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1 Intro duction

The simplest version of the Gauss-Bonnettheorem was probably known in the time
of Thalesand statesthat the sum of the interior anglesof a triangle in the Euclidean
plane equals . The nineteerth certury versionappliesto a compactsurfaceS with

smooth boundary @ and Euler characteristic (S):
Z Z
KdA + o(S)ds=2 (S)
S @&

whereK is the Gausscurvature of S and g is the gealesiccurvature of the boundary:.

In this paper we survey generalizationsof the Gauss-Bonnetformula to higher-
dimensional manifolds, with or without boundary. Section2 descrikesthe work of
Hopf, the cortribution of Allendoerfer and Fendel, as well as the intrinsic proof by
Chern. In section3 we presen tools from Morse theory and the theory of isometric
immersions,which are usedin section4 to give an extrinsic proof of the Gauss-Bonnet
formula for closedmanifoldsembeddedin Euclideanspace.Section5 generalizeshese
ideasto manifoldswith boundary, manifoldsenmbeddedin Euclideanspheresand non-
compactmanifolds. While many of the results have already appearedin [10]and [5],

this is to our knowledgethe rst study of the Gauss-Bonnetformula for submanifolds

of the sphere.



2 Gauss-Bonnet formula in higher dimensions

The Euler characteristic generalizeseasilyto manifolds M of any dimensionn:

(M) = X b, whereb, = dim HX(M ) isthe k-th Betti number of M with coe cien ts
inZ;Q okrzgp. An alternative de nition beginswith a smooth vector eld V onM. A
point x 2 M is a singular point of V if V(x) = 0. A singular point x is calledisolated
if it hasa neighborhood U sud that U nfxg cortains no singular points of V.

The index of an isolated singular point of V is de ned as follows. For > 0
small enough,the setS (x) = fy 2 M : d(x;y) = g is di eomorphic to S" ! and it
enclosesa ball B (x) = fy2 M : d(x;y) g that cortains no singular points of V
exceptfor x. For everyy 2 S (x) we can connectx andy via a unique minimizing
gedesic (if issmallenough)and parallel translate V(y) along to obtain a vector
V, 2 TyM. As V, points to a direction in the unit sphereS" * T,M, we obtain a
map :S(x)! S" ! If we choosecompatible oriertations on the two spheres(for
example,via the exponertial map expy) then the degreeof is well-de ned and we

s& that the index of V at x is exactly the index of the map

For a compact manifold M we have a theorem of Poincare:

Theorem 2.1. The sum of the indices of a smath vector eld V with isolated sin-
gularities on M is equal to the Euler characteristic of M.

Howevwer, it is not ertirely obvious how to generalizethe integrandsin the Gauss-
Bonnet formula. One approad is to usethe fact that the Gaussiancurvature of a

surfaceis the product of its principal curvatures. If M is a hypersurfacein Euclidean
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space,we can de ne principal curvatures in a canonical fashion, up to a choice of
normal vector (seesection 3.2); the Gaussiancurvature of M is then de ned to be
the product of the principal curvatures. For an even-dimensionalhypersurface,this
Gaussiancurvature doesnot dependon the choiceof normal vector, and in 1925Hopf

proved the following:

Theorem 2.2. LetM?" R?"! e a compact emiedded hypersurfage. Then

z

@) M)=13 (@n 1) 1 2ndW
M

wheee the ;'s are the principal curvaturesof M and dVy, is the Riemannian volume
form on M.

For an odd-dimensionalhypersurfaceM 2"*! | the signofthe expression 1;:::; on+1
doesdepend on the choiceof a normal vector; more speci cally, it changessignif the
normal vector changessign. In any case, (M) = 0 for odd-dimensionalcompact
manifolds, so we expect that any integral in a generalizedGauss-Bonnetformula
should be zero. The interesting caseis the even-dimensionalone, so for the rest of

this sectionwe will assumethat M has even dimension2n.

