written as Hg/ Sp(2g,Z), where Hg is the Siegel upper half space of symmetric

g × g matrices over C whose imaginary part is positive definite.

We will need several level covers of these moduli spaces. All such covers that

we use arise naturally over Ag and are defined forMg by pullback. For any abelian

variety, we define the Weil pairing as the bilinear form associated to the quadratic

form obtained by fixing a symmetric theta divisor Θ and then associating to each

point of order two µ the multiplicity (mod 2) at the identity of Θ + µ. Given that,

we define RnAg to be the moduli space of principally polarized abelian varieties

along with a length n flag of isotropic subspaces of the points of order two on A,
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and similarly for RnMg and for lifts of maps of moduli spaces.

The corank 1 parts of the boundaries of these moduli spaces will also play a role,

so we must understand the components. The boundary ofRAg has three irreducible

components, ∂IRAg, where the vanishing cycle and the marked semiperiod are

equal, ∂IIRAg where they are perpendicular adn ∂IIIRAg where they are not.

The situation for RMg is somewhat more complex, with the above components

corresponding to double covers of irreducible nodal curves, referred to as Wirtinger,

unallowable and Beauville covers, respectively. However, there are two additional

classes of components, corresponding to reducible curves that are the union of a

genus i curve and a genus g − i curve. One class of components, the ∂i’s, has the

point of order two a pullback of one from the genus i curve, whereas the other class,

the ∂i,g−i’s, have the point of order two a sum of pullbacks from each component.

Though these components exist in all compactifications, we will sometimes want

to use the Satake partial compactification of these spaces, sometimes the toroidal

partial compactification, which can be described as the Satake partial compactifi-

cation, blown up along the boundary. We will denote which one we are working on

by a superscript s or t.

There is a natural map Jg :Mg → Ag taking a curve to its Jacobian, and this

lifts to a map RJ g : RMg → RAg. We will denote the closure of the images

of these maps by Jg and RJ g respectively. There is also a natural map Pg+1 :

RMg+1 → Ag with Pg+1(C, C̃) = ker0(Nm : Jg(C̃) → Jg(C)), and it lifts to
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RPg+1 : R2Mg+1 → RAg.

Lemma 2.1 ([Mum74]). Let (C, µ) ∈ RMg, (µ) = {0, µ}, µ⊥ the points of order

two on J(C) that are Weil orthogonal to µ, and P the Prym variety of (C, µ). Then

we have a short exact sequence 0→ (µ)→ µ⊥ → P2 → 0.

The Weil pairing defined above is essential, as we will also be using the space

R2Mg of triples (C, µ,Λ) where C is a genus g curves, µ ∈ Jg(C)2, and Λ is a

rank 2 isotropic subgroup with respect to the Weil pairing containing µ, in short,

a partial isotropic flag. The Mumford sequence implies that we actually get a map

RPg+1 : R2Mg+1 → RAg given by RPg+1(C, µ,Λ) = (P (C, µ), ν̄), where ν is a

nontrivial element of Λ distinct from µ.

Here, we recall some properties of the Prym map that we will need:

Proposition 2.2 (Prym is Proper [DS81, Theorem 1.1], [Bea77, Proposition 6.3]).

The Prym map P : RMg → Ag−1 extends to a proper map P : RMg → Ag−1.

Theorem 2.3 ([Bea77]). For g ≤ 6, the Prym map is surjective.

Theorem 2.4 ([DS81, Don81]). The map P : RM6 → A5 has degree 27 and Galois

group WE6.

The moduli of abelian varieties with level (2, 4) structure is given by the quotient

Hg/Γ
(2,4)
g , where Γ

(2,4)
g consists of matrices which are the identity modulo 2 and

preserve the form εtδ modulo 4, and this structure is extended to other moduli

spaces fiberwise. All of the theta maps lift to the moduli spaces with level (2,4)
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structure, and at that level, we can define certain maps via theta functions. We

start with the Riemann theta function, defined by θ : Hg × Cg → C given by

θ(Ω, z) =
∑
n∈Zg

exp[πi(ntΩn+ 2ntz)].

From this, we can define theta functions with characteristics, which, for any ε, δ ∈

Qg, gives us

θ

 ε

δ

 (Ω, z) = exp[πi(εtΩε+ 2εt(z + δ))]θ(Ω, z + Ωε+ δ),

and then these can be used to define kth order theta functions, for any ε ∈

({0, 1, . . . , k − 1})g, have θk[ε](Ω, z) = θ

 ε/k

0

 (kΩ, kz).

