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Abstract: A new rigourous approach to conformal field theory is presented. The ba-
sic objects are families of complex-valued amplitudes, which define a meromorphic
conformal field theory (or chiral algebra) and which lead naturally to the definition of
topological vector spaces, between which vertex operators act as continuous operators.
In fact, in order to develop the theory, Möbius invariance rather than full conformal
invariance is required but it is shown that every Möbius theory can be extended to a
conformal theory by the construction of a Virasoro field.

In this approach, a representation of a conformal field theory is naturally defined
in terms of a family of amplitudes with appropriate analytic properties. It is shown
that these amplitudes can also be derived from a suitable collection of states in the
meromorphic theory. Zhu’s algebra then appears naturally as the algebra of conditions
which states defining highest weight representations must satisfy. The relationship of the
representations of Zhu’s algebra to the classification of highest weight representations
is explained.

1. Introduction

Conformal field theory has been a subject which has attracted a great deal of attention
in the last thirty years, much of the interest being motivated by its importance in string
theory. Its role in string theory goes back to its very beginning when Veneziano [1]
proposed a form for the scattering amplitude for four particles, quickly generalised ton-
particle amplitudes, which could conveniently be expressed as integrals in the complex
plane of meromorphic functions [2]. From these amplitudes, the space of states was
obtained by factorisation.

The power of two-dimensional conformal field theory was conclusively demonstrated
by the work of Belavin, Polyakov and Zamolodchikov [3]. They set a general framework
for its study which was further developed by Moore and Seiberg [4], in particular.
This approach is couched within the general language of quantum field theory. Not
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least because it is possible to establish very strong results in conformal field theory,
it is very desirable to have a precise mathematical context within which they can be
established. Rigorous approaches to conformal field theory have been developed, broadly
speaking, from three different standpoints: a geometrical approach initiated by Segal [5];
an algebraic approach due to Borcherds [6, 7], Frenkel, Lepowsky and Meurman [8] and
developed further by Frenkel, Huang and Lepowsky [9] and Kac [10]; and a functional
analytic approach in which techniques from algebraic quantum field theory are employed
and which has been pioneered by Wassermann [11] and Gabbiani and Fröhlich [12].

Each of these three approaches produces a different perspective on conformal field and
each facilitates the appreciation of its deep connections with other parts of mathematics,
different in the three cases. Here we present a rigorous approach closely related to the
way conformal field theory arose at the birth of string theory. It is a development of
earlier studies of meromorphic conformal field theory [13]. Starting from a family of
“amplitudes”, which are functions ofn complex variables and describe the vacuum
expectation values ofn fields associated with certain basic states, the full space of states
of the theory is obtained by factorising these amplitudes in a certain sense.

The process of reconstructing the space of states from the vacuum expectation values
of fields is familiar from axiomatic quantum field theory. In the usual Osterwalder-
Schrader framework of Euclidean quantum field theory [14], the reflection positivity
axiom guarantees that the resulting space of states has the structure of a Hilbert space.
(In the context of conformal field theory this approach has been developed by Felder,
Fröhlich and Keller [15].) In the present approach, the construction of the space of states
depends only on the meromorphicity of the given family of amplitudes,A, and positivity
is not required for the basic development of the theory.

The spaces of states that are naturally defined are not Hilbert spaces but topolog-
ical vector spaces, their topology being determined by requirements designed to en-
sure meromorphic amplitudes. (Recently Huang has also introduced topological vector
spaces, which are related to ours, but from a different point of view [16].) They are also
such that one can introduce fields (“vertex operators”) for the basic states which are con-
tinuous operators. The locality property of these vertex operators is a direct consequence
of the locality assumption about the family of amplitudes,A, and this is then sufficient
to prove the duality property (or Jacobi identity) of the vertex operators [13].

To develop the theory further, we need to assume that the basic amplitudes,A, are
Möbius invariant. This enables us to define vertex operators for more general states,
modes of vertex operators and a Fock space which contains the essential algebraic
content of the theory. This Fock space also enables us to define the concept of the
equivalence of conformal field theories. The assumptions made so far are very general
but if we assume that the amplitudes satisfy a cluster decomposition property we place
much more severe restrictions on the theory, enabling us, in particular, to prove the
uniqueness of the vacuum state.

Nothing assumed so far implies that the theory has a conformal structure, only one
of Möbius symmetry. However, we show that it is always possible to extend the theory
in such a way that it acquires a conformal structure. (For theories with a conformal
structure this leaves the theory unchanged.) A conformal structure is necessary if we
want to be able to define the theory on higher genus Riemann surfaces (although this
is not discussed in the present paper). For this purpose, we also need to introduce the
concept of a representation of a conformal (or rather a Möbius) field theory. Developing
an idea of Montague, we show that any representation corresponds to a state in the
space of states of the theory [17]. This naturally poses the question of what conditions
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a state has to satisfy in order to define a representation. For the case of highest weight
representations, the conditions define an associative algebra which is that originally
introduced by Zhu [18]. It is the main content of Zhu’s Theorem that this algebra can be
defined in terms of the algebraic Fock space.

The plan of the paper is as follows. In Sect. 2, we introduce the basic assumptions
about the family of amplitudes,A, and construct the topological vector space of states
and the vertex operators for the basic states. In Sect. 3, Möbius invariance and its conse-
quences are discussed. In Sect. 4, we define modes of vertex operators and use them to
construct Fock spaces and thus to define the equivalence of theories. Examples of con-
formal field theories are provided in Sect. 5: theU(1) theory, affine Lie algebra theory,
the Virasoro theory, lattice theories, and an example which does not have a conformal
structure. In Sect. 6, the assumption of cluster decomposition is introduced and in Sect. 7
we show how to extend a Möbius invariant theory to make it conformally invariant. In
Sect. 8, we define what is meant by a representation and show how any representation
can be characterised by a state in the theory. In Sect. 9, we define the idea of a Möbius
covariant representation and the notion of equivalence for representations. An example
of a representation is given in Sect. 10. In Sect. 11, we introduce Zhu’s algebra and
explain the significance of Zhu’s Theorem in our context. Further developments, which
are to be the subject of a future paper [19], are surveyed in Sect. 12. There are seven
appendices in which some of the more technical details are described.

2. Amplitudes, Spaces and Vertex Operators

The starting point for our approach is a collection of functions, which are eventually
to be regarded as the vacuum expectation values of the fields associated with a certain
basic set of states which generate the whole theory. We shall denote the space spanned
by such states byV . In terms of the usual concepts of conformal field theory,V would
be a subspace of the space of quasi-primary states.V can typically be taken to be finite-
dimensional but this is not essential in what follows. (If it is infinite-dimensional, we
shall at least assume that the algebraic dimension ofV is countable, that is that the
elements ofV consist of finite linear combinations of a countable basis.)

We suppose thatV can be regarded as the direct sum of a collection of subspaces,
Vh, to each of which we can attach an integer,h, called the conformal weight of the
states in that subspace, so thatV = ⊕

h Vh. This is equivalent to saying that we have a
diagonalisable operatorδ : V → V , with eigenspacesVh = {ψ ∈ V : δψ = hψ}.

We also suppose that for any positive integern, and any finite collection of vectors
ψi ∈ Vhi , andzi ∈ P (the Riemann Sphere), wherei = 1, . . . , n, we have a density

f (ψ1, . . . , ψn; z1, . . . , zn) ≡ 〈V (ψ1, z1)V (ψ2, z2) · · ·V (ψn, zn)〉
n∏
j=1

(
dzj

)hj . (1)
Here〈V (ψ1, z1)V (ψ2, z2) · · ·V (ψn, zn)〉 is merely a suggestive notation for what will
in the end acquire an interpretation as the vacuum expectation value of a product of fields.
These “amplitudes” are assumed to be multilinear inψi , invariant under the exchange of
(ψi, zi) with (ψj , zj ), and analytic inzi , save only for possible singularities occurring
at zi = zj for i 6= j , which we shall assume to be poles of finite order (although one
could consider generalisations in which the amplitudes are allowed to have essential
singularities). Because of the independence of order of the(ψj , zj ), we can use the
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notation

f (ψ1, . . . , ψn; z1, . . . , zn) =
〈
n∏
j=1

V (ψj , zj )

〉
n∏
j=1

(
dzj

)hj . (2)

We denote the collection of these densities, and the theory we develop from them, by
A = {f }. We may assume that if all amplitudes inA involving a givenψ ∈ V vanish
thenψ = 0 (for, if this is not so, we may replaceV by its quotient by the space of all
vectorsψ ∈ V which are such that all amplitudes involvingψ vanish).

We use these amplitudes to define spaces of states associated with certain subsetsC
of the Riemann SphereP. We can picture these spaces as consisting of states generated
by fields acting at points ofC. First introduce the set,BC , whose elements are labelled
by finite collections ofψi ∈ Vhi , zi ∈ C ⊂ P, i = 1, . . . , n, n ∈ N andzi 6= zj if i 6= j ;
we denote a typical elementψ ∈ BC by

ψ = V (ψ1, z1)V (ψ2, z2) · · ·V (ψn, zn)� ≡
n∏
i=1

V (ψi, zi)�. (3)

We shall immediately identifyψ ∈ BC with the other elements ofBC obtained by
replacing eachψj in (3) byµjψj , 1 ≤ j ≤ n, whereµj ∈ C and

∏n
j=1µj = 1.

Next we introduce the free (complex) vector space onBC , i.e. the complex vec-
tor space withbasisBC that is consisting of formal finite linear combinations9 =∑
j λjψj , λj ∈ C, ψj ∈ BC ; we denote this space byVC .
The vector spaceVC is enormous, and, intuitively, as we consider more and more

complex combinations of the basis vectors,BC , we generate vectors which are very close
to one another. To measure this closeness, we need in essence to use suitably chosen
amplitudes as test functions. To select a collection of linear functionals which we may
use to construct fromVC a space in which we have some suitable idea of topology, we
select another subsetO ⊂ P with O ∩ C = ∅, whereO is open, and we suppose further
that the interior ofC, Co, is not empty. Let

φ = V (φ1, ζ1)V (φ2, ζ2) · · ·V (φm, ζm)� ∈ BO, (4)

whereφj ∈ Vkj , j = 1, . . . , m. Eachφ ∈ BO defines a map onψ ∈ BC by

ηφ(ψ) = (φ,ψ) =
〈
m∏
i=1

V (φi, ζi)

n∏
j=1

V (ψj , zj )

〉
, (5)

which we can use as a contribution to our measure of nearness of vectors inVC . [Strictly
speaking, this map defines a density rather than a function, so that we should really be
consideringηφ(ψ)

∏m
i=1 (dζi)

ki
∏n
j=1

(
dzj

)hj .]
For eachφ ∈ BO,ηφ extends by linearity to a mapVC → C, provided thatO∩C = ∅.