2.1 Allendo erfer and Fenchel's tub e pro of

In 1940Allendoerfer [1] and Fendel [7] succeededn generalizingHopf's result to
all compacteven-dimensionaksubmanifoldsof Euclideanspace usingtechniquesfrom
Weyl's theory of tubes. In general,if M is a submanifold of N we de ne the tube of

radiusr around M as



T(M;r)=fx 2 N : thereis agealesic oflengthl( ) r from x meetingM

orthogonallyg

Weyl [11] showved that, for a submanifold M 2" of RN:

r2)(N 2n)=2 X kzi(M )I’2i

Vol T(M;r) = CRo 0 -
2028 (N 20+ 2) (N 2n+ (N 2n+ 20)

wherethe kj;'s are integrals of certain rather complicated curvature functions. For
Z

example,ko(M) = VoIM and k(M) = y dV where is the scalar curvature of
M. For our purposes,the most interesting coe cien t is the top one, kon(M). The
connectionbetweenthis coe cien t and the Gauss-Bonnettheoremis provided by the
Pfaan of a certain matrix of curvature forms, as descriked below.

Let A bea2n 2n antisymmetric matrix, with respect to the standard basis
X1, Xon on R?". We candene a 2-form! on R? by ! (X;Y) = hAX;Yi for

any vectors X; Y. If dxg;:::;dxy, are the dual 1-forms for the standard basis, then

we de ne the Pfaan Pf(A) by ! " = Pf(A)dx;  ::: ™ dxon. One can show that

Pf(A) = 5 A, A, |, WhereS;, denotesthe set of permutations on
2n letters andzsznis 1if is an even permutation, 1 otherwise. The Pfaan also
satis es Pf(A)? = det(A) and Pf(CDCT) = Pf(D)det(C) for any antisymmetric
matrix D and arbitrary matrix C.

In our casejlet f E;; :::; Eong be alocal orthonormal frame. De ne curvature forms

j Wwith respectto this frame asthe 2-formssatisfying j (X;Y) = RR(X;Y)E;; Eji

for any vector elds X;Y, whereR is the curvature tensor of M. Then the matrix
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of curvature forms = ( ) is antisymmetric and we can de ne its Pfaan as

X
the 2n-form Pf() = L. L1 ., ONM. One can show (see [8] for
2SZn

details) that Pf() doesnot depend on the choice of local orthonormal frame and
z

that kon(M) = Pf().
M Z
If M 2" is a hypersurfacethenit canbeproventhat 1 3 (2n 1) 1 ondViu
Z

M

equals y Pf(), sotheorem2.2canbe expresseds: (2 )" (M) = kyn(M).

Allendoerfer and Fendel's cortribution is to relate the Euler characteristicsand
top k coe cien ts of a manifold and the tube around it. Recallthat M 2" was a sub-
manifold of RN . Without lossof generality we may replaceN by 2N + 1 and consider
the tube T(M;r) around M. Its boundary M, = @ (M;r) is an even-dimensional
hypersurfaceif r is small enough,so (2 )N (M,) = ko (M,). On the other hand,
M, is a bundle over M with ber S™N 2" so (M,) = (M) (SN 2" = 2 (M).
Finally, they were able to prove that koy (M,) = 2(2 )N "kon(M). Combining these

results, we obtain:

Theorem 2.3. Generalized Gauss-Bonnet theorem

Z

(2 )" (M) = kan(M) = y Pf()

_ koMY — @ON My) _ @2)N2 M) _
Pro of. k(M) = gl = G M0 = €220 = 2 ) (M)

At the time it wasnot known whether every compact manifold can be embedded
in Euclideanspace;an answer to this questionwas only given by Nashin the 1950's.

Howe\er, the result is independert of the actual embeddingof M and in 1944Chern
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gave an intrinsic proof of the formula. His paper [2] was so well received that

Allendoerfer and Fendel'sformula is now known asthe Gauss-Bonnet-Cherrformula.

2.2 Chern's intrinsic proof. a sketch

As above, let M 2" be a compact, even-dimensionalmanifold and considerits unit

tangernt bundle UM . Let be the projection map UM ! M. Chern proved that

the pullback of the 2n-degreeEuler form | = W Pf() to UM is an exactform:
(')=d forsome(2n 1)-form onUM.

If V is a smooth vector eld on M with isolated non-degeneratezercesthen the
vector eld X = ﬁ has only isolated singularities; let U be the set of singularities
of X on M. Wecanview X asasectionX :M nU! UM. Chernproved that the
boundary of the imageX (M nU) isan (2n 1)-dimensionalcycleof UM . Then, by
Stokes'theorem:

Z Z v Z
| = X (d) = d =

M M nU X (M nu) @ (M nU)

With somework one can shav that the last integral is exactly the sum of the

indicesof the vector eld X. By theorem2.1, this is equalto (M).