Then, we define on Hg the maps αg and βg where αg is given by second or-

der theta constants and βg is given by the functions θ

 ε/2 0

0 1/2

 (2Ω, 0) for

ε ∈ {0, 1}g−1. These maps descend to Ag−1 and RAg, mapping them to the projec-

tivization of Ug = {f : F2g
2 → C}, which, by the Stone-von Neumann theorem comes

with a unique irreducible representation of the Heisenberg group Gg = Γg/Γ
(2,4)
g .

These maps, the Prym map and the Jacobian map are related by the following

diagram:

Theorem 2.5 (Schottky-Jung Identities [Sch88, JS09, RF74]). The following dia-

gram commutes:
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RMg

P(Ug−1)/Gg−1

Ag−1 RAg

P

��

RJ

��

α
�� β��

And now, we define the Schottky locus to be RSg = β−1(imα), the big Schottky

Sbig
g locus to be the image of RSg in Ag, and the small Schottky locus to be Ssmall

g =

{A ∈ Ag|∀µ ∈ A2\{0}, (A, µ) ∈ RSg}. An immediate consequence of the Schottky-

Jung identities is that RJ g is an contained in RSg. In fact, [vGvdG86, Don87a]

RJ g is a component of RSg, and so, Jg is a component of Sg. More surprising

was the result [Don87b, Theorem 5.4] that RC0 is a component of RS5, where RC

is the locus of intermediate Jacobians of cubic threefolds with a marked point of

order two, which splits into RC0 and RC1, depending on the parity of the point of

order two.

The final result that we will need is theta symmetry. Given genus g + 1 curve

C and Λ an isotropic rank 2 subgroup of Jg+1(C)2, theta symmetry relates the

behavior of the three points (C, µ,Λ) ∈ R2Mg+1 with respect to RPg+1 and βg.

Theorem 2.6 (Theta symmetry [Don87b, Theorem 3.1]). Let C ∈Mg+1 be a curve

of genus g + 1 and let {0, µ0, µ1, µ2} a rank 2 isotropic subgroup of Jg+1(C)2 (thus,

µ2 = µ0 + µ1). For i = 0, 1, 2 we have a Prym variety Pi = P (C, µi) ∈ Ag and on

it a uniquely determined semiperiod νi, the image of µj, j 6= i in Pi.

The point β(Pi, νi) is independent of i = 0, 1, 2.
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Chapter 3

Incidence Relations

For this chapter, we fix a finite field k. Later, we will specialize to the case of

k = F2, which occurs because the natural incidence relations that will arise are

trialities. We’ll study structures over this field that will give us more information

about the fibers of the map β5.

Definition 3.1 (Line configuration). A line configuration V over a finite field k is a

finite set PV and a set of subsets of PV , LV , such that each ` ∈ LV has |`| = |k|+ 1

and if `, `′ ∈ LV have |` ∩ `′| ≥ 2, then ` = `′.

Intuitively, PV is aset of points and LV is a set of (projective) lines. As such,

we will denote by LinesV (p) the set {` ∈ LV |p ∈ `}.

Example 3.2. A large class of examples arises as follows: let V ⊂ Pn(k) be a

subvariety. Then we set PV = V and LV = {` ∈ G(1, n)|` ⊂ V }.

The most fundamental example is Pn(k), which is of this form.
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If V = (PV , LV ) is a line configuration, then we say that X is a subconfiguration

if PX ⊂ PV and LX = {` ∈ LV |∀p ∈ `, p ∈ PX}, and we will identify configurations

for which there is a bijection PV → PV ′ which induces a bijection LV → LV ′ .

With the above in mind, we will abuse language slightly and say that two lines

`, `′ ∈ LV are coplanar if there exists a subconfiguration X ⊂ V isomorphic to P2(k)

with `, `′ ⊂ X where k is the field over which V and X are defined.

Definition 3.3 (V -configuration). Let V be a line configuration over k. Then a line

configuration W is a V -configuration if for each p ∈ PW , we have φp : LinesW (p)→

PV a bijection such that `, `′ ∈ LinesW (p) are coplanar if and only if φp(`) and φp(`
′)

are colinear.