We use these linear functionals to define our concept of closeness or, more precisely, the
topology of our space. To make sure that we end up with a space which is complete, we
need to consider sequences of elements ofVC which are convergent in a suitable sense.
Let ṼC be the space of sequences9 = (91, 92, . . . ),9j ∈ VC . We consider the subset
ṼO

C of such sequences9 for whichηφ(9j ) converges on subsets ofφ of the form

{φ = V (φ1, ζ1)V (φ2, ζ2) · · ·V (φm, ζm)� : ζj ∈ K, |ζi − ζj | ≥ ε, i 6= j}, (6)
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where for each collection ofφj , ε > 0 and a compact subsetK ⊂ O, the convergence
is uniform in the (compact) set

{(ζ1, . . . , ζm) : ζj ∈ K, |ζi − ζj | ≥ ε, i 6= j}. (7)

If 9 ∈ ṼO
C , the limit

lim
j→∞ ηφ(9j ) (8)

is necessarily an analytic function of theζj , for ζj ∈ O, with singularities only atζi = ζj ,
i 6= j . (Again these could in principle be essential singularities, but the assumption of
the cluster decompostion property, made in Sect. 6, will imply that these are only poles
of finite order.) We denote this function byηφ(9). [A necessary and sufficient condition
for uniform convergence on the compact set (7) is that the functionsηφ(9j ) should be
both convergent in the compect set and locally uniformly bounded, i.e. each point of (7)
has a neighbourhood in whichηφ(9j ) is bounded independently ofj ; see Appendix A
for further details.]

It is natural that we should regard two such sequences91 = (91
i ) and92 = (92

i )

as equivalent if
lim
j→∞ ηφ(9

1
j ) = lim

j→∞ ηφ(9
2
j ), (9)

i.e. ηφ(91) = ηφ(9
2), for eachφ ∈ BO. We identify such equivalent sequences, and

denote the space of them byVO
C .

The spaceVO
C has a natural topology: we define a sequenceχj ∈ VO

C , j = 1,2, . . . ,
to be convergent if, for eachφ ∈ BO, ηφ(χj ) converges uniformly on each (compact)
subset of the form (7). The limit

lim
j→∞ ηφ(χj ) (10)

is again necessarily a meromorphic function of theζj , for ζj ∈ O, with poles only at
ζi = ζj , i 6= j . Provided that the limits of such sequences are always inVO

C , i.e.

lim
j→∞ ηφ(χj ) = ηφ(χ), for someχ ∈ VO

C , (11)

we can define the topology by defining its closed subsets to be those for which the limit of
each convergent sequence of elements in the subset is contained within it. In fact we do not
have to incorporate the need for the limit to be inVO

C , because it is so necessarily; we show
this in Appendix B. [As we note in this appendix, this topology onVO

C can be induced
by a countable family of seminorms of the form||χ ||n = max1≤i≤n maxζij |ηφi (χ)|,
where theφij in φi are chosen from finite subsets of a countable basis and theζij are in
a compact set of the form (7).]

BC can be identified with a subset of̃VO
C (using constant sequences), and this has an

image inVOC . It can be shown that this image is necessarily faithful provided that we
assume the cluster property introduced in Sect. 6. In any case, we shall assume that this
is the case in what follows and identifyBC with its image inVO

C . There is a common
vector� ∈ BC ⊂ VO

C for all C,O which is called thevacuum vector. The linear span
of BC is dense inVO

C , (i.e. it is what is called atotal space). With this identification, the
image ofBC in VO

C , ψ , defined as in (3), depends linearly on the vectorsψj ∈ V .
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A key result in our approach is that, for suitableO, VO
C does not depend onC. This

is an analogue of the Reeh-Schlieder Theorem of Axiomatic Quantum Field Theory. In
our context it is basically a consequence of the fact that any meromorphic function is
determined by its values in an arbitrary open set. Precisely, we have the result:

Theorem 1.VO
C is independent ofC if the complement ofO is path connected.

The proof is given in Appendix C. In the following we shall mainly consider the case
where the complement ofO is path-connected and, in this case, we denoteVO

C by VO.

The definition ofηφ : VC → C, ṼC and, in particular,VO
C all depend, at least

superficially, on the particular coordinate chosen onP, that is the particular identification
of P with C∪{∞}. However the coefficients with which elements ofBC are combined to
constitute elements ofVC should be regarded as densities and then a change of coordinate
onP induces an endomorphism ofVC which relates the definitions of the spaceVO

C which
we would get with the different choices of coordinates, becauseηφ only changes by an
overall factor (albeit a function of theζi). In this wayVO

C , etc. can be regarded as
coordinate independent.

Suppose thatO ⊂ O′ andC ∩O′ = ∅ with Co 6= ∅. Then if a sequence9 = (9j ) ∈
ṼC is such thatηφ(9j ) is convergent for allφ ∈ BO′ it follows that it is convergent for
all φ ∈ BO ⊂ BO′ . In these circumstances, ifηφ(9) vanishes for allφ ∈ BO, it follows
thatηφ′(9)will vanish for allφ′ ∈ BO′ , because eachηφ′(9) is the analytic continuation
of ηφ(9), for someφ ∈ BO; the converse is also immediate becauseBO ⊂ BO′ . Thus
members of an equivalence class inVO′

C are also in the same equivalence class inVO
C .

We thus have an injectionVO′ → VO, and we can regardVO′ ⊂ VO. SinceBC is dense
in VO, it follows thatVO′

is also.
Given a subsetC ⊂ P with Co 6= ∅, BC is dense in a collection of spacesVO, with

C ∩ O = ∅. Given open setsO1 andO2 such that the complement ofO1 ∪ O2 contains
an open set,BC will be dense in bothVO1 andVO2 if C is contained in the complement
of O1 ∪ O2 andCo 6= ∅. The collection of topological vector spacesVO, whereO is
an open subset of the Riemann sphere whose complement is path-connected, forms in
some sense the space of states of the meromorphic field theory we are considering.

A vertex operatorcan be defined forψ ∈ V as an operatorV (ψ, z) : VO → VO′
,

wherez ∈ O but z /∈ O′ ⊂ O, by defining its action on the dense subsetBC , where
C ∩ O = ∅,

V (ψ, z)ψ = V (ψ, z)V (ψ1, z1)V (ψ2, z2) · · ·V (ψn, zn)�, (12)

andψ ∈ BC . The image is inVC′ for anyC′ ⊃ C which containsz, and we can choose
C′ such thatC′ ∩ O′ = ∅. This then extends by linearity to a mapVC → VC′ . To
show that it induces a mapVO

C → VO′
C′ , we need to show that if9j , ∈ VO

C , → 0
asj → ∞, thenV (ψ, z)9j → 0 asj → ∞; i.e. if ηφ(9j ) → 0 for all φ ∈ BO,
thenηφ′(V (ψ, z)9j ) → 0 for all φ′ ∈ BO′ . But ηφ′(V (ψ, z)9j ) = ηφ(9

j ), where
φ = V (ψ, z)φ′ ∈ BO and so tends to zero as required. It is straightforward to show that
the vertex operatorV (ψ, z) is continuous. We shall refer to these vertex operators also
asmeromorphic fields.

It follows directly from the invariance of the amplitudes under permutations that
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Proposition 2. If z, ζ ∈ O, z 6= ζ , andφ,ψ ∈ V , then

V (φ, z)V (ψ, ζ ) = V (ψ, ζ )V (φ, z) (13)

as an identity onVO.

This result, that the vertex operators,V (ψ, z), commute at differentz in a (bosonic)
meromorphic conformal field theory, is one which should hold morally, but normally
one has to attach a meaning to it in some other sense, such as analytic continuation
(compare for example [13]).

3. Möbius Invariance

In order to proceed much further, without being dependent in some essential way on
how the Riemann sphere is identified with the complex plane (and infinity), we shall
need to assume that the amplitudesA have some sort of Möbius invariance. We shall
say that the densities inA are invariant under the Möbius transformationγ , where

γ (z) = az+ b

cz+ d
, (14)

(and we can takead − bc = 1), provided that the densities in (2) satisfy〈
n∏
j=1

V (ψj , zj )

〉
n∏
j=1

(dzj )
hj =

〈
n∏
j=1

V (ψj , ζj )

〉
n∏
j=1

(dζj )
hj , whereζj = γ (zj ),

(15a)
i.e. 〈

n∏
j=1

V (ψj , zj )

〉
=
〈
n∏
j=1

V (ψj , γ (zj ))

〉
n∏
j=1

(
γ ′(zj )

)hj . (15b)

Hereψj ∈ Vhj . The Möbius transformations form the groupM ∼= SL(2,C)/Z2.
If A is invariant under the Möbius transformationγ , we can define an operator

U(γ ) : VO → VOγ , whereOγ = {γ (z) : z ∈ O}, by defining it on the dense subset
BC for someC with C ∩ O = ∅, by

U(γ )ψ =
n∏
j=1

V (ψj , γ (zj ))

n∏
j=1

(
γ ′(zj )

)hj �, (16)

whereψ = V (ψ1, z1) · · ·V (ψn, zn)� ∈ BC . Again, this extends by linearity to a map

defined onVC , and to show that it defines a mapVO
C → VOγ

Cγ , whereCγ = {γ (z) : z ∈ C},
we again need to show that ifηφ(9j ) → 0 for all φ ∈ BO, thenηφ′(U(γ )9j ) → 0 for
all φ′ ∈ BOγ

. By the assumed invariance underγ , we haveηφ′(U(γ )9j ) = ηφ(9j ),
whereφ = U(γ−1)φ′, and the result follows.

It follows immediately from the definition ofU(γ ) thatU(γ )� = � (where we have
identified� ∈ VO with � ∈ VOγ as explained in Sect. 2). Furthermore,

U(γ )V (ψ, z)U(γ−1) = V (ψ, γ (z))γ ′(z)h, for ψ ∈ Vh. (17)
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By choosing a pointz0 /∈ O, we can identifyV with a subspace ofVO by the map
ψ 7→ V (ψ, z0)�; this map is an injection provided thatA is invariant under an infinite
subgroup ofM which mapsz0 to an infinite number of distinct image points. For, if

〈
n∏
i=1

V (ψi, zi)V (ψ, ζ )〉 (18)

vanishes forζ = z0 for all ψi andzi , then by the invariance property, the same holds
for an infinite number ofζ ’s. Regarded as a function ofζ , (18) defines a meromorphic
function with infinitely many zeros; it therefore vanishes identically, thus implying that
ψ = 0.

In the following we shall use elements of SL(2,C) to denote the corresponding
elements ofM where no confusion will result, so that

if γ =
(
a b

c d

)
, γ (z) = az+ b

cz+ d
. (19)

An element ofM has either one or two fixed points or is the identity. The one-
parameter complex subgroups ofM are either conjugate to the translation groupz 7→
z+ λ (one fixed point) or the dilatation groupz 7→ eλz (two fixed points).