3 Tools: Morse Theory and Integral Geometry

For the remainderof this paper we drop the requiremen that M hasewen dimension.



3.1 Morse theory review

Letf : M" ! R be a smaoth function on a closedmanifold M. We sa that a
point p2 M is a critical point for f if the inducedmapf :T,M ! T;yR is zero.
For sudh a critical point we de ne the Hessianof f at p as a symmetric bilinear
functional f on T,M acting on vectors as follows: if viw 2 T,M then consider
their extensionsV; W to vector elds tangert to M in a neighborhood of p and let
f (v;w) = Vp,(W(f)) (whereV, = v). One can check that f is symmetric and
independen of the extensionsV; W.

The index of a bilinear functional A on a vector spaceV is de ned to be the
maximal dimensionof a subspaceof V on which A is negative de nite; the nullity of
A is the dimensionof its nullspace,the spaceof all vectorsv sud that A(v;w) = 0
for all w 2 V. We de ne the index of f at p to be the index of the bilinear map f
at p. We sagy that p is a dggeneate critical point if the nullity of f at p is zeroand
a non-degeneate critical point otherwise.

If (x1;::5;Xy) is a local coordinate systemaround p, then p is critical if and only

: P : P , '

if %(p) == %(p) = 0. Ifv= ai@@?lp and w = h@%’]p are vectors in
X

ToM (for someconstarts a;;ly) then f (v;w) = aih @@g@( (p). Therefore the
i =2

matrix assaiated to f  with respect to the basis 2j,;:::; 22, is (—@@%j (p)) and

one can ched that p is a nondegeneratecritical point of f if and only if this matrix
is nonsingular. We can also prove that the index of f is the number of negative

eigervaluesof this matrix, a numberwhich doesnot dependon the coordinateschosen.



De nition 3.1. f is a Morse function if it hasno degeneratecritical points on M.
Morse functions are very useful for understandingthe geometry and topology of
compact manifolds and the standard referencefor their propertiesis [9]. Here are

someof the statemens most relevant for our study:

Theorem 3.2. Morse Lemma. [9] Let p be a nondegeneate critical point of f and
let k be the index of f at p. Then there is a local coordinate system(xy;::;;X,) in a
neightorhood U of p with x;(p) = 0 for all i suchthat in the entire neighlmrhood U

- 2 2 2 2
we havef = f(p) X{ 1 Xg+ Xgyqg + 0+ X5

Theorem 3.3. [9]If f is a Morse function on M andeveryM?2 = f (1 ;a]is
compact, then M hasthe homotopytype of a CW-complex,with one cell of dimension

k for each critical point of index k.

Theorem 3.4. (W eak) Morse Inequalities. [9] If by is the k-th Betti numker of
M and Cy denotesthe set of critical points of index k of a Morse function on M then
h. #Cy for any k andX ( D#Cy = X ( Db= (M).

Morsetheory alsoworkks on a manifold \;(vith boundary, if we court nondegenerate
critical points carefully. If M is a compact manifold with boundary @1 and f :
M I R is asmooth function, considerf jyhav andfjgu separately A critical point
of f junan isapoint p2 M n@ wherethe inducedmap from T,(M n@1) to Ty R
is zero, and degeneracyis de ned in the samefashion as before. Since @/ is an
(n  1)-manifold, we can simply considerf jgu : @1 ! R; a critical point is again

apoint p 2 @ wherethe map (fjga) : To@ ! T;pR is zero. Sud a critical
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point is degeneratdf the Hessian(f jga) hasnullity > 0. The function f is calleda
Morse function if both the mapsf jyras andfjgs are Morse functions in the sense
of de nition 3.1 above.

At ewvery point x 2 @/ we cande ne a canonicalunit vector , pointing outward
with respectto M. Let f beaMorsefunction onM sud that r f is never orthogonal
to out. Considerthe sets

Ck=fp2 M n@M :theindex of f jynau at piskg

Dy=fp2 @ :hrf; o4 < Oandtheindexof f jg, at pis kg.

X X1
Then ( D*#Cc+ ( L*#Dy= (M).
k=0 k=0
Example. Let M be a punctured torus T2 fptg; it is not di cult to compute

(M) = 1. Considertwo enbeddingsof M into R® andin both casedetf : M ! R

be the height function correspnding to the z coordinate of the embedding.