Example 3.4. Pn is always a Pn−1-configuration.

Example 3.5. If V is a collection of n points with LV = ∅, then (P1)n is a V -

configuration.

Example 3.6. Consider the n = 5 case of 3.5, that is, V is the line configuration

over F2 with |PV | = 5 and LV = ∅. Fix S ⊂ P3(C) a smooth cubic surface. Then

we get a V -configuration W by setting PW to be the set of lines on S and LW the

set of triples of lines which are coplanar. This works because if we fix a line in S, we

have five pairs of intersecting lines which intersect `, and thus are coplanar. This

same line configuration can also be relieved as per 3.2. For this, we look at P5(F2)

and the subvariety Q−6 given by x21 + x1x2 + x22 + x3x4 + x5x6. This is a smooth

quadric and OF2(6)− acts transitively, so we can look at any point, for instance
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p = [0 : 0 : 0 : 0 : 0 : 1]. Any line through p has two other points, both have the

last coordinate 0 and they differ by the 5th coordinate. So the set of lines through

p is given by Q−6 ∩ V (x5 = x6 = 0), which is x21 + x1x2 + x22 + x3x4 ⊂ P3(F2), which

is 5 points, no three of which are colinear. This will be the most useful realization

of this configuration and it follows from the isomorphism WE6
∼= OF2(6)−.

Note, that example 3.6 shows that for some line configurations V there exist

multiple fundamentally distinct V -configurations. This can be controlled, however,

through the imposition of symmetry conditions. To describe them, we first need to

define an associated graph:

Definition 3.7 (Graph associated to a configuration). Let V be a line configuration.

Then we define the graph associated to V , ΓV , to have vertex set PV and an edge

between p, q ∈ PV if and only if there exists ` ∈ LV such that p, q ∈ `. We will also

use the natural metric on ΓV obtained by giving each edge length one. Additionally,

we will say that V is connected if ΓV is.

With the metric, we can define various subsets of V . Fixing p ∈ V , we define

Vi(p) = {q ∈ V |d(p, q) = i}, and we define Ai,j(p, q) = Vj(p) ∩ V1(q) for q ∈ Vi(p),

and the numbers vi(p) = |Vi(p)| and ai,j(p, q) = |Ai,j(p, q)|. These numbers are not

in general independent of the choices of points. However, in the situation we care

about, our configurations occur as the fibers of a map of irreducible varieties, and

so for a general fiber, these numbers will be well defined because we can find a path

from one starting point to another, and away from special fibers, these numbers
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will be continuous functions.

Now, we will prove some numerical facts about configurations.

Lemma 3.8. Let V be a connected configuration where all the relevant numbers are

well defined. Then

1 For all i, v1 = ai,i−1 + ai,i + ai,i+1

2 For all i, v1vi = ai−1,ivi−1 + ai,ivi + ai+1,ivi+1

3 v0 = 1, a0,0 = 0, a0,1 = v1, and a1,0 = 1.

For W a connected V -configuration, where these numbers are well defined, we

have

4 a2,2 ≥ a2,1

5 w1 = |k|
∑∞

i=0 vi

6 a1,1 = |k|(v1 + 1)− 1

Proof. 1 Fix p ∈ V , i ∈ N, q ∈ Xi(p). Then

Ai,i−1(p, q) ∪ Ai,i(p, q) ∪ Ai,i+1(p, q)

= (Vi−1(p) ∩ V1(q)) ∪ (Vi(p) ∩ V1(q)) ∪ (Vi+1(p) ∩ V1(q))

= (Vi−1(p) ∪ Vi(p) ∪ Vi+1(p)) ∩ V1(q)

= V1(q).
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2 Fix p ∈ V , i ∈ N. Let X = {(a, b)|a ∈ Vi(p), b ∈ X1(a)}. Then |X| = viv1.

But also,

X = {(a, b)|a ∈ Vi(p) ∩ V1(b), b ∈ ∪jVj(p)}

= ∪j{(a, b)|a ∈ Aj,i(p, b), b ∈ Vj(p)}

and so |X| =
∑

j aj,ivj.

3 These all follow directly from the definitions.

4 Fix q ∈ W2(p). We prove that no line containing q contains two points of

W1(p). As each line consists of n+ 1 ≥ 3 points, this implies that a2,2 ≥ a2,1.