Now, first, consider a theory which is invariant under the translation groupz 7→
τλ(z) = z + λ. Then, if τλ = eλL−1, and we do not distinguish betweenU(L−1) and
L−1 in terms of notation, from (17) we have

eλL−1V (ψ, z)e−λL−1 = V (ψ, z+ λ). (20)

[If, instead, we had a theory invariant under a subgroup of the Möbius group conjugate
to the translation group,{γ−1

0 τλγ0 : λ ∈ C} say, and ifζ = γ0(z), ζ 7→ ζ ′ = ζ +
λ underγ−1

0 τλγ0; then, if V̂ (ψ, ζ ) = V (ψ, z)γ ′
0(z)

−h and L̂−1 = γ−1
0 L−1γ0, then

eλL̂−1V̂ (ψ, ζ )e−λL̂−1 = V̂ (ψ, ζ + λ).]
Consider now a theory which is invariant under the whole Möbius group. We can

pick a group conjugate to the translation group, and we can change coordinates so that
z = ∞ is the fixed point of the selected translation group. (In particular, this defines an
identification ofP with C∪{∞} up to a Euclidean or scaling transformation ofC.) If we
select a pointz0 to define the injectionV → VO, z0 /∈ O, we have effectively selected
two fixed points. Without loss of generality, we can choosez0 = 0. Then

ψ = V (ψ,0)� ∈ VO. (21)

We can then introduce naturally two other one-parameter groups, one generated by
L0 which fixes both 0 and∞ (the group of dilatations or scaling transformations), and
another which fixes only 0, generated byL1 (the group of special conformal transfor-
mations). Then

eλL−1(z) = z+ λ, eλL0(z) = eλz, eλL1(z) = z

1 − λz
, (22a)

eλL−1 =
(

1 λ
0 1

)
, eλL0 =

(
e

1
2λ 0

0 e− 1
2λ

)
, eλL1 =

(
1 0

−λ 1

)
, (22b)
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and thus

L−1 =
(

0 λ
0 0

)
, L0 =

(1
2 0
0 −1

2

)
, L1 =

(
0 0

−1 0

)
. (22c)

In particular, it then follows that

[Lm,Ln] = (m− n)Lm+n, m, n = 0,±1. (23)

We also have thatLn� = 0, n = 0,±1. With this parametrisation, the operator corre-
sponding to the Möbius transformationγ , defined in (19), is given as (see [13])

U(γ ) = exp

(
b

d
L−1

) (√
ad − bc

d

)L0

exp
(
− c
d
L1

)
. (24)

Forψ ∈ Vh, by (17),U(γ )V (ψ, z)U(γ−1) = V (ψ, γ (z))γ ′(z)h, and so, by (21),
U(γ )ψ = limz→0V (ψ, γ (z))�γ

′(z)h. From this it follows that,

L0ψ = hψ, L1ψ = 0, L−1ψ = V ′(ψ,0)�. (25)

ThusL0 = δ acting onV .
Henceforth we shall assume that our theory defined byA is Möbius invariant.
Having chosen an identification ofP with C ∪ {∞} and ofV with a subspace ofVO,

we can now also define vertex operators forψ = ∏n
j=1V (ψj , zj )� ∈ BC by

V (ψ, z) =
n∏
j=1

V (ψj , zj + z). (26)

ThenV (φ, z) is a continuous operatorVO1 → VO2, provided thatzj + z /∈ O2 ⊂ O1
but zj + z ∈ O1, 1 ≤ j ≤ n.

We can further extend the definition ofV (ψ, z) by linearity fromψ ∈ BC to vectors
9 ∈ VO

C , the image ofVC in VO
C , to obtain a continuous linear operatorV (9, z) :

VO1 → VO2, whereCz ∩ O2 = ∅, O2 ⊂ O1 andCz ⊂ O1 for Cz = {ζ + z : ζ ∈ C}.
One might be tempted to try to extend the definition of the vertex operator even further
to states inVO

C ∼= VO, but the corresponding operator will then only be well-defined on
a suitable dense subspace ofVO1.

For the vertex operator associated to9 ∈ VO
C , we again have

eλL−1V (9, z)e−λL−1 = V (9, z+ λ), V (9,0)� = 9. (27)

Furthermore,

V (9, z)V (φ, ζ ) = V (φ, ζ )V (9, z), (28a)

V (9, z)� = ezL−19 (28b)

for anyφ ∈ V , ζ /∈ Cz. [In (28a), the left-hand and rigth-hand sides are to be interpreted
as mapsVO1 → VO2, with V (φ, ζ ) : VO1 → VOL andV (9, z) : VOL → VO2 on
the left-hand side andV (9, z) : VO1 → VOR andV (φ, ζ ) : VOR → VO2 on the
rigth-hand side, whereO2 ⊂ OL ⊂ O1, O2 ⊂ OR ⊂ O1, ζ ∈ OR ∩ Oc

L ∩ Oc
2 and

Cz ⊂ OL ∩ Oc
R ∩ Oc

2 (whereOc
2 denotes the complement ofO2, etc.). Equation (28b)

holds inVO with Cz ∩ O = ∅.]
Actually, these two conditions characterise the vertex operator already uniquely:
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Theorem 3 (Uniqueness).For9 ∈ VO
C , the operatorV (9, z) is uniquely characterised

by the conditions (28a) and (28b).

The proof is essentially that contained in ref. [13]: IfW(z)V (φ, ζ ) = V (φ, ζ )W(z) for
φ ∈ V, ζ /∈ Cz, andW(z)� = ezL−19, it follows that, for8 ∈ VO′

C′ , W(z)V (8, ζ ) =
V (8, ζ )W(z) provided thatC′

ζ ∩ Cz = ∅ and so

W(z)eζL−18 = W(z)V (8, ζ )� = V (8, ζ )W(z)� = V (8, ζ )ezL−19

= V (8, ζ )V (9, z)� = V (9, z)V (8, ζ )� = V (9, z)eζL−18

for all 8 ∈ VO′
C′ , which is dense inVO′

, showing thatW(z) = V (9, z).
From this uniqueness result and (17) we can deduce the commutators of vertex

operatorsV (ψ, z), ψ ∈ Vh, with L−1, L0, L1:

[L−1, V (ψ, z)] = d

dz
V (ψ, z), (29a)

[L0, V (ψ, z)] = z
d

dz
V (ψ, z)+ hV (ψ, z), (29b)

[L1, V (ψ, z)] = z2 d

dz
V (ψ, z)+ 2hzV (ψ, z). (29c)

We recall from (25) thatL1ψ = 0 andL0ψ = hψ if ψ ∈ Vh; if L1ψ = 0,ψ is said
to bequasi-primary.

The definition (26) immediately implies that, for statesψ, φ ∈ V ,V (ψ, z)V (φ, ζ ) =
V (V (ψ, z− ζ )φ, ζ ). This statement generalises to the key duality result of Theorem 4,
which can be seen to follow from the uniqueness theorem:

Theorem 4 (Duality). If 9 ∈ VO
C and8 ∈ VO′

C′ , whereCz ∩ C′
ζ = ∅, then

V (9, z)V (8, ζ ) = V (V (9, z− ζ )8, ζ ). (30)

[In (30), the left-hand and rigth-hand sides are to be interpreted as mapsVO1 → VO2,
with V (8, ζ ) : VO1 → VOL andV (9, z) : VOL → VO2 on the left-hand side and
V (9, z− ζ )8 ∈ VCz−ζ∪C′ whereO2 ⊂ OL ⊂ O1, Cz ⊂ OL ∩Oc

2 andC′
ζ ⊂ O1 ∩Oc

L.]
The result follows from the uniqueness theorem on noting that

V (8, z)V (9, ζ )� = V (8, z)eζL−19

= eζL−1V (8, z− ζ )9 = V (V (8, z− ζ )9), ζ )�.

4. Modes, Fock Spaces and the Equivalence of Theories

The concept of equivalence between two meromorphic field theories in our definition
could be formulated in terms of the whole collection of spacesVO, whereO ranges over
the open subsets ofP with path-connected complement, but this would be very unwieldy.
In fact, each meromorphic field theory has a Fock space at its heart and we can focus on
this in order to define (and, in practice, test for) the equivalence of theories. To approach
this we first need to introduce the concept of the modes of a vertex operator.
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It is straightforward to see that we can construct contour integrals of vectors inVO,
e.g.of the form∫

C1

dz1

∫
C2

dz2 . . .

∫
Cr
dzrµ(z1, z2, . . . , zr )

n∏
i=1

V (ψi, zi)�, (31)

wherer ≤ n and the weight functionµ is analytic in some neighbourhood ofC1 ×C2 ×
· · · ×Cr and the distances|zi − zj |, i 6= j , are bounded away from 0 on this set. In this
way we can define the modes

Vn(ψ) =
∮
C

zh+n−1V (ψ, z)dz, for ψ ∈ Vh, (32)

as linear operators onVO
C , whereC encirclesC andC ⊂ O with ∞ ∈ O and 0∈ C, and

we absorb a factor of 1/2πi into the definition of the symbol
∮

. The meromorphicity of
the amplitudes allows us to establish

V (ψ, z) =
∞∑

n=−∞
Vn(ψ)z

−n−h (33)

with convergence with respect to the topology ofVO′
for an appropriateO′.

The definition ofVn(ψ) is independent ofC if it is taken to be a simple contour
encircling the origin once positively. Further, ifO2 ⊂ O1, VO1 ⊂ VO2 and if ∞ ∈
O2,0 /∈ O1, the definition ofVn(ψ) on VO1, VO2, agrees onVO1, which is dense in
VO2, so that we may regard the definition as independent ofO also.Vn(ψ) depends on
our choice of 0 and∞ but different choices can be related by Möbius transformations.

We define the Fock spaceHO ⊂ VO to be the space spanned by finite linear combi-
nations of vectors of the form

9 = Vn1(ψ1)Vn2(ψ2) · · ·VnN (ψN)�, (34)

whereψj ∈ V andnj ∈ Z, 1 ≤ j ≤ N . Then, by construction,HO has a countable
basis. It is easy to see thatHO is dense inVO. Further it is clear thatHO is independent
of O, and, where there is no ambiguity, we shall denote it simply byH. It does however
depend on the choice of 0 and∞, but different choices will be related by the action of
the Möbius group again.

It follows from (28b) that
V (ψ,0)� = ψ (35)

which implies that
Vn(ψ)� = 0 if n > −h (36)

and
V−h(ψ)� = ψ. (37)

ThusV ⊂ H.
Since∞ and 0 play a special role, it is not surprising thatL0, the generator of the

subgroup ofM preserving them, does as well. From (29b) it follows that

[L0, Vn(ψ)] = −nVn(ψ), (38)
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so that for9 defined by (34),

L09 = h9, whereh = −
N∑
j=1

nj . (39)

Thus
H =

⊕
h∈Z

Hh, whereVh ⊂ Hh, (40)

whereHh is the subspace spanned by vectors of the form (34) for whichh = ∑
j nj .

ThusL0 has a spectral decomposition and theHh, h ∈ Z, are the eigenspaces of
L0. They have countable dimensions but here we shall only consider theories for which
their dimensions are finite. (This is not guaranteed by the finite-dimensionality ofV ; in
fact, in practice, it is not easy to determine whether these spaces are finite-dimensional
or not, although it is rather obvious in many examples.)

We can define vertex operators for the vectors (34) by

V (9, z) =
∮
C1

z
h1+n1−1
1 V (ψ1, z+z1)dz1 · · ·

∮
CN
z
hN+nN−1
N V (ψN, z+zN)dzN, (41)

where theCj are contours about 0 with|zi | > |zj | if i < j . We can then replace the
densities (1) by the larger classA′ of densities

〈V (91, z1)V (92, z2) · · ·V (9n, zn)〉
n∏
j=1

(
dzj

)hj , (42)

where9j ∈ Hhj , 1 ≤ j ≤ n. It is not difficult to see that replacingA with A′,
i.e. replacingV with H, does not change the definition of the spacesVO. Theorem 3
(Uniqueness) and Theorem 4 (Duality) will still hold if we replaceVO

C with HO
C , the

space we would obtain if we started withH rather thanV , etc.These theorems enable the
Möbius transformation properties of vertex operators to be determined (seeAppendix D).

However, if we use the whole ofH as a starting point, the Möbius properties of
the densitiesA′ can not be as simple as in Sect. 3 because not allψ ∈ H have the
quasi-primarypropertyL1ψ = 0. But we can introduce the subspaces of quasi-primary
vectors withinH andHh,

HQ = {9 ∈ H : L19 = 0}, HQ
h = {9 ∈ Hh : L19 = 0}, HQ =

⊕
h

HQ
h . (43)

V ⊂ HQ andHQ is the maximalV which will generate the theory with the same spaces
VO and with agreement of the densities. [Under the cluster decomposition assumption of
Sect. 6,H is generated fromHQ by the action of the Möbius group or, more particularly,
L−1. See Appendix D.]