In the left-most embedding, the ertire boundary consistsof critical points, all of
which are degeneratetherefore, the height function is not a Morse function for this
embedding. In the secondembedding, there are 2 critical points on the boundary and
4 critical points in the interior of M, all of which are nondegenerate.Howeer, the

point b on the boundary is not counted, ashr f; o > Oat b.
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index(p) = 2;index(q) = index(r) = index(a) = 1;index(s) = 0, and we obtain
(M)=( 1)° 1+ ( 1) 3+ ( 1) 1= 1 asexpected.

Example. Considerthe annulus M  R? and the heigh function h represeting

the y-coordinate. There are four critical points, all on the boundary, but only two of

them are usedfor computing (M) = ( 1)° 1+ ( 1)> 1= 0.

3.2 Isometric immersions and the Gauss map

Let M" be a submanifoldof RN . The unit normal bunde of M is a bundlewith b er

SN " 1 andtotal spaceof dimensionN 1 de ned as:

IM =f(x;u) :x2M;u2 T,RN;u? T,M and kuk = 1g

Forany (x;u) 2 M, the tangert spaceTx,) ‘M splitsinto ahorizortal subspace
and avertical subspaceTxy) M = HorTixy) M Vert Ty M. In the canonical
metric on M the horizorntal and vertical subspacesare orthogonal to ead other.
This splitting givesa canonicalvolume form dV 1y on M which locally coincides

with dVy ™ dVsn o 1.
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Sincewe are working with an embeddedmanifold, we will also needto consider
the "shape" of the embedding, given by the secondfundamertal form. If f :M ! N
is an isometric embedding, we de ne the second fundamentalform (or shage operator
in [6]) to be a map that assaiatesto ewvery normal vector u ? T,M the unique
self-adjoirt operator A, : TyM I T,M satisfying PA,(v);wi = hr W, ui. HereV
and W are extensionsof v and w, respectively, to vector elds tangert to M in a
small neighborhood of x, and r is the covariant derivative in the ambient manifold
N. One can show that this de nition doesnot depend on the extensionschosenand
that Ay,(v) = (r \U)T whereU is avector eld normalto M extendingu on a small
neighborhood and T denotesthe tangertial componert of the derivative. Again, this
equality doesnot depend on the extensionU.

As a self-adjoirt operator, A, hasreal eigervalues 1;:::; , called the principal
curvatures of the embedded submanifold M in the direction of u. The determinart
detA, = 1 i , isageneralizationof the Gaussiancurvature of a surface. In the
caseof a hypersurface,detA, is called the Gauss-Kionecker curvature.

Recallthat M is a submanifoldof RN. For somex 2 M we caninterpret T,M as
an n-subspaceof RN, and view M asthe setof all unit vectorsin RN orthogonal
to T,M. Then we cande ne the GaussmapG: M ! SN 1 RN py G(x;u) = u.
It is known (see [3] or [10])that G (dVs)s(xu) = jdetA,j(dV iy), forallu2 M.

In particular, u2 M is aregular point for G if and only if A, is invertible.
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4 An Extrinsic Pro of

4.1 A proof of the Gauss-Bonnet theorem

Let M" be a compact manifold embeddedisometrically in RN for someN > n with

unit normal bundle M.

Theorem 4.1. Extrinsic Gauss-Bonnet Theorem

Z
detA,dV 1y (u) = (M) Vol(SN 1)
im
Notice that if n is odd then detA , = detA,. By Fubini's theorem,
Z Z Z Z
detA,dV iy (u) = detA,dV ;v dp= Odp= 0,and (M) = 0.
im M &M M
The proof is a beautiful application of Morse theory and integral geometry and

we will descrile it in the remainder of this section.

De nition  4.2. For a unit vectorv 2 SN 1, de ne the heightfunction h, :M ! R
by hy(p) = hp;vi. In this conext, p represets a point in M as well as the vector

connectingthe origin of RN with that point.

Prop osition 4.3. So = fv 2 SN 1 : h, is a Morse function g has full measure in
sh 1

From the de nition of height functionswe candeducethat p 2 M is acritical point
for the height function h, if and only if v is orthogonalto T,M. This is equivalert
to v being parallel to somenormal vectoru 2 M basedat p. Moreover, there is a

closeconnectionbetweenheight functions and the secondfundamertal form:
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Lemma 4.4. If u2 M is basel at p2 M then the Hessianof h, at p is equal to
the second fundamentalform A, at p.

Proof. Letf : R"! RN be a local parametrization of M in a neighborhood U

around p, with f (0) = p. Then X, = @T@l; naXp = @(—@z form a basisfor T;M, for all

g2 U. As both the Hessianand the secondfundamertal form are linear operators, it

su ces to shaw that hessh,(p)(X«; X;) = hA (X); X,i for all k;I. This is equivalert

to proving that

@%%j = hr x, Xj;ui forall k;I.
Write f (x1;::5%n) = (Fa(xa; 15 %0); 255 i (Xa3 2255 Xn)) andlet ey; 115 ey bethe stan-

dard basisof RN . Without lossof generality we may assumehat u = ey andtherefore

ey 1y = _X @ _X @
ho(f (X150 %0)) = fn (X Xn). Also, Xy = —ee and X, = —=—g. Wecan
e j @
now compute:
X @ X @f - X @ X @f -
r X, = r =1 = ! + =y e = !
X j Xk(@(lq) j @(l@(kq . @ a9 j @I@kq
Finally, hr x, Xj;ui = hr x, Xj;eyi = 22 asdesired.

Corollary 4.5. pis a nondeggeneaste critical point for h, i A, is invertible.

Pro of of prop osition 4.3. Corollary 4.5 implies that p is a nondegenerate
critical point for h, if and only if v is a regular value of the Gaussmap G. But G is
a smooth map, soby Sard'stheoremthe set of its critical valueshas measurezeroin
SN 1. As S, is exactly the set of regular valuesof G, we can concludethat Sy has

full measurein SN 1.

Lemma 4.6. Foranyv?2 Sy, G (v) is a nite set. Moreover, there existsa neigh-

borhood U of v suchthat Gjg 1y : G }(U)! U is a nite covering map.
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Pro of. SupposeG !(v) was innite. Since M is compact, we can extract
a corvergen sequencefa,g G (v) corverging to someelemen a 2 M. By
cortinuity we must have G(a) = v aswell, soa is a regular point of G. Therefore,for
any neighborhood V; of a there existssomeelemer a; that alsomapsto v. Howe\er,
if ais a regular point of G then there exists a neighborhood V, of a sudh that Gjy, is
a homeomorphismihis cortradicts the existenceof the sequences;.

As v is regular and has nitely many preimages,we can concludethat v has a
neighborhood U sud that G 1(U) = Uls :::S U is a nite disjoint union of open

setsU;, ead of which is homeomorphicto U.

Corollary 4.7. For any functionf : M ! R wehave

y y N
f (u)jdetdGjdV iy (u) = f (U)dVen 1(V)

1 N1
M S u2G 1(v)

Tednically, the corollary shouldonly allow usto computeintegralsover Sg. How-
ewer, Sy hasfull measurein SN sowe canreplaceintegrals over Sy with integrals over
SN,

Pro of of theorem 4.1

Dene Cy(v) =f(v;p)2 Sy M :pisacritical point of index k for h,g for every

X
v2 Sy Then ( 1)*#Cc(v) = (M) by the Morseinequalities.
k=0
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Apply the previouscorollary to the function f (u) = ( 1)ndexAu:

V4 Z

detA,dV 1y (U) (1) AvjdetdGjdV 1y (U)
1M Y]

Z X

( 1)index Au dVSN 1 (V)

N1
S u2G 1(v)

Z

( 1)*# C(V)dVsn 1(V)
Y k=0

(M) Vol(sN

4.2 The Chern-Lashof results

In [3] and [4], Chern and Lashof study the absolutetotal curvature of a mani-
fold M immersedin RN. The total absolute curvature is de ned as ATC(M) =

R
M F%,\,ljdethujdudpL They proved that:

Theorem 4.8. [3], [4] Let M" be a compact manifold immerseal in RN. Then:

i) ATC(M) X he Vol(SN P:in particular, ATC(M) 2Vol(SN 1);

i)y If ATC(M )k<:03VoI(SN 1) then M is homemorphicto S".

i) If ATC(M) = 2Vol(SN 1) thenM" is emleddal as a convexhypersurfae in
an (n + 1)-dimensionallinear subspce of RN.

The purposeof this subsectionis to prove the rst two parts of this theoremusing
Morse theory methods for embedded manifolds. Chern and Lashof also use Morse

theory and the Gaussmap, but they usedi erential formsto shav that almost all

the height functions are Morse functions.
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Apply corollary 4.7 for the function f : *M ! R;f(u) = 1;then:

Z Z Z
ATC(M) = jdetdGyjdudp= jdetdG,jdV 1y
M ,}M iM
Z X
= 1 dVSN 1(V)
gN 1
u2G 1(v)
xXo
= # Ci(V)dVsn 1(V) be VoI(SN )
SN 1 k=0 k=0
X0
But y 1 for any manifold andh, = 1if M is compact. Therefore, hi 2as
n=0

desired.

If ATC(M) < 3Vol(SN 1) then there existsa setA Sy with positive measure
sud that for any v 2 A the height function h, haslessthan 3 critical points on M.
But if M is compactthen every sud h, hasat leasttwo critical points: an absolute
minimum and an absolute maximum. We can concludethat all height functions h,
with v 2 A have exactly two critical points. By a theorem of Reeb's(see [9]), if M
is a compact manifold and f is a di erential function on M with only two critical
points, both of which are non-degeneratethen M is homeomorphicto a sphere. This
completesthe proof of (ii).

The proof of part (iii) is more complicated. If ATC(M) = 2Vol(SN 1) then h,
must have exactly two critical points on M for almostall v 2 Sy. Chern and Lashof
provethat if M is not cortained in alinear subspaceof dimension(n+ 1) then thereis
aneighborhood U 2 SN 1 sud that h, hasat leastthree critical points for all v 2 U.
This is a cortradiction and shows that M must be enbeddedin an (n + 1)-linear

subspace.The proof that M is actually a corvex hypersurfaceis alsovery interesting
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but falls outside the scoge of this discussion.

5 Generalizations

5.1 Manifolds with boundary

Let M" be a compact submanifold of RN with boundary @1. Then @ is an
embedded (n 1)-submanifold of RN and at every point of @/ we can de ne a
unique outward pointing unit vector . (x) tangert to M.

The discussionin section3.1 suggestghat we should considerthe bundle

S
NM = Mn@) 1@ where

IMn@)=f(x;v):x2Mn@;v2 T,RN;v? T,M and kvk = 1g and

I =f(x;v):x2 @;v2 T,RN;v? T,@;kvk = 1 and hv; ou(X)i < Og

Notice that (M n@) and !@ are bundleswith the sametotal dimension
N 1. For M n@"), the basespaceM n@ hasdimensionn andthe b er has
dimensionN n 1;for !@ the basespace@! hasdimensionn 1, but the b er
hasdimensionN n. The volumeform on (M n@M) is locally a product dVy ngu
dVsv « 1 andthe volumeformon @M islocally the product dVgs » dVyn «, Where
HN " denotesthe round unit hemisphereof dimensionN  n.

We can still de ne a smooth Gaussmap G : NM | SN 1 py G(x;u) = u as
a map between manifolds of the samedimensionN 1. As in section 3, one can

prove that G (dVs)gw) = jdetAyj(dVum )y for all u 2 NM. In this formula, A, is
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the secondfundamerial form of M n @M if u is basedat somex 2 M n@ or the

secondfundamertal form of @M if u is basedon the boundary.

Theorem 5.1. Gauss-Bonnet for manifolds with boundary
Z Z

detAydV 1y nagu (U) + detA,dVig,(u) = (M)Vol(S" b
u2 1(Mn@v) u2 lam :
Pro of. For everyv 2 SN ! we considerthe height function h, : M ! R;
hy(p) = hv; pi. The result follows via essenhally the sameproof asfor theorem4.1.
Dillen and Kehnel o er an alternative proof of the theoremvia the tube method,

usingthe relation (NM)= (1+ ( 1)N) (M); the details can be found in [5].

5.2 Submanifolds of the sphere

Let M" be a compact manifold without boundary isometrically embeddedin a unit
sphere SN. Applying Morse theory to distance functions on M will allow us to
obtain yet another versionof the Gauss-Bonnetformula, with the advantage that the
integrand has a very interesting geometricinterpretation.

Considerthe tube of radius r around M as de ned in section2.1. If r is small
enough,the tube is an embeddedsubmanifoldof SN but for r = the tube hasself-
intersections. Howewer, its signedvolume contains important topologicalinformation

about M . More precisely considerthe normal disk bundle:

M=f(x;w):x2M;w2 T,SV;w? T, and kwk g
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andthemapF: M!

SN F(x; w) = expw. Then the tube of radius around M

isT(M; )=F( M) andits signal volumeis de ned as

Z
SWIT(M; )= detdF,dV y (u)
M
wheredVol , isthe canonicalvolumeformon M.
Example. ConsiderM = S! embeddedin S? asa greatcircle. Then Slisa
cylinder S [ ; ]andthetubeT(S!, )= S? hasvolume4 .
3
\ |
| al |
| I
| |
I |
/ {
Howe\er, the signedvolume S\Vol T(S?; ) is zero, by the following theorem:
Theorem 5.2. Gauss-Bonnet for submanifolds of the sphere.
SWIT(M; )= (M) Vol(SV)
In order to prove this theorem, considerthe distancefunctiond, : M ! R;x 7!

d(p;x) for some xed p 2 SN. Notice that x is a critical point of d, if and only if

p= F(x;w) for some(x;w) 2 M.



20
Lemma 5.3. Sp= fp2 SN : d, is a Morse function g hasfull measure in SN.

Pro of. From [9] we know that x 2 M is a degeneratecritical point of d, for
somep = expw if and only if p is a focal point of M. Therefore, d, is a Morse
function wheneer p is not a focal point of M. But focal points are critical valuesof
the normal exponertial map (see [6]), which is a smooth map; therefore, by Sard's
theorem, the set of focal points of M has measurezeroin SN .

The Morseindex theoremfor distancefunctions (see [9]) statesthat the index of
X 2 M asanondegenerateritical point of d, is exactly the number of focal points of
M with basex situated on the segmen from x to p, courted with multiplicities. As
focal points are critical points of F, we can concludethat for every point g= F(X; V)
on the segmen from x to p the index of dF.,, equalsthe number of focal points
betweenq and x. The inverseimage of the set of focal points thus divides M into
regionswith indicesthat increaseaswe move further from M.

In the following proof we essetially computethe volume of all theseregions,with
the correspnding indices. It might be possibleto study the regionsindividually, as
they cortain information about the number of critical points of distance functions

and, implicitly , about the topology of M .

Pro of of theorem 5.2. Forany p2 Sy, let C¢(p) be the set of critical points of
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X
d, of index k. By theorem3.2,  ( 1)*#Cy(v) = (M). Then:
k=0
Z Z
detdFydV y(u)=  ( 1)M*FuidetdF,jdV w (u)
M M
Z X
( 1)indexdFu dsz (p)
So 2k 1(p)

( 1)“# Cc(p)dVsn (p) = (M) Vol(S")

So k=0

Remark. We can also compute explicitly the signedvolume of a tube of radius

r around M . The formula is

z z,

SVoIT(M;r) = (sint)V " (cost + ;sint)::(cost+ ,sint)didV
M 0

where M is the entire normal bundle of M inside SN, dV , is the canonicalvolume
formon M and gi;::; , arethe eigervaluesof a secondfundamertal form. When
n is odd the integral equalszero, as expected, since (M) = 0 for compact, odd-
dimensionalmanifolds. Howeer, attempts to compute the integral when M is even-
dimensionalhave not beenfruitful.

Remark. We can alsoaskwhether every compactmanifold can be isometrically
embeddedin someSN, perhapsafter a suitable scaling. Notice that a at torus T"

can be isometrically embedded(with scaling)in S ! via the map:
(Xq; 0 xn) 7! %(cosxl;sinxl;:::;cosxn;sinxn)

By the Nash enbedding theorem, any compact manifold can be isometrically

embeddedin Euclidean space,which can be embeddedin a at torus, perhapsafter
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somescaling. Therefore,any compactmanifold can be isometrically embeddedin an

Euclidean sphereif we allow scaling.

5.3 Noncompact complete manifolds

Another possiblegeneralizationis to drop the assumptionof compactness.Considera
completenoncompactsurfaceS. We shouldrequirethat (S) is nite, which implies
that S must have nite topologicaltype: it must have nite gerus and only nitely

many ends. Also, we should require that S has an absolutely integrable Gaussian
Z

curvature: jKjdA < 1 in orderto guarartee that the integral K dA corverges
S S

and is nite. In this cortext we have the following:

Y4 Z

Theorem 5.4. Cohn-V ossen. 2 (S) KdA 0. In particular, KdA 2
S S

for any complete,nonammpact surface.

The Gauss-Bonnetformula might still hold in somecases,or one can study the
z

curvature defect2 (S) K dA. For arecen study of this areaand higher dimen-
S

sional generalizations,see [5].
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