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Definition

Given f(t) and g(t) two functions defined on an interval [a, b], the
inner product of f and g on [a, b] is

b
(f,g) = / F(1)g(t)dt

f and g are orthogonal on the interval [a, b] if (f,g) = 0.
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If f, g, h are functions on the interval [a, b] and c is a real number,

then
(f.g+h)=(fg)+(f,h)
(cf,g) = c(f,g) = (f, cg)
(f,f)>0

In the last inequality, (f,f) = 0 exactly when f is the constant
function 0.

The norm of f on [a, b] is

Il = V(. f)
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An orthogonal set on [a, b] is a set of functions {¢n,} defined on
[a, b] so that (¢m, dn) = 0 whenever m # n.
An orthonormal set on [a, b] is an orthogonal set with ||¢p,|| = 1.

important e.g.g.

The following are orthogonal sets:
o {1,cos(mx)},m=1,2,3,... on [—m, 7]
o {1,sin(mx)},m=1,2,3,... on [—m, 7]

e {1,cos(mx),sin(nx)},m,n=1,2,3,... on [, 7]
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The following are orthonormal sets:
° { L m},m: 1,2,3,... on [—m, 7]

Vor Jm
° {ﬁf'"ﬁ)},m:m,a,... on [—, ]
1 cos(mx) sin(nx) _
° {\/ﬁ’ S },m,n—1,2,3,...on [—, 7]
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If {¢m} is an orthogonal set on [a, b], and f(x) can be written as
f(x) = cogo(x) + c11(x) + - - -, then

(f; dm)

Cny =
" | oml?

That is,

oy =3 Eafmy

m=0 H(bm”z
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Definition

The inner product on [a, b] with weight function w is

b
(F&)w = / F(£)g(t)w(t)dt

Two functions f, g are orthogonal on [a, b] with respect to the
weight function w if (f,g)w = 0.

If {¢m} are orthogonal with respect to w and
f(x) = cogo(x) + c1¢1(x) + - - -, then

(fa ¢m)w

Cm=+—""—

(¢m7 ¢m)w
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Definition

The orthogonal set {¢} is called complete if the only continuous
function on [a, b] which is orthogonal to every {¢n,} is the
constant function 0.

Telling whether an orthogonal set is complete

. is beyond the scope of this course.
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