We are now in a position to define the equivalence of two theories. A theory specified
by a spaceV and amplitudesA = {f }, leading to a quasi-primary spaceHQ, is said to
be equivalent to the theory specified by a spaceV̂ and amplitudesÂ = {f̂ }, leading to a
quasi-primary spacêHQ, if there are graded injectionsι : V → ĤQ (i.e. ι(Vh) ⊂ ĤQ

h )

andι̂ : V̂ → HQ which map amplitudes to amplitudes.
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Many calculations in conformal field theory are most easily performed in terms of
modes of vertex operators which capture in essence the algebraic structure of the theory.
In particular, the modes of the vertex operators define what is usually called a W-algebra;
this can be seen as follows.

The duality property of the vertex operators can be rewritten in terms of modes as

V (8, z)V (9, ζ ) = V (V (8, z− ζ )9, ζ )

=
∑
n

V (Vn(8)9, ζ )(z− ζ )−n−hφ , (44)

whereL09 = h99 andL08 = h88, and9,8 ∈ H. We can then use the usual
contour techniques of conformal field theory to derive from this formula commutation
relations for the respective modes. Indeed, the commutator of two modesVm(8) and
Vn(9) acting onBC is defined by

=
∮
dz

∮
dζ

|z|>|ζ |
zm+h8−1ζ n+h9−1V (8, z)V (9, ζ )

−
∮
dz

∮
dζ

|ζ |>|z|
zm+h8−1ζ n+h9−1V (8, z)V (9, ζ ),

(45)

where the contours on the right-hand side encircleC anti-clockwise. We can then deform
the two contours so as to rewrite (45) as

[Vm(8), Vn(9)] =
∮

0
ζ n+h9−1dζ

∮
ζ

zm+h8−1dz
∑
l

V (Vl(8)9, ζ )(z− ζ )−l−h8,

(46)
where thez contour is a small positive circle aboutζ and theζ contour is a positive
circle aboutC. Only terms withl ≥ 1 − h8 contribute, and the integral becomes

[Vm(8), Vn(9)] =
∞∑

N=−h8+1

(
m+ h8 − 1
m−N

)
Vm+n(VN(8)9). (47)

In particular, ifm ≥ −h8 + 1, n ≥ −h9 + 1, thenm − N ≥ 0 in the sum, and
m+ n ≥ N + n ≥ N − h9 + 1. This implies that the modes{Vm(9) : m ≥ −h9 + 1}
close as a Lie algebra; the same also holds for{Vm(9) : 0 ≥ m ≥ −h9 + 1}.

As we shall discuss below in Sect. 6, in conformal field theory it is usually assumed
that the amplitudes satisfy another property which guarantees that the spectrum ofL0
is bounded below by 0. If this is the case then the sum in (47) is also bounded above by
h9 .

5. Some Examples

Before proceeding further, we shall give a number of examples of theories that satisfy
the axioms that we have specified so far.
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5.1. TheU(1) theory. The simplest example is the case whereV is a one-dimensional
vector space, spanned by a vectorJ of weight 1, in which case we writeJ (z) ≡ V (J, z).
The amplitude of an odd number ofJ -fields is defined to vanish, and in the case of an
even number it is given by

〈J (z1) · · · J (z2n)〉 = kn

2nn!
∑
π∈S2n

n∏
j=1

1

(zπ(j) − zπ(j+n))2
, (48a)

= kn
∑
π∈S′

2n

n∏
j=1

1

(zπ(j) − zπ(j+n))2
, (48b)

wherek is an arbitrary (real) constant and, in (48a),S2n is the permutation group on 2n
object, whilst, in (48b), the sum is restricted to the subsetS′

2n of permutationsπ ∈ S2n
such thatπ(i) < π(i + n) andπ(i) < π(j) if 1 ≤ i < j ≤ n. (This defines the
amplitudes on a basis ofV and we extend the definition by multilinearity.) It is clear
that the amplitudes are meromorphic inzj , and that they satisfy the locality condition.
It is also easy to check that they are Möbius covariant, with the weight ofJ being 1.

From the amplitudes we can directly read off the operator product expansion of the
field J with itself as

J (z)J (w) ∼ k

(z− w)2
+O(1). (49)

Comparing this with (44), and using (47) we then obtain

[Jn, Jm] = nkδn,−m. (50)

This defines (a representation of) the affine algebraû(1).

5.2. Affine Lie algebra theory.Following Frenkel and Zhu [20], we can generalise this
example to the case of an arbitrary finite-dimensional Lie algebrag. Suppose that the
matricesta , 1 ≤ a ≤ dimg, provide a finite-dimensional representation ofg so that
[ta, tb] = f abct

c, wheref abc are the structure constants ofg. In this case, the spaceV
is of dimension dimg and has a basis consisting of weight one statesJ a , 1 ≤ a ≤ dimg.
Again, we writeJ a(z) = V (J a, z).

If K is any matrix which commutes with all theta , define

κa1a2...am = tr(Kta1ta2 · · · tam). (51)

Theκa1a2...am have the properties that

κa1a2a3...am−1am = κa2a3...am−1ama1 (52)

and
κa1a2a3...am−1am − κa2a1a3...am−1am = f a1a2

bκ
ba3...am−1am. (53)

With a cycleσ = (i1, i2, . . . , im) ≡ (i2, . . . , im, i1) we associate the function

f
ai1ai2 ...aim
σ (zi1, zi2, . . . , zim)

= κai1ai2 ...aim

(zi1 − zi2)(zi2 − zi3) · · · (zim−1 − zim)(zim − zi1)
.

(54)
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If the permutationρ ∈ Sn has no fixed points, it can be written as the product of cycles
of length at least 2,ρ = σ1σ2 . . . σM . We associate toρ the productfρ of functions
fσ1fσ2 . . . fσM and define〈J a1(z1)J

a2(z2) . . . J
an(zn)〉 to be the sum of such functions

fρ over permutationsρ ∈ Sn with no fixed point. Graphically, we can construct these
amplitudes by summing over all graphs withn vertices where the vertices carry labels
aj , 1 ≤ j ≤ n, and each vertex is connected by two directed lines (propagators) to other
vertices, one of the lines at each vertex pointing towards it and one away. Thus, in a
given graph, the vertices are divided into directed loops or cycles, each loop containing
at least two vertices. To each loop, we associate a function as in (55) and to each graph
we associate the product of functions associated to the loops of which it is composed.

Again, this defines the amplitudes on a basis ofV and we extend the definition by
multilinearity. The amplitudes are evidently local and meromorphic, and one can verify
that they satisfy the Möbius covariance property with the weight ofJ a being 1.

The amplitudes determine the operator product expansion to be of the form

J a(z)J b(w) ∼ κab

(z− w)2
+ f abcJ

c(w)

(z− w)
+O(1), (55)

and the algebra therefore becomes

[J am, J bn ] = f abcJ
c
m+n +mκabδm,−n. (56)

This is (a representation of) the affine algebraĝ. In the particular case whereg is simple,
κab = tr(Ktatb) = kδab, for somek, if we choose a suitable basis.

5.3. The Virasoro theory.Again following Frenkel and Zhu [20], we can construct the
Virasoro theory in a similar way. In this case, the spaceV is one-dimensional, spanned
by a vectorL of weight 2 and we writeL(z) = V (L, z). We can again construct the
amplitudes graphically by summing over all graphs withn vertices, where the vertices
are labelled by the integers 1≤ j ≤ n, and each vertex is connected by two lines
(propagators) to other vertices. In a given graph, the vertices are now divided into loops,
each loop containing at least two vertices.To each loop` = (i1, i2, . . . , im), we associate
a function

f`(zi1, zi2, . . . , zim)

= c/2

(zi1 − zi2)
2(zi2 − zi3)

2 · · · (zim−1 − zim)
2(zim − zi1)

2 ,
(57)

wherec is a real number, and, to a graph, the product of the functions associated to its
loops. [Since it corresponds to a factor of the form(zi−zj )−2 rather than(zi−zj )−1, each
line or propagator might appropriately be represented by a double line.] The amplitudes
〈L(z1)L(z2) . . . L(zn)〉 are then obtained by summing the functions associated with the
various graphs withn vertices. [Note graphs related by reversing the direction of any
loop contribute equally to this sum.]

These amplitudes determine the operator product expansion to be

L(z)L(ζ ) ∼ c/2

(z− ζ )4
+ 2L(ζ )

(z− ζ )2
+ L′(ζ )
z− ζ

+O(1) (58)

which leads to the Virasoro algebra

[Lm,Ln] = (m− n)Lm+n + c

12
m(m2 − 1)δm,−n. (59)
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5.4. Lattice theories.Suppose that3 is an evenn-dimensional Euclidean lattice, so
that, if k ∈ 3, k2 is an even integer. We introduce a basise1, e2, . . . , en for 3, so that
any elementk of 3 is an integral linear combination of these basis elements. We can
introduce an algebra consisting of matricesγj , 1 ≤ j ≤ n, such thatγ 2

j = 1 andγiγj =
(−1)ei ·ej γj γi . If we defineγk = γ

m1
1 γ

m2
2 . . . γ

mn
n for k = m1e1 +m2e2 + . . .+mnen,

we can define quantitiesε(k1, k2, . . . , kN), taking the values±1, by

γk1γk2 . . . γkN = ε(k1, k2, . . . , kN)γk1+k2+...+kN . (60)

We define the theory associated to the lattice3 by takingV to have a basis{ψk : k ∈ 3},
where the weight ofψk is 1

2k
2, and, writingV (ψk, z) = V (k, z), the amplitudes to be

〈V (k1, z1)V (k2, z2) · · ·V (kN, zn)〉 = ε(k1, k2, . . . , kN)

·
∏

1≤i<j≤N
(zi − zj )

ki ·kj (61)

if k1+k2+ . . .+kN = 0 and zero otherwise. Theε(k1, k2, . . . , kN) obey the conditions

ε(k1, k2, . . . , kj−1, kj ,kj+1, kj+2, . . . , kN)

= (−1)kj ·kj+1ε(k1, k2, . . . , kj−1, kj+1, kj , kj+2, . . . , kN),

which guarantees locality, and

ε(k1, k2, . . . , kj )ε(kj+1, . . . , kN)

= ε(k1 + k2 + . . .+ kj , kj+1 + . . .+ kN)ε(k1, k2, . . . , kj , kj+1, . . . , kN),

which implies the cluster decomposition property of Sect. 6.