Let a, b ∈ W1(p) and assume that there is a line ` ∈ LW such that a, b, q ∈ `.

As a, b ∈ W1(p), there exist lines m1,m2 through p containing a, b respectively.

But then, m1,m2 must be coplanar, and so there is a line m containing p, q,

so q ∈ V1(p) ∩ V2(p) = ∅, a contradiction.

5 For each line ` ∈ LinesW (p), fix a bijection `→ P1(k) such that p is mapped

to ∞. Then ∪`∈LinesW (p)` =
∐

`∈LinesW (p) A1(k), and this has cardinality |k|

times the number of lines, |k||PV |.

6 Fix p ∈ PW , ` a line through p, p′ ∈ ` distinct form p. Through p′, there

are |PV | lines. One is `, v1 of them are coplanar with `, and the rest are not.

Each coplanar line consists of n points in V1(p) that are not p′, but there are

also n− 1 points of ` in V1(p) other than p′, and so a1,1 = |k|(v1 + 1)− 1.
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Proposition 3.9. Let V be a connected configuration and W a connected V -

configuration where all the relevant numbers are well defined, and with both having

diameter 2. Then either w2 = |PV | or w2 = |k|2v2.

Proof. Fix p ∈ W . Let X̃ be the set of triples (`,m, q) in LinesW (p) × LW ×W2

such that p ∈ `, ` ∩m 6= ∅ and q ∈ m. There is a natural map X̃ → W2 which is

surjective. Then

|X̃| = w2 · |fiber|

= w2|{paths to q ∈ W2 from q}|

= w2|{points ofW1(p)connected to p}|

= w2 · |W1(p) ∩W1(q)| for q ∈ W2(p)

= w2a2,1

Now, we also have a map onto LinesW (p)×W2(p) = A
∐
B, where the fiber over

A has cardinality 1 and over B has cardinality 0. These are the only possibilities,

because if there were two, then we get a plane and q ∈ W1(p). So |A| = |X̃| = w2a2,1,

and |A|+ |B| = |LinesW (p)×W2(q)| = |PV |w2, so |B| = w2(|PV | − a2,1).

But, as W is symmetric, we can see that |V | = |PV |α, where α is the number

of lines in LinesW (p) that do’t have a line connecting them to q. Then α = |PV | −

|{lines in LinesW (p) connected to q}|, which is α = |V |−a2,1, so |B| = |PV |(|PV |−

a2,1).

So, w2(|PV | − a2,1) = |PV |(|PV | − a2,1), implying that either w2 = |PV | or else
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a2,1 = |PV |. In the latter case, the conditions of lemma 3.8 along with the fact that

W is symmetric, and so has diameter at most 2, implies that w2 = |k|2v2.

Now, we proceed from the general to the specific. We fix our field to be F2 and

define Q−2n ⊂ P2n−1(F2) to be the variety defined by x21 + x1x2 + x22 + x3x4 + . . . +

x2n−1x2n = 0. For n ≥ 3, Q−2n is connected and symmetric.

Lemma 3.10. Any Q−6 -configuration of diameter 2 must consist of 119 points.

Proof. It follows immediately from the previous proposition that either w2 = 27 or

w2 = 64. But, if w2 = 27, then by 3.8, we have that a2,1 = 64, which forces a2,2 to

be negative, which is impossible, so w2 = 64. Thus, the configuration has w0 = 1,

w1 = 54 and w2 = 64, thus PW has 119 points.

Proposition 3.11. The general fiber of β5 : RA5 → P15/G4 is a Q−6 -configuration.

Proof. Let (A, µ) ∈ RA5 be a general point. Then A is the Prym variety of 27

curves (Xi, νi) ∈ RM6, and µ lifts to two distinct points of order two on J (Xi),

µ0
i , µ

1
i . Then theta symmetry implies that (P(Xi, µ

j
i ), ν̄i) are distinct points in the

fiber of β5. Thu, (A, µ) lies on 27 triples (A, µ), (P(Xi, µ
0
i ), ν̄i), (P(Xi, µ

1
i ), ν̄i),

which are lines over F2, form the configuration Q−6 , by [Don81], and so the fiber is

a Q−6 -configuration.

Lemma 3.12. The connected components Q−6 -configuration on the fibers of β5 has

diameter 2.
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Proof. If we blow up the Prym map RP6 to be finite, and then apply the results of

[Don92] section 4, we see that if we start with a generic cubic threefold (X,µ) ∈ RC0,

with normal data suppressed for ease of notation, the inverse image under the Prym

map consists of 54 points of R2M6, all of which have base curve a quintic plane

curve. Exchanging points of order two via theta symmetry, and applying the Prym

map, we get 54 Jacobians. Each of those Jacobians will then have preimage of 54

points, 2 of which will be covers of a given quintic, 20 of which will be covers of

trigonal curves, and 32 of which will be irreducible singular curves, the Wirtinger

double covers. Applying theta symmetry and taking Pryms, we get our original

cubic threefold, 21 Jacobians and 32 degenerate abelian varieties.

Now, we must show that nothing new arises when we perform this process on a

degenerate abelian variety. By construction, we know that every degeneration we

get this way has some irreducible singular curve that it is the Prym variety of. By

[Iza91, 6.4], the family of Abel-Prym embeddings of these irreducible curves are all

of the Abel-Prym embeddings for generic A ∈ ∂A5. So, the only unallowable covers

that appear in the general fiber of the Prym map over A are in ∂IIRM6, and thus

applying theta symmetry and taking Pryms, we only get other points of ∂IRA5

and Jacobians.

Finally, we show that the objects obtained previously don’t constitute anything

new. First, the Jacobians obtained from the chosen Jacobian in the second step.

These Jacobians all must have already been obtained from the cubic threefold,
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because each Jacobian is the Prym of a unique quintic curve, and will thus determine

a cubic threefold. However, no two cubic threefolds can be related in this manner,

because the incidence is contained in the fibers of β5, which induces a birational

isomorphism between RC0 and α(A4), and so, generically, must be injective. And

last, we have the objects obtained from a given degenerate abelian variety. We

have twenty-seven nodal curves, and each occurs as a Wirtinger and as a ∂IIRM6

double cover, which we then take the Pryms of. The Wirtingers must be Jacobians

we’ve already seen, by the above, and so the ∂II double covers would be obtained

by applying theta symmetry on those Jacobians first. Thus, the Q−6 -configuration

must have diameter 2.

And so, by Lemma 3.10, the fibers must have degree a multiple of 119.
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Chapter 4

Degenerations of abelian varieties

In this chapter, we will show that the Q−6 -configuration on the fibers of β is con-

nected. This amounts to computing the degree of β, which we will do by studying

certain degenerations. We will spend this chapter studying the structure of ∂IIRAt5,

the degenerations with vanishing cycle orthogonal but not identical to the marked

semiperiod.

Lemma 4.1 ([Don87a]). The extension of βg : RAtg → P(Ug−1)/Gg−1 to ∂IIRAtg

is βg−1 and the diagram:

P(Ug−2)/Gg−2 P(Ug−1)/Gg−1

RAg−1 RAtg

//

iII //

βg−1

��

βg

��

is Cartesian.
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This result tells us that we really can just look inside this boundary component,

and we have the following:

Proposition 4.2. Theta symmetry spans the fibers of β5 in ∂IIRAt5.

Proof. By lemma 4.1, we are working with the map β4 : RA4 → P7/G3. Now,

fix a curve C ∈ M3. Then the fiber of β4 over α3(J (C)) is Bl0K(J (C)) ∪

K(J (C))[Don88], with the first component consisting of genus 4 Jacobians and

the second of degnerate abelian varieties in ∂IRA4. Over (B, B̃) ∈ RJ 4, the fiber

of RP5 is a double cover of Sym2B ∪ Sym2B, with the first component consisting

of trigonal curves and the second consisting of Wirtinger curves[Don92]. Thus, for

each (B, B̃), we get a map S̃ym2B → Bl0K(J (C)), because theta symmetry takes

trigonal curves to trigonal curves and Wirtinger curves to Wirtinger curves. Each

of these maps has two dimensional image, and they’re all nonisomorphic, and thus

distinct, so the dimension of the union is at least three, so surjectivity follows.

Now that we have a locus where we know that theta symmetry spans the fibers,

we need to identfy theta symmetry over that locus:

Theorem 4.3 ([Iza91, 6.5]). Over a general point X ∈ ∂At5, there are 27 dis-

tinct objects of ∂IIRM6 with Prym variety X, and the Prym map is generically

unramified on ∂IIRM6.

This theorem tells us that the fiber in ∂IIRA5 has the Q−6 -configuration struc-

ture we expect, and more so, the fact that theta symmetry spans the fibers implies
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connectivity, so the fiber is Q−8 . It remains, though, to check that β5 is generically

unramified on ∂IIRAt5.

We have a tower of maps R2M6
RP→ RAt5

β→ P15/G4 and we can blow up the

tower so that both maps are finite. We denote these spaces by R̃2M6 → R̃A5 → P̃.

Set X = R̃A5 ×P R̃A5. For each point (x, y) ∈ X, we can associate the distance in

ΓQ−8 , or∞ if they are not connected. This gives a decompositionX = I1∪I54∪I64∪I,

where I1 is the diagonal, I54 are theta related pairs, I64 the pairs theta related to a

common point and I the pairs in the same fiber but not theta related. Our goal is

to show that I = ∅.

We will focus on studying I54. It fits into a diagram

I27

I54 R̃A5

2:1

��

β̃ //

P̃

??

where I27 is the pullbac of the Prym map to R̃A5 from A5, and I54 → I27 is teh

natural double cover. Differentiating these maps, we can see that Ram β̃ = Ram P̃ .

Lemma 4.4. Let f : X → Y be a finite morphism of smooth varieties and f̄ :

X ×Y X → X be the pullback of f along f . Then if p is a ramification point of f

and q is a nonramification point in the same fiber, (p, q) is a ramification point of

f̄ .

Proof. Set b = f(q) = f(p). As p is a ramification point and q is not, we have dfq
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an isomorphism and dfp not. Locally, this means that we have an isomorphism of

X and Y near q but not near p, and so the map df̄(p,q) : Tp,qX ×Y X → TqX is not

an isomorphism.

Lemma 4.5. Let p ∈ ∂IIR̃A5. Then if β5 is ramified at p, I54 is ramified over p.

Proof. Let p ∈ ∂IIR̃A5 be a ramification point of β̃. Then either there exists a q

such that (p, q) ∈ I54 is unramified, or else not. If there is such a q, then this follows

from lemma 4.4. If not, then we must have a fiber of the Prym map which is totally

ramified, and this can be seen to be impossible by examining the branch locus of

P6, the quartic double solids[Don92].

More useful than the lemma is the contrapositive: that if I54 is unramified over

p, then β5 is unramified at p.

Proposition 4.6. β5 is generically unramified on ∂IIRAt5.

Proof. Lemma 4.5 tells us that a point is a ramification point for β5 only if it is a

branch point of β̃, which is the same as being a branch point over P̃ . But Izadi’s

theorem 4.3 tells us that the Prym map is generically unramified over ∂IIRAt5, and

so I54 → R̃A5 is generically unramified over ∂IIR̃A5, and so, β5 is as well.

This so, we have the main result of this chapter:

Theorem 4.7. the fibers of β5 : RAt5 → P15/G4 are exactly the orbits of theta

symmetry.
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Chapter 5

Contracted Loci

Now, we’ve identified the fibers of β5 with the orbits of theta symmetry, which

gives us the degree of this generically finite map. What remains is to understand

the locus where β5 has infinite fibers. As each abelian variety has finitely many

points of order two, and as αg is finite to one and generically injective for all g

[SM94] (in fact, αg is conjectured to be injective), any infinite fiber must arise from

an infinite fiber of the Prym map.

Donagi showed in [Don81] that given (C, µ) ∈ RM6, we obtain the rest of the

fiber containing (C, µ) by iterating the tetragonal construction, so long as we allow

points to be related via the boundary. Additionally, in [Don92], it is shown that

the tetragonal relation on RM6×RM6 is stable after two iterations, and so there

cannot be any infinite chains of curves with finitely many g14’s. Thus, infinite fibers

will correspond to curves with infinitely many g14’s and to singular curves.
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Theorem 5.1 ([ACGH85, Mum74]). Let C be a smooth non-hyperelliptic curve of

genus g ≥ 4. Let d, r ∈ Z with 0 < 2r ≤ d and 2 ≤ d ≤ g − 2. Then, if there exists

a (d − 2r − 1)-dimensional family of grd’s on C, we must have that C is trigonal,

bielliptic or a plane quintic.

Fixing g = 6, d = 4 and r = 1, the hypotheses on theorem 5.1 are satisfied,

and so a curve of genus 6 that has a positive dimensional family of g14’s must be

hyperelliptic, trigonal, bielliptic, a plane quintic, or singular.

By results in [Don92, Rec74], the image of these loci under P6 is contained in

the union of the locus of products, J5, C, ∂A5, the locus of bielliptic Pryms and the

locus of Beauville Pryms.

But we actually only care about contracted loci over α4(A4), which may be

irreducible components of RS5. As dim(α4(A4)) = 10, any irreducible component

of RS5 must have dimension at least 10. Also, as we will see later, RJ 5, RC
0
, and

∂IRA5 are the only components of RS5 with positive local degree, thus, any other

component is actually a contracted locus.

Proposition 5.2. The only component of β−15 (α4(A4)) that is blown down by β is

RA1 ×A4.

Proof. The only loci with positive dimensional fibers are RJ 5, RB0, RB1, RB2,

RC0, RC1, ∂IRAt5, ∂IIRA
t

5, ∂
IIIRAt5, and RP6(∂

IIIR2M6).

The loci RJ 5, RC0 and ∂IRAt5 actually have positive local degree (see next

chapter) and so are not blown down.
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The bielliptic loci are ruled out by [Sho82, Deb88a, Bea89], which show that for

a Prym to be a Jacobian, the base curve must be hyperelliptic, trigonal, or a plane

quintic.

The locus RC1 is not in RS5, as any point of RC1 will only be theta related

to other points of RC1. Specifically, a curve over (X,µ) ∈ RC1 is must be a plane

quintic Q and an odd point of order two ν with P (Q, ν) = X, but also the lifts of

µ must be odd, so all three points in any instance of theta symmetry give points of

RC1.

In Donagi’s survey [Don88], it is shown that ∂IIIRAt5, the Beauville Pryms,

RA4×A1 and RA4×RA1 are not in the Schottky locus, and all other product loci

other than RA1×A4 are of two small dimension. However, RA1×A4 is contracted

by β5.

The only remaining component is ∂IIRAt5, but we know this locus is mapped

to P7/G3, and so any points of it in RS5 must be the limits of points of other

components.
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Chapter 6

Schottky-Jung Relations

Finally, we prove our main theorem:

Theorem 6.1. In RAt5, we have RS5 = RJ 5 ∪RC0 ∪ ∂IRA
t

5 ∪ A4 ×RA1.

Proof. As the general fiber of β is a connected Q−6 -configuration, we have that

deg β = 119. Then proposition 5.2 tells us that the only blowndown component

of RS5 is A4 ×RA1, so it remains to identify the components with positive local

degree.

Izadi [Iza91] showed that β5 restricts to a birational map RC0 → α(A4), and

thus has local degree one.

The Schottky-Jung relations imply that the restriction to RJ 5 is birational to

the Prym map RM5 → A4. Thus, over A ∈ A4, we get a double cover of the Fano

surface of a cubic threefold. However, when we blow up to ge ta finite map, we get

a double cover of the 27 lines on a cubic surface, and so we have local degree 54.
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In [vGvdG86], van Geemen and van der Geer compute the lcoal degree on ∂IRAt5

as follows: fix X ∈ A4. Then the part of the fiber of β5 is K(X) and by blowing up,

they showed that the degree of the map is the same as that of the map K(X)→ P4

given by the linear system Γ00 = {s ∈ Γ(X, 2Θ)|mult0 s ≥ 4}. We blow X up at 0,

call the exceptional divisor E, and then this linear system is precisely 2Θ− 4E on

the abelian variety. Thus, the local degree is 1
2
(2Θ− 4E)4 = 64.

This gives us degree 1 + 54 + 64 = 119, and so there are no other components

with positive local degree.

And so, as noted in [Don87b], this implies

Corollary 6.2. Ssmall
5 = J5

Proof. The points of Ssmall
5 are just the abelian varieties A such that (A, µ) ∈

RS5 for all nonzero points of order two µ ∈ A. Among the components above,

Jacobians have all nonzero points of order two, but the intermediate Jacobians of

cubic threefolds only have even points of order two, the boundary component has

only the vanishing cycle, and the product locus only has pullbacks of the points of

order two on the elliptic curve.
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