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Instructions.

Please write your name and Penn ID in the space provided above, and fill in the oval identifying your
recitation. You will have 2 hours to complete this exam.

You are allowed to use one 8% x 11 sheet, both sides, for notes you wrote yourself. In addition, an extra
sheet of notes will be provided with the exam. You are not allowed to use calculators.

Do not detach this sheet from the body of the exam.

This is a multiple-choice test, but you must show your work. Blind guessing will not be credited. No penalties
for incorrect answers will be taken.

Please mark your answer on both the front sheet and on the problem itself. If you change an answer, be
absolutely clear which choice is your final answer.

Each problem is worth 1 point. No partial credit will be given. No penalties for incorrect answers will be
taken.
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1. (1 point) What is the radius of convergence of

22 -1

) = A 45214

when expanded in a Taylor series about z = 2 + ¢7
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d
2. (1 point) Evaluate f 2—21 where C'is the indicated path.
o4

@ 0 T @ 271
@ 3mi @ 47 ® 57




UNIVERSITY OF PENNSYLVANIA Math 241 Fall 2006 Final Exam

CALCULUS IV

3. (1 point) Which region below is the image of f(z) = ¢** when applied
to the region depicted on the right, sending the light gray portion to the
light gray portion, and the dark gray portion to the dark gray portion?

In all the graphs, 1 is located at the first tick mark to the right of the origin,
and ¢ is the the first tick mark above the origin.
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4. (1 point)  Solve the heat equation u,, = u; with boundary conditions u(0,t) = u(m,t) =0 for t > 0
and initial condition u(x,0) = 4sinx — 7sin 2z 4+ 10sin3z for 0 < < 7.

@ de~tsinx — Te 2! sin 2z 4 10e~3 sin 3x
4e~tsinz — Te 2! sin4x + 10e 3! sin 9z
@ de~tsinx — Te * sin 2z 4+ 10e~% sin 3z
@ de=t sinz — T2t sin 22 + 10e 3t sin 3
@ 16e~t sinx — 494 sin 22 + 100e % sin 3z

@ 166t sin & — 49¢—2" sin 2z + 100e =3¢ sin 3z
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5. (1 point) Evaluate
1 (14 2)%
27Ti ‘Z|=1 Z4

@0 1 @50 @250 @50-49-48 ®%

dz .
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6. (I point) Evaluate

/271' do
o H—3cosh’

® ®; ©F 0; 7 O

e~




UNIVERSITY OF PENNSYLVANIA Math 241 Fall 2006 Final Exam CALCULUS 1V

1
7. (1 point) In the Laurent series expansion for — centered at 1, convergent for |z — 1| > 1, what is the
z

coefficent of (z —1)73?

®+ ®5 ©0 0; O O
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8. (I point) Consider the Sturm-Liouville problem y” + A2y = 0, y(0) = 0, y/(4) = 0. Which X and y are
the solutions? (In the following, A is an arbitrary coefficient, and n =0,1,2,....)

() y = Asin Az,
y = Asin Az,
(©) y = Asin Az,
(D) y = Asin Az,
(E) y = Asin e,
(F) y = Asin e,

2n+1
A:

28 17T
A= nt T

26 1
A= n: T

2 1
A= n2—|— T
)\:gw
)\:ZW
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9. (1 point) Give the Fourier series for

—, —T<xr< =5

=
B
Il
“O
INIE] l
NE
NIA
8y
NIA
A B

2 2 9 2
@ 2sina — 25in 20 + o sin3r 4 2 sinbe — S sin6r + sinTa -

9 9 9 9
26ina + 25020 + 2 sin 3o+ 2 sinbe + £ sin6r + sinTa 4+

9 9 9 9
@ 2sing + 2502z + - sin3r — Zsinbe — S sin6r — sinTa 4

9 1 9 9 9
@ 2sina — 2sin 20 + < sin 3z + 3 sinde + = sinbz — sinbo + Zsin o+ -

9 1 9 9 9
@ 2sing — 25in2z + - sin3r + 2 sinde + = sinda + - sinbo+ ZsinTa 4 -

2 1 2 2 2
@ 2sinx — 2sin2x + gsin?)x—&— isinélx— 5sin5x— gsinﬁx—l— ?sinhﬁ—&—---
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10. (I point)  Consider the wave equation u,, = us with boundary condition u(0,t) = u(w,t) = 0 for
t > 0 and initial conditions u(z,0) = sinz and u:(z,0) = cosz. Let U(z,s) = L {u(z,t)} be the Laplace
transform (in t). Give the ordinary differential equation satisfied by U (in x).

d? &

@ —dag — 5°U = ssinz + cosx dag — 5%U = ssinz — cosx
d2U d?U

@ W—SQUZ—SSinl‘—COSJ) W—SQU:sinx—&—scosm
d2U d*U

@ W—SQU:SHII'—SCOS(IJ @ @—szU:—sinx—scosx
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11. (1 point)  Give a harmonic conjugate for u = cos z sinh y.

@ cos x cosh y cos y sinh x @ — cosx sinhy
@ sin x cosh y @ sin x sinh y @ —sinz coshy
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12. (1 point) Find k such that z° — 102%y? + kxy?* + i(5x*y — 1022y3 + ¢°) is analytic.

@1 2 @3 @4 @5 @Thereisnosuchk.




UNIVERSITY OF PENNSYLVANIA Math 241 Fall 2006 Final Exam CALCULUS 1V

13. (1 point)  Give a value of 7%/,

@ e~1/2 e~ 1/2(cos /2 + isin/2) @ e l4e 1y
@ e~ /2 @ e 1(cos1+isinl) @ e 2(cos1+isinl)
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14. (1 point)  Consider a semicircle whose diameter is maintained at temperature 0 and whose circular
edge is maintained at the temperature u(1,6) = sin 20 — sin 36.
The steady-state temperature u = u(r, 0) satisfies u,,+ %uT—I— T%ugg = 0. It is given by which of the following?

2
(&) Jo(2r) sin20 — Jo(3r) sin 30 (®) ?0((27")) sin 26 — ‘?0(5)33) sin 30
J0(2T) . Jo(?)’l“) . J0(2T) . J()(?)’I“) .
@ 5 sin 20 3 sin 360 @ 4 sin 20 9 sin 360

@ r?sin 20 — r3 sin 30 @ r*sin 20 — r%sin 30
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15. (1 point) Evaluate

?{ e”* sin 1 dz.
|z|=1 Z
@ —2m -7 @ 0 @ T @ 271, @ 37
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16. (I point) Evaluate

e dx
[m (22 4+ 1)(22+4)°

® ®; ©3F 03 0f =

S
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17. (1 point)  Solve
cot 6

r2

2
Upp + —Ur + —Uge + ug =0
T T

subject to the boundary condition u(1,8) = cos® 6 for 0 < § < 7, and which is bounded at r = 0.

Recall that sin# ©” 4+ cos ©’ + Asind © = 0 has a solution ©® = P, (cosf) when A = n(n + 1), where P, (z)
is the n'? Legendre polynomial.

The first four Legendre polynomials are Py(z) = 1, Py(z) = z, P2(x) = 3(32%—1), and P3(z) = 3(52° —3x).

@ 3rPy(cosf) — 2r3P3(cos ) 3rPy(cos) + 213 Ps(cos §)
@ trPy(cos ) — 213 Ps(cos0) @ 1rPi(cosf) + 213 Ps(cos )

@ 3rPy(cosf) — 13 P3(cos ) ® 3rPi(cosf) + 113 P3(cos )
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18. (1 point)  The ordinary differential equation
32%y" + (14a + 22y — 4y =0

has a general solution near 2 = 0 of the form y = ¢1 F(z) + c2 /2G(z), where F(x) has a pole at 0 and G(x)
is analytic. What is the order of the pole of F' at 07

W ®: ©3 O+ @5 O