5.5. A non-conformal example.The above examples actually define meromorphiccon-
formalfield theories, but since we have not yet defined what we mean by a theory to be
conformal, it is instructive to consider also an example that satisfies the above axioms
but is not conformal. The simplest such case is a slight modification of theU(1) exam-
ple described in 5.1: again we takeV to be a one-dimensional vector space, spanned
by a vectorK, but now the grade ofK is taken to be 2. WritingK(z) ≡ V (K, z), the
amplitudes of an odd number ofK-fields vanishes, and in the case of an even number
we have

〈K(z1) · · ·K(z2n)〉 = kn

2nn!
∑
π∈S2n

n∏
j=1

1

(zπ(j) − zπ(j+n))4
. (62)

It is not difficult to check that these amplitudes satisfy all the axioms we have considered
so far. In this case the operator product expansion is of the form

K(z)K(w) ∼ k

(z− w)4
+O(1), (63)

and the algebra of modes is given by

[Kn,Km] = k

6
n(n2 − 1)δn,−m. (64)
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6. Cluster Decomposition

So far the axioms we have formulated do not impose any restrictions on the relative
normalisation of amplitudes involving for example a different number of vectors inV ,
and the class of theories we are considering is therefore rather flexible. This is mirrored
by the fact that it does not yet follow from our considerations that the spectrum of
the operatorL0 is bounded from below, and sinceL0 is in essence the energy of the
corresponding physical theory, we may want to impose this constraint. In fact, we would
like to impose the slightly stronger condition that the spectrum ofL0 is bounded by 0,
and that there is precisely one state with eigenvalue equal to zero. This will follow (as
we shall show momentarily) from thecluster decomposition property, which states that
if we separate the variables of an amplitude into two sets and scale one set towards a
fixed point (e.g.0 or∞) the behaviour of the amplitude is dominated by the product of
two amplitudes, corresponding to the two sets of variables, multiplied by an appropriate
power of the separation, specifically〈∏

i

V (φi, ζi)
∏
j

V (ψj , λzj )

〉
∼
〈∏
i

V (φi, ζi)

〉 〈∏
j

V (ψj , zj )

〉
λ−6hj

asλ → 0,

(65)

whereφi ∈ Vh′
i
, ψj ∈ Vhj . It follows from Möbius invariance, that this is equivalent to〈∏

i

V (φi, λζi)
∏
j

V (ψj , zj )

〉
∼
〈∏
i

V (φi, ζi)

〉 〈∏
j

V (ψj , zj )

〉
λ−6h′

i

asλ → ∞.

(66)

The cluster decomposition property extends also to vectors8i,9j ∈ H. It is not difficult
to check that the examples of the previous section satisfy this condition.

We can use the cluster decomposition property to show that the spectrum ofL0 is
non-negative and that the vacuum is, in a sense, unique. To this end let us introduce the
projection operators defined by

PN =
∮

0
uL0−N−1du, for N ∈ Z. (67)

In particular, we have

PN
∏
j

V (ψj , zj )� =
∮
uh−N−1V (ψj , uzj )�du, (68)

whereh = ∑
j hj . It then follows that thePN are projection operators

PNPM = 0, if N 6= M, P 2
N = PN,

∑
N

PN = 1 (69)

onto the eigenspaces ofL0,
L0PN = NPN. (70)
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ForN ≤ 0, we then have〈∏
i

V (φi, ζi)PN
∏
j

V (ψj , zj )

〉

=
∮

0
u6hj−N−1

〈∏
i

V (φi, ζi)
∏
j

V (ψj , uzj )

〉
du

∼
〈∏
i

V (φi, ζi)

〉 〈∏
j

V (ψj , zj )

〉 ∮
|u|=ρ

u−N−1du,

which, by takingρ → 0, is seen to vanish forN < 0 and, forN = 0, to give

P0

∏
j

V (ψj , zj )� = �

〈∏
j

V (ψj , zj )

〉
, (71)

and soP09 = � 〈9〉. Thus the cluster decomposition property implies thatPN = 0 for
N < 0, i.e. the spectrum ofL0 is non-negative, and thatH0 is spanned by the vacuum
�, which is thus the unique state withL0 = 0.

As we have mentioned before the absence of negative eigenvalues ofL0 gives an
upper bound on the order of the pole in the operator product expansion of two vertex
operators, and thus to an upper bound in the sum in (47): if8,9 ∈ H are of grade
L08 = h88,L09 = h99, we have thatVn(8)9 = 0 for n > h9 because otherwise
Vn(8)9 would have a negative eigenvalue,h9 − n, with respect toL0. In particular,
this shows that the leading singularity inV (8, z)V (9, ζ ) is at most(z− ζ )−h9−h8 .

The cluster property also implies that the space of states of the meromorphic field
theory does not have any proper invariant subspaces in a suitable sense. To make this
statement precise we must first give meaning to a subspace of the space of states of
a conformal field theory. The space of states of the theory is really the collection of
topological spacesVO, whereO is an open subset ofP whose complement is path-
connected. Recall thatVO ⊂ VO′

if O ⊃ O′. By a subspace of the conformal field
theory we shall mean subspacesUO ⊂ VO specified for each open subsetO ⊂ P with
path-connected complement, such thatUO = UO′ ∩ VO if O ⊃ O′.

Proposition 5. Suppose{UO} is an invariant closed subspace of{VO}, i.e.UO is closed;
UO = UO′ ∩ VO if O ⊃ O′; and V (ψ, z)UO ⊂ UO′

for all ψ ∈ V , wherez ∈ O,
z /∈ O′ ⊂ O. Then{UO} is not a proper subspace, i.e. eitherUO = VO for all O, or
UO = {0}.
Proof. Suppose thatφ ∈ UO, ψj ∈ V , zj ∈ O, zj /∈ O′ ⊂ O and consider

n∏
j=1

V (ψj , zj )φ ∈ UO′
. (72)

Now, taking a suitable integral of the left-hand side,

P0

n∏
j=1

V (ψj , zj )φ = λ� =
〈
n∏
j=1

V (ψj , zj )φ

〉
�. (73)



Axiomatic Conformal Field Theory 567

Thus either all the amplitudes involvingφ vanish for allφ ∈ U , in which caseU = {0},
or� ∈ UO′

for someO′, in which case it is easy to see that� ∈ UO for all O and it
follows thatUO = VO for all O.

The cluster property also implies that the image ofBC in VO
C is faithful. To show that

the images of the elementsψ,ψ ′ ∈ BC are distinct we note that otherwiseηφ(ψ) =
ηφ(ψ

′) for all φ ∈ VO with φ as in (4). By takingm in (4) to be sufficiently large,
dividing theζi , 1 ≤ i ≤ m, inton groups which we allow to approach thezj , 1 ≤ j ≤ n,
successively. The cluster property then shows that these must be the same points as the
z′j , 1 ≤ j ≤ n′ in ψ ′ and thatψi = µjψ

′
j for someµj ∈ C with

∏n
j=1µj = 1,

establishing thatψ = ψ ′ as elements ofVO
C . ut

7. Conformal Symmetry

So far our axioms do not require that our amplitudes correspond to a conformal field
theory, only that the theory have a Möbius invariance, and indeed, as we shall see, the
example in 5.3 is not conformally invariant. Further, what we shall discuss in the sections
which follow the present one will not depend on a conformal structure, except where we
explicitly mention it; in this sense, the present section is somewhat of an interlude. On
the other hand, the conformal symmetry is crucial for more sophisticated considerations,
in particular the theory on higher genus Riemann surfaces, and therefore forms a very
important part of the general framework.

Let us first describe a construction by means of which a potentially new theory can
be associated to a given theory, and explain then in terms of this construction what it
means for a theory to be conformal.

Suppose we are given a theory that is specified by a spaceV and amplitudesA = {f }.
Let us denote bŷV the vector space that is obtained fromV by appending a vectorL of
grade two, and let us writeV (L, z) = L(z). The amplitudes involving only fields inV
are given as before, and the amplitude

〈
m∏
j=1

L(wj )

n∏
i=1

V (ψi, zi)〉, (74)

whereψi ∈ Vhi is defined as follows: we associate to each of then+m fields a point, and
then consider the (ordered) graphs consisting of loops where each loop contains at most
one of the points associated to theψi , and each point associated to anL is a vertex of
precisely one loop. (The points associated toψi may be vertices of an arbitrary number
of loops.) To each loop whose vertices only consist of points corresponding toL we
associate the same function as before in Sect. 5.3, and to the loop(zi, wπ(1), . . . , wπ(l))

we associate the expression

l−1∏
j=1

1

(wπ(j) − wπ(j+1))2

(
hi

(wπ(1) − zi)(wπ(l) − zi)

+ 1

2

[
1

(wπ(1) − zi)

d

dzi
+ 1

(wπ(l) − zi)

d

dzi

])
. (75)

We then associate to each graph the product of the expressions associated to the different
loops acting on the amplitude which is obtained from (74) upon removingL(w1) · · ·
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L(wm), and the total amplitude is the sum of the functions associated to all such (ordered)
graphs. (The product of the expressions of the form (75) is taken to be “normal ordered”
in the sense that all derivatives with respect tozi only act on the amplitude that is obtained
from (74) upon excising theLs; in this way, the product is independent of the order in
which the expressions of the form (75) are applied.)

We extend this definition by multilinearity to amplitudes defined for arbitrary states
in V̂ . It follows immediately that the resulting amplitudes are local and meromorphic; in
Appendix E we shall give a more explicit formula for the extended amplitudes, and use it
to prove that the amplitudes also satisfy the Möbius covariance and the cluster property.
In terms of conventional conformal field theory, the construction treats all quasiprimary
states inV as primary with respect to the Virasoro algebra of the extended theory; this
is apparent from the formula given in Appendix E.

We can generalise this definition further by considering in addition graphs which
contain “double loops” of the form(zi, wj ) for those pointszi which correspond to
states inV of grade two, where in this case neitherzi norwj can be a vertex of any other
loop. We associate the function

cψ/2

(zi − wj)4
(76)

to each such loop (wherecψ is an arbitrary linear functional on the states of weight two
in V ), and the product of the different expressions corresponding to the different loops
in the graph act in this case on the amplitude (74), where in addition to allL-fields also
the fields corresponding toV (ψi, zi) (for eachi which appears in a double loop) have
been removed. It is easy to see that this generalisation also satisfies all axioms.

This construction typically modifies the structure of the meromorphic field theory
in the sense that it changes the operator product expansion (and thus the commutators
of the corresponding modes) of vectors inV ; this is for example the case for the “non-
conformal” model described in Sect. 5.5. If we introduce the fieldL as described above,
we find the commutation relations

[Lm,Kn] = (m− n)Km+n + cK

12
m(m2 − 1) δm,−n. (77)

However, this is incompatible with the original commutator in (64): the Jacobi identity
requires that

0 = [Lm, [Kn,Kl] ] + [Kn, [Kl, Lm] ] + [Kl, [Lm,Kn] ]

= (l −m) [Kn,Kl+m] + (m− n) [Kl,Km+n]
= k

6
δl+m+n,0

[
−(l −m) (l +m)

(
(l +m)2 − 1

)
+ (2m+ l) l (l2 − 1)

]
= k

6
δl+m+n,0 m (m2 − 1) (2l +m)

and this is not satisfied unlessk = 0 (in which case the original theory is trivial). In fact,
the introduction ofL modifies (64) as

[Km,Kn] = k

6
m(m2 − 1)δm,−n + k

a
(m− n)Zm+n,

[Lm,Kn] = cK

12
m(m2 − 1)δm,−n + (m− n)Km+n,

[Zm,Kn] = 0,



Axiomatic Conformal Field Theory 569

[Lm,Zn] = a

12
m(m2 − 1)δm,−n + (m− n)Zm+n,

[Lm,Ln] = c

12
m(m2 − 1)δm,−n + (m− n)Lm+n,

[Zm,Zn] = 0,

wherea is non-zero and can be set to equalk by rescalingZ, and theZn are the modes
of a field of grade two. This set of commutators then satisfies the Jacobi identities. It also
follows from the fact that the commutators ofZ with K andZ vanish, that amplitudes
that involve onlyK-fields and at least oneZ-field vanish; in this way we recover the
original amplitudes and commutators.

The construction actually depends on the choice ofV (as well as the values ofcψ
andc), and therefore does not only depend on the equivalence class of meromorphic
field theories. However, we can ask whether a given equivalence class of meromorphic
field theories contains a representative(V ,A) (i.e. a choice ofV that gives an equivalent
description of the theory) for which(V̂ , Â) is equivalent to(V ,A); if this is the case,
we call the meromorphic field theoryconformal. It follows directly from the definition
of equivalence that a meromorphic field theory is conformal if and only if there exists a
representative(V ,A) and a vectorL0 ∈ V (of grade two) so that

〈
(
L(w)− L0(w)

) n∏
j=1

V (ψj , zj )〉 = 0 (78)

for all ψj ∈ V , whereL is defined as above. In this case, the linear functionalcψ is
defined by

cψ = 2(w − z)4〈L0(w)V (ψ, z)〉.
In the case of the non-conformal example of Sect. 5.5, it is clear that (78) cannot be
satisfied as the Fock space only contains one vector of grade two,L0 = αK−2�, andL0

does not satisfy (78) for any value ofα. On the other hand, for the example of Sect. 5.1,
we can choose

L0 = 1

2k
J−1J−1�, (79)

and this then satisfies (78). Similarly, in the case of the example of Sect. 5.2, we can
choose

L0 = 1

2(k +Q)

∑
a

J a−1J
a−1�,

whereQ is the dual Coxeter number ofg (i.e. the value of the quadratic Casimir in the
adjoint representation), and again (78) is satisfied for this choice ofL0 (and the above
choice ofV ). This construction is known as the “Sugawara construction”.

For completeness it should be mentioned that the modes of the fieldL (that is con-
tained in the theory in the conformal case) satisfy the Virasoro algebra

[Lm,Ln] = (m− n)Lm+n + c

12
m(m2 − 1)δm,−n,

wherec is the number that appears in the above definition ofL. Furthermore, the modes
Lm with m = 0,±1 agree with the Möbius generators of the theory.
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8. Representations

In order to introduce the concept of a representation of a meromorphic conformal field
theory or conformal algebra, we consider a collection of densities more general than those
used in Sect. 2 to define the meromorphic conformal field theory itself. The densities
we now consider are typically defined on a cover of the Riemann sphere,P, rather than
P itself. We consider densities which are functions of variablesui , 1 ≤ i ≤ N , and
zj , 1 ≤ j ≤ n, which are analytic if no two of theseN + n variables are equal, may
have poles atzi = zj , i 6= j , or zi = uj , and may be branched aboutui = uj , i 6= j .
To define a representation, we need the case whereN = 2, in which the densities are
meromorphic in all but two of the variables.

Starting again withV = ⊕hVh, together with two finite-dimensional spacesWα and
Wβ (which may be one-dimensional), we suppose that, for each integern ≥ 0, andzi ∈ P

andu1, u2 on some branched cover ofP, and for any collection of vectorsψi ∈ Vhi and
χ1 ∈ Wα, χ2 ∈ Wβ , we have a density

g(ψ1, . . . , ψn; z1, . . . , zn;χ1, χ2; u1, u2)

≡ 〈V (ψ1, z1)V (ψ2, z2) · · ·V (ψn, zn)Wα(χ1, u1)Wβ(χ2, u2)〉

·
n∏
j=1

(
dzj

)hj (du1)
r1(du2)

r2,

(80)

where r1, r2 are real numbers, which we call theconformal weightsof χ1 and χ2,
respectively. The amplitudes

〈V (ψ1, z1)V (ψ2, z2) · · ·V (ψn, zn)Wα(χ1, u1)Wβ(χ2, u2)〉 (81)

are taken to be multilinear in theψj andχ1, χ2, and invariant under the exchange of
(ψi, zi) with (ψj , zj ), and meromorphic as a function of thezj , analytic except for
possible poles atzi = zj , i 6= j , andzi = u1 or zi = u2. As functions ofu1, u2, the
amplitudes are analytic except for the possible poles atu1 = zi oru2 = zi and a possible
branch cut atu1 = u2. We denote a collection of such densities byR = {g}.

Just as before, given an open setC ⊂ P we introduced spacesBC , whose elements
are of the form (3), so we can now introduce sets,BCαβ , labelled by finite collections
of ψi ∈ Vhi , zi ∈ C ⊂ P, i = 1, . . . , n, n ∈ N andzi 6= zj if i 6= j , together with
χ1 ∈ Wα, χ2 ∈ Wβ andu1, u2 ∈ C, u1 6= u2 andzi 6= uj , denoted by

χ = V (ψ1, z1)V (ψ2, z2) · · ·V (ψn, zn)Wα(χ1, u1)Wβ(χ2, u2)�

≡
n∏
i=1

V (ψi, zi)Wα(χ1, u1)Wβ(χ2, u2)�.
(82)

We again immediately identify differentχ ∈ BCαβ with the other elements ofBCαβ
obtained by replacing eachψj in (82) byµjψj , 1 ≤ j ≤ n, χi by λiχi , i = 1,2, where
λ1, λ2, µj ∈ C andλ1λ2

∏n
j=1µj = 1.

Proceeding as before, we introduce the vector spaceVCαβ with basisBCαβ and we
cut it down to sizeexactlyas before,i.e. we note that if we introduce another open set
O ⊂ P, with O ∩ C = ∅, and, as in (4) write

φ = V (φ1, ζ1)V (φ2, ζ2) · · ·V (φm, ζm)� ∈ BO, (83)
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whereφj ∈ Vkj , j = 1, . . . m, eachφ ∈ BO defines a map onBCαβ by

ηφ(χ) = (φ,χ) =
〈
m∏
i=1

V (φi, ζi)

n∏
i=1

V (ψi, zi)Wα(χ1, u1)Wβ(χ2, u2)

〉
. (84)

Againηφ extends by linearity to a mapVCαβ → C and we consider the space,ṼCαβ , of
sequencesX = (X1, X2, . . . ), Xj ∈ VCαβ , for whichηφ(Xj ) converges uniformly on
each of the family of compact sets of the form (7). We writeηφ(X) = limj→∞ ηφ(Xj )

and define the spaceVO
Cαβ as being composed of the equivalence classes of such se-

quences, identifying two sequencesX1,X2, if ηφ(X1) = ηφ(X2) for all φ ∈ BO.
Using the same arguments as in the proof of Theorem 1 (see Appendix C), it can be
shown that the spaceVO

Cαβ is independent ofC, provided that the complement ofO is

path-connected; in this case we writeVO
αβ ≡ VO

Cαβ . We can define a family of seminorms

for VO
αβ by ||X||φ = |ηφ(X)|, whereφ is an arbitrary element ofBO, and the natural

topology onVO
αβ is the topology that is induced by this family of seminorms. (This is to

say, that a sequence of states inXj ∈ VO
αβ converges if and only ifηφ(Xj ) converges

for everyφ ∈ BO.)
So far we have not specified a relationship between the spacesVO, which define

the conformal field theory, and the new spacesVO
αβ , which we have now introduced to

define a representation of it. Such a relation is an essential part of the definition of a
representation; it has to express the idea that the two spaces define the same relations
between combinations of vectors in the setsBC . To do this consider the space of all
continuous linear functionals onVO, the dual space ofVO, which we will denote
(VO)′, and also the dual,(VO

αβ)
′, of VO

αβ . It is natural to consider these dual spaces

as topological vector spaces with the weak topology: for eachf ∈ (VO)′, we can
consider the (uncountable) family of seminorms defined by||f ||9 ≡ |f (9)|, where9
is an arbitrary element ofVO (and similarly for(VO

αβ)
′). The weak topology is then the

topology that is induced by this family of seminorms (so thatfn → f if and only if
fn(9) → f (9) for each9 ∈ VO).

Every element ofφ ∈ BO defines a continuous linear functional both onVO and on
VO
αβ , each of which we shall denote byηφ , and the linear span of the set of all linear

functionals that arise in this way is dense in both(VO)′ and(VO
αβ)

′. We therefore have

a map from a dense subspace of(VO)′ to a dense subspace of(VO
αβ)

′, and the condition
for the amplitudes (80) to define arepresentationof the meromorphic (conformal) field
theory whose spaces of states are given byVO is that this map extends to acontinuous
map between the dual spaces, i.e. that there exists a continuous map

ι : (VO)′ → (VO
αβ)

′ such that ι(ηφ) = ηφ . (85)

This in essence says thatVO
αβ will not distinguish limits of linear combinations ofBO

not distinguished byVO.
Given a collection of densitiesR we can construct (in a similar way as before for the

collection of amplitudesA) spaces of statesVO
α andVO

β , on which the vertex operators
of the meromorphic theory are well-defined operators. By the by now familiar scheme,
let us introduce the setBCα that is labelled by finite collections ofψi ∈ Vhi , zi ∈ C ⊂ P,
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i = 1, . . . , n, n ∈ N andzi 6= zj if i 6= j , together withχ ∈ Wα andu ∈ C, zi 6= u,
denoted by

χ = V (ψ1, z1)V (ψ2, z2) · · ·V (ψn, zn)Wα(χ, u)�

≡
n∏
i=1

V (ψi, zi)Wα(χ, u)�.
(86)

We again immediately identify differentχ ∈ BCα with the other elements ofBCα ob-
tained by replacing eachψj in (86) byµjψj , 1 ≤ j ≤ n,χ byλχ , whereλ,µj ∈ C and
λ
∏n
j=1µj = 1. We also defineBCβ analogously (by replacingχ ∈ Wα by χ ∈ Wβ ).

We then introduce the vector spaceVCα with basisBCα, and we cut it down to size
exactly as before by considering the map analogous to (84), where nowφ ∈ BOβ . The

resulting space is denoted byVOβ
Cα , and is again independent ofC provided that the

complement ofO is path-connected; in this case we writeVOβ
α ≡ VOβ

Cα . It also has a
natural topology induced by the seminorms|ηφ(X)|, where nowφ ∈ BOβ . With respect

to this topology, the span ofBCα is dense inVOβ
α . We can similarly consider the spaces

VOα
β by exchanging the rôles ofWα andWβ .

For ψ ∈ V , a vertex operatorV (ψ, z) can be defined as an operatorV (ψ, z) :
VOβ
α → VO′β

α , wherez ∈ O but z 6∈ O′ ⊂ O, by defining its action on the total subset
BCα, whereC ∩ O = ∅

V (ψ, z)χ = V (ψ, z)V (ψ1, z1) · · ·V (ψn, zn)Wα(χ, u)�,

andχ ∈ BCα is as in (86). The image is inBC′α for any C′ ⊃ C which containsz,
and we can chooseC′ such thatC′ ∩ O′ = ∅. This then extends by linearity to a map
VCα → VC′α, and we can show, by analogous arguments as before, that it induces a map

VOβ
Cα → VO′β

C′α .
By the same arguments as before in Sect. 4, this definition can be extended to vectors

9 of the form (34) that span the Fock space of the meromorphic theory. The actual Fock
spaceHO′

(that is typically a quotient space of the free vector space spanned by the
vectors of the form (34)) is a subspace of(VO)′ provided thatO′ ∪ O = P, and if the
amplitudes define a representation,ι(HO′

) ⊂ (VO
αβ)

′ because of (85). In this case it is

then possible to define vertex operatorsV (9, z) : VOβ
α → VO′β

α for arbitrary elements
of the Fock spaceH, and this is what is usually thought to be the defining property of
a representation. By the same argument the vertex operators are also well-defined for
elements inVC for suitableC.

There exists an alternative criterion for a set of densities to define a representation,
which is in essence due to Montague [17], and which throws considerable light on the
nature of conformal field theories and their representations. (Indeed, we shall use it to
construct an example of a representation for theu(1)-theory below.)

Theorem 6.The densities (80) define a representation provided that, for each open set
O ⊂ P with path-connected complement andu1, u2 /∈ O, there is a state6αβ(u1, u2;
χ1, χ2) ∈ VO that is equivalent toWα(u1, χ1)Wβ(u2, χ2) in the sense that the ampli-
tudes of the representation are given byηφ(6αβ):
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〈
m∏
i=1

V (φi, ζi)Wα(u1, χ1)Wβ(u2, χ2)

〉
=
〈
m∏
i=1

V (φi, ζi)6αβ(u1, u2;χ1, χ2)

〉
, (87)

whereζi ∈ O.

The proof of this theorem depends on the following:

Lemma. There exist sequencesei ∈ VO
C , fi ∈ (VO

C )
′, dense in the appropriate topolo-

gies, such thatfj (ei) = δij and such that
∑∞
i=1 eifi(9) converges to9 for all 9 ∈ VO

C .

To prove the lemma, take the{ei} to be formed from the union of the bases of the
eigenspacesHN of L0, which we have taken to be finite-dimensional, taken in order,
N = 0,1,2, . . . . Using the projection operatorsPN defined by (67), we have that∑∞
N=0PN9 = 9 andPn9 can be written as a sum of theei which are basis elements

of HN , with coefficientsfi(9) which depend continuously and linearly on9. It is then
clear that

∑∞
i=1 eifi(9) = 9 and, ifη ∈ (VO)′, η = ∑∞

i=1 fiη(ei), showing that{ei}
is dense inVO and{fi} is dense in(VO)′.
Proof of Theorem 6.Assuming we have a continuous mapι : (VO)′ → (VO

αβ)
′, let us

define6αβ(u1, u2;χ1, χ2) by

6αβ(u1, u2;χ1, χ2) =
∑
i

ei ι(fi)
(
Wα(u1, χ1)Wβ(u2, χ2)

)
. (88)

Then, ifηφ = ∑
j λjfj ,〈

m∏
i=1

V (φi, ζi)Wα(u1, χ1)Wβ(u2, χ2)

〉
= ηφ

(
6αβ(u1, u2;χ1, χ2)

)
=
∑
ji

λjfj (ei) ι(fi)
(
Wα(u1, χ1)Wβ(u2, χ2)

)
= ι(ηφ)

(
Wα(u1, χ1)Wβ(u2, χ2)

)
=
〈
m∏
i=1

V (φi, ζi)6αβ(u1, u2;χ1, χ2)

〉
,

and the convergence of (88) can be deduced from this.
Conversely, suppose that (87) holds; then
n∏
i=1

V (ψi, ζi)Wα(u1, χ1)Wβ(u2, χ2) →
n∏
i=1

V (ψi, ζi)6αβ(u1, u2;χ1, χ2) (89)

defines a continuous mapVO
αβ → VO (whereζi, u1, u2 /∈ O), and this induces a dual

mapι : (VO)′ → (VO
αβ)

′, continuous in the weak topology, satisfyingι(ηφ) = ηφ , i.e.
(85) holds.

The map (89) defines an isomorphism ofVO
αβ ontoVO: it is onto for otherwise its

image would define an invariant subspace ofVO and the argument of Proposition 5
shows that this must be the whole space; and it is an injection because if it maps a vector
X to zero,ηφ(X) must vanish for allφ ∈ BO, implyingX = 0. ut
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9. Möbius Covariance, Fock Spaces and the Equivalence of Representations

We shall now assume that each density in the collectionR is invariant under the action
of the Möbius transformations,i.e. that the amplitudes satisfy

〈
n∏
i=1

V (ψi, zi)Wα(χ1, u1)Wβ(χ2, u2)〉

= 〈
n∏
i=1

V (ψi, γ (zi))Wα(χ1, γ (u1))Wβ(χ2, γ (u2))〉

·
2∏
l=1

(γ ′(ul))rl
n∏
i=1

(γ ′(zi))hi ,

(90)

whererl are the real numbers which appear in the definition of the densities, andhi is
the grade ofψi .

In this case, we can define operatorsU(γ ), m appingVOβ
α toVOγ β

α ; on the total subset
BCα, whereC ∩ O = ∅, these operators are defined by

U(γ )χ = V (ψ1, γ (z1)) · · ·V (ψn, γ (zn))Wα(χ, γ (u))�

n∏
i=1

(γ ′(zi))hi γ ′(u)r1, (91)

whereχ is defined as in (86), andhi is the grade ofψi , i = 1, . . . , n. This definition
extends by linearity to operators being defined onVCα, and by analogous arguments to

those in Sect. 3, this extends to a well-defined mapVOβ
α → VOγ β

α . If we choose two
pointsz∞ andz0 as before, we can introduce the Möbius generatorsLM0 , L

M±1 which are
well-defined on these spaces.

We define the Fock spaceHO
α ⊂ VO

α to be the space spanned by finite linear combi-
nations of vectors of the form

8 = Vn1(ψ1) · · ·VnN (ψN)Wα(χ,0)�, (92)

whereψj ∈ V , χ ∈ Wα andnj ∈ Z, 1 ≤ j ≤ N . Here the modesVn(ψ) are defined
as before in (32) where the contour encircles the point 0∈ C, and this still makes sense
since the amplitudesR are not branched aboutui = zj . It is clear thatHO

α is a dense
subspace ofVO

α , and that it is independent ofO; where no ambiguity arises we shall
therefore denote it byHα. By construction,Wα ⊂ Hα. We can also defineWβ ⊂ Hβ in
the same way.

As before it is then possible to extend the amplitudesR to amplitudes being defined
for χ1 ∈ Hα andχ2 ∈ Hβ (rather thanχ1 ∈ Wα andχ2 ∈ Wβ ), and for the subset of
quasiprimary states inHα andHβ (i.e. for the states that are annihilated byLM1 defined
above), the Möbius properties are analogous to those in (90).

As in the case of the meromorphic theory we can then define the equivalence of two
representations. Let us suppose that for a given meromorphic field theory specified by
V andA = {f }, we have two collections of densities, one specified byWα,Wβ with
the amplitudes given byR = {g}, and one specified bŷWα, Ŵβ andR̂. We denote
the corresponding Fock spaces byHα, Hβ in the case of the former densities, and by
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Ĥα andĤβ in the case of the latter. We say that the two densities defineequivalent
representations if there exist graded injections

ια : Wα → Ĥα ιβ : Wβ → Ĥβ, (93)

and
ι̂α : Ŵα → Hα ι̂β : Ŵβ → Hβ, (94)

that map amplitudes to amplitudes. We similarly define two representations to beconju-
gateto one another if instead of (93) and (94) the amplitudes are mapped to each other
under

ια : Wα → Ĥβ ιβ : Wβ → Ĥα, (93′)
and

ι̂α : Ŵα → Hβ ι̂β : Ŵβ → Hα. (94′)
A representation is calledhighest weight, if the equivalence class of collections of

densities contains a representative which has thehighest weight property: for each density
g and each choice ofχ1 ∈ Wα, χ2 ∈ Wβ andψi ∈ Vhi , the pole in(zi − ul) is bounded
by hi . This definition is slightly more general than the definition which is often used,
in that it is not assumed that the highest weight vectors transform in any way under the
zero modes of the meromorphic fields.

In Sect. 6, we showed, using the cluster property, that the meromorphic conformal
field theory does not have any proper ideals. This implies now

Proposition 7. Every non-trivial representation is faithful.

Proof. Suppose thatV (8, z), where8 ∈ VO′
C , C ∩ O′ = ∅ andCz ⊂ O, acts trivially

on the representationVO
α , i.e. that

V (8, z)9 = 0 for every 9 ∈ VO
α . (95)

Then, for anyψ ∈ V andζ ∈ O′ for which ζ + z ∈ O we have

V (V (ψ, ζ )8, z)9 = V (ψ, ζ + z)V (8, z)9 = 0, (96)

and thusV (ψ, ζ )8 also acts trivially onVO
α . This implies that the subspace of states in

VO′
C that act trivially onVO

α is an ideal. Since there are no non-trivial ideals inVO
C , this

implies that the representation is faithful.ut

10. An Example of a Representation

Let us now consider the example of theU(1) theory which was first introduced in
Sect. 5.1. In this section we want to construct a family of representations for this mero-
morphic conformal field theory.

Let us first define the state

9n =
∫ b

a

dw1 · · ·
∫ b

a

dwn : J (w1) · · · J (wn) :, (97)

wherea, b ∈ C ⊂ C, the integrals are chosen to lie inC, and the normal ordering
prescription: · : means that all poles inwi−wj for i 6= j are subtracted. We can deduce
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from the definition of the amplitudes (48) and (97) that the amplitudes involving9n are
of the form〈

9n

N∏
j=1

J (ζj )

〉
= kn

∑
i1,... ,in∈{1,... ,N}

ij 6=il

n∏
l=1

(b − a)

(a − ζil )(b − ζil )
〈

∏
j 6∈{i1,...in}

J (ζj )〉, (98)

whereζj ∈ O ⊂ C andC ∩ O = ∅. By analytic continuation of (98) we can then
calculate the contour integral

∮
Ca
J (z)dz9n, whereCa is a contour inC encirclinga but

notb, and we find that ∮
Ca

J (z)dz9n = −nk9n−1, (99)

and ∮
Ca

(z− a)nJ (z)dz9n = 0 for n ≥ 1, (100)

where the equality holds inVO. Similar statements also hold for the contour integral
aroundb, ∮

Cb

J (z)dz9n = nk9n−1, (101)

and ∮
Cb

(z− b)nJ (z)dz9n = 0 for n ≥ 1. (102)

Next we define

9α =
∞∑
n=0

αn

n! kn9n =: exp

(
α

k

∫ b

a

J (w)dw

)
:, (103)

whereα is any (real) number. This series converges inVO, since for any amplitude of
the form

〈9α J (ζ1) · · · J (ζN)〉
only the terms in (103) withn ≤ N contribute, as follows from (98).

We can use9 to define amplitudes as in (87), and in order to show that these form a
representation, it suffices (because of Theorem 6) to demonstrate that the functions so
defined have the appropriate analyticity properties. The only possible obstruction arises
from the singularity forζi → a andζi → b, but it follows from (99–102) that

J (ζ )9 ∼ −α
(ζ − a)

+O(1) as ζ → a,

and
J (ζ )9 ∼ α

(ζ − b)
+O(1) as ζ → b,

and thus that the singularities are only simple poles. This proves that the amplitudes
defined by (87) give rise to a representation of theU(1) theory. From the point of view
of conventional conformal field theory, this representation (and its conjugate) is the
highest weight representation that is generated from a state ofU(1)-charge±α.

It may be worthwhile to point out that we can rescale all amplitudes of a representation
of a meromorphic field theory by

g 7→ C(u1 − u2)
2δg, (104)
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whereC andδ are fixed constants (that are the same for allg), without actually violating
any of the conditions we have considered so far. (The only effect is thatr1 andr2 are
replaced bŷrl = rl − δ, l = 1,2.) For the representation of a meromorphicconformal
field theory, the ambiguity inδ can however be canonically fixed: since the meromorphic
fields contain the stress-energy fieldL (whose modes satisfy the Virasoro algebraLn),
we can require that

Ln = LMn for n = 0,±1, (105)

when acting onHα. The action ofL0 onHα is not modified by (104), but sincêrl = rl−δ,
the action ofLM0 is, and (105) therefore fixes the choice ofδ in (104).

In the above example, in order to obtain a representation of the meromorphic con-
formal field theory (withL0 being given by (79)), we have to modify the amplitudes as
in (104) withδ = −α2/2k. This can be easily checked using (99–102).

11. Zhu’s Algebra

The description of representations in terms of collections of densities has a large re-
dundancy in that many different collections of densities define the same representation.
Typically we are only interested in highest weight representations, and for these we may
restrict our attention to the representatives for which the highest weight property holds.
In this section we want to analyse the conditions that characterise the corresponding
states6αβ ; this approach is in essence due to Zhu [18].

Suppose we are given a highest weight representation,i.e.a collection of amplitudes
that are described in terms of the states6αβ(u1, u2;χ1, χ2) ∈ VO, whereul 6∈ O.
Each such state defines a linear functional on the Fock spaceHO′

, whereO ∪ O′ = P.
But, for givenu1, u2, the states6αβ(u1, u2;χ1, χ2), associated with the various possi-
ble representations, satisfy certain linear conditions: they vanish on a certain subspace
Ou1,u2(HO′

). Thus they define, and are characterised by, linear functionals on the quo-
tient spaceHO′

/Ou1,u2(HO′
). This is a crucial realisation, because it turns out that, in

cases of interest, this quotient is finite-dimensional. Further the quotient has the struc-
ture of an algebra, first identified by Zhu [18], in terms of which the equivalence of
representations, defined by these linear functionals, can be characterised.

Let us consider the case whereu1 = ∞ andu2 = −1, for which we can chooseO
andO′ so that 0∈ O and 0 6∈ O′. We want to characterise the subspace ofH = HO′

on
which the linear functional defined by6αβ(∞,−1;χ1, χ2) vanishes identically. Given
ψ andχ in H, we define the stateV (N)(ψ)χ in H by

V (N)(ψ)χ =
∮

0

dw

wN+1V
[
(w + 1)L0 ψ,w

]
χ, (106)

whereN is an arbitrary integer, and the contour is a small circle (with radius less than
one) aroundw = 0. If 6αβ has the highest weight property then

〈6αβ(∞,−1;χ1, χ2)V
(N)(ψ)φ〉 = 0 forN > 0. (107)

This follows directly from the observation that the integrand in (107) does not have any
poles atw = −1 orw = ∞.

Let us denote byO(H) the subspace ofH that is generated by states of the form
(106) withN > 0, and define the quotient spaceA(H) = H/O(H). Then it follows that
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every highest weight representation defines a linear functional onA(H). If two repre-
sentations induce the same linear functional onA(H), then they are actually equivalent
representations, and thus the number of inequivalent representations is always bounded
by the dimension ofA(H). In fact, as we shall show below, the vector spaceA(H) has
the structure of an associative algebra, where the product is defined by (106) withN = 0.
In terms of the states6αβ this product corresponds to

〈6αβ(∞,−1;χ1, χ2)V
(0)(ψ)φ〉 = (−1)hψ 〈6αβ(∞,−1;V0(ψ)χ1, χ2)φ〉. (108)

One may therefore expect that the different highest weight representations of the mero-
morphic conformal field theory are in one-to-one correspondence with the different
representations of the algebraA(H), and this is indeed true [18]. Most conformal field
theories of interest have the property thatA(H) is a finite-dimensional algebra, and
there exist therefore only finitely many inequivalent highest weight representations of
the corresponding meromorphic conformal field theory; we shall call a meromorphic
conformal field theory for which this is truefinite.

In the above discussion the two points,u1 = ∞ andu2 = −1 were singled out,
but the definition of the quotient space (and the algebra) is in fact independent of this
choice. Let us consider the Möbius transformationγ which maps∞ 7→ u1, −1 7→ u2
and 0 7→ 0 (whereul 6= 0); it is explicitly given as

γ (ζ ) = u1u2ζ

u2(ζ + 1)− u1
↔

(
u1u2 0
u2 u2 − u1

)
,

with inverse

γ−1(z) = u1 − u2

u2

z

(z− u1)
↔

(
u1 − u2 0
u2 −u1u2

)
.

Writing ψ ′ = U(γ )ψ andχ ′ = U(γ )χ we then find (see Appendix F)

V (N)u1,u2
(ψ ′)χ ′ = U(γ )V (N) (ψ) χ, (109)

whereV (N)u1,u2(ψ) is defined by

V (N)u1,u2
(ψ)χ =

∮
0

dw

w

u1

(u1 − w)

(
u2

(u2 − u1)

(u1 − w)

w

)N
V

[(
(u1 − w)(u2 − w)

u1u2

)L0

e
w

u1u2
L1ψ,w

]
χ,

(110)

and the contour enclosesw = 0 but notw = ul . We can then also defineOu1,u2(H) to
be the space that is generated by states of the form (110) withN > 0, andAu1,u2(H) =
H/Ou1,u2(H).

As z = 0 is a fixed point ofγ , U(γ ) : H → H, and because of (109),U(γ ) :
O(H) → Ou1,u2(H). It also follows from (109) withN = 0 that the product is covariant,
and this implies that the different algebrasAu1,u2(H) for different choices ofu1 andu2
are isomorphic. To establish that the algebra action is well-defined and associative, it is
therefore sufficient to consider the case corresponding tou1 = ∞ andu2 = −1. In this
case we writeV (0)(ψ)χ also asψ ∗ χ .
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Let us first show thatOu1,u2(H) = Ou2,u1(H). Because of the Möbius covariance
it is sufficient to prove this for the special case, whereu1 = ∞ andu2 = −1. For this
case we haveV (N)∞,−1(ψ) = V (N)(ψ) as before, and

V
(N)
−1,∞(ψ) ≡ V (N)c (ψ) = (−1)N

∮
dw

w

1

(w + 1)

(
w + 1

w

)N
V
(
(w + 1)L0ψ,w

)
.

(111)
The result then follows from the observation that, forN ≥ 1,

(w + 1)N−1

wN
=

N∑
l=1

(
N − 1

l − 1

)
w−l ,

and
1

wN
=

N∑
l=1

(−1)N−l
(
N − 1

l − 1

)
(w + 1)l−1

wl
.

In particular, it follows from this calculation that (107) also holds ifV (N)(ψ) is replaced
by V (N)c (ψ). Because of the definition ofV (N)c (ψ) it is clear that the analogue of (108)
is now

〈6αβ(∞,−1;χ1, χ2)V
(0)
c (ψ)φ〉 = 〈6αβ(∞,−1;χ1, V0(ψ)χ2)φ〉. (112)

One should therefore expect that forN ≥ 0, the action ofV (0)(ψ)andV (N)c (χ) commute
up to elements of the formV (M)c (φ), whereM > 0 which generate states inO(H). To
prove this, it is sufficient to consider the case, whereψ andχ are eigenvectors ofL0 with
eigenvalueshψ andhχ , respectively; then the commutator[V (0)(ψ), V (N)c (χ)] equals
(up to the constant(−1)N in (111))

=
∮ ∮

|ζ |>|w|
dζ

ζ
(ζ + 1)hψ

dw

w(w + 1)

(
w + 1

w

)N
(w + 1)hχ V (ψ, ζ )V (χ,w)

−
∮ ∮

|z|>|ζ |
dw

w(w + 1)

(
w + 1

w

)N
(w + 1)hχ

dζ

ζ
(ζ + 1)hψ V (χ,w)V (ψ, ζ )

=
∮

0

{∮
w

dζ

ζ
(ζ + 1)hψ V (ψ, ζ )V (χ,w)

}
dw

w(w + 1)

(
w + 1

w

)N
(w + 1)hχ

=
∑
n

∮
0

{∮
w

dζ

ζ
(ζ + 1)hψ V (Vn(ψ)χ,w)(ζ − w)−n−hψ

}

· dw

w(w + 1)

(
w + 1

w

)N
(w + 1)hχ

=
∑
n≤hχ

n+hψ−1∑
l=0

(−1)l
(

hψ

l + 1 − n

)

·
∮

0

dw

w(w + 1)

(
w + 1

w

)N+l+1

(w + 1)hχ−nV (Vn(ψ)χ,w)≈ 0,
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where we denote by≈ equality inH up to states inO(H). Because of the Möbius
covariance, it then also follows that[V (N)(ψ), V (0)c (χ)] ≈ 0 forN ≥ 0,

As Ou1,u2(H) = Ou2,u1(H), this calculation implies that the action ofV (0)(ψ) is
well-defined on the quotient space.To prove that the action defines an associative algebra,
we observe that in the same way in whichV (ψ, z) is uniquely characterised by the two
properties (28a) and (28b),V (0)(ψ) is uniquely determined by the two properties

V (0)(ψ)� = ψ,

[V (0)(ψ), V (N)c (χ)] ≈ 0 forN ≥ 0.
(113)

Indeed, ifV (0)(ψ1) andV (0)(ψ2) both satisfy these properties for the sameψ , then

V (0)(ψ1)φ = V (0)(ψ1)V
(0)
c (φ)�

≈ V (0)c (φ)V (0)(ψ1)�

= V (0)c (φ)ψ

= V (0)c (φ)V (0)(ψ2)�

≈ V (0)(ψ2)V
(0)
c (φ)�

= V (0)(ψ2)φ,

(114)

where we have used thatV (0)c (φ)� = φ, as follows directly from the definition of
V
(0)
c (φ). This therefore implies thatV (0)(ψ1) = V (0)(ψ2) onA(H).

It is now immediate that

V (0)(V (0)(ψ)χ) ≈ V (0)(ψ)V (0)(χ), (115)

since both operators commute withV (0)c (φ) for arbitraryφ, and since

V (0)(V (0)(ψ)χ)� = V (0)(ψ)χ = V (0)(ψ)V (0)(χ)�. (116)

We have thus shown that(ψ ∗ χ) ∗ φ ≈ ψ ∗ (χ ∗ φ). Similarly,

V (0)(V (N)(ψ)χ) ≈ V (N)(ψ)V (0)(χ), (117)

and this implies thatψ1 ∗ φ ≈ 0 if ψ1 ≈ 0. This proves thatA(H) forms an associative
algebra.

The algebraic structures onAu1,u2(H) andAu2,u1(H) are related by

Au1,u2(H) =
(
Au2,u1(H)

)o
, (118)

whereAo is thereverse algebraas explained in Appendix G. Indeed, it follows from
(111) and (113) that

V (0)(ψ1)V
(0)(ψ2)� = V (0)(ψ1)V

(0)
c (ψ2)�

= V (0)c (ψ2)V
(0)(ψ1)�

= V (0)c (ψ2)V
(0)
c (ψ1)�,

and this implies (118).
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By a similar calculation to the above, we can also deduce that forhφ > 0,

≈
hφ+hψ−1∑
m=0

V (0)(Vm+1−hφ (φ)ψ)
min(hφ,m)∑
s=0

(−1)m+s
(
hφ

s

)

=
hφ−1∑
m=0

V (0)(Vm+1−hφ (φ)ψ)
m∑
s=0

(−1)m+s
(
hφ

s

)

=
hφ−1∑
m=0

(
hφ − 1

m

)
V (0)(Vm+1−hφ (φ)ψ)

=
∮
V (0)(V (φ, ζ )ψ)(ζ + 1)hφ−1dζ,

(119)

and

V (1)(ψ)� =
∮
V (ψ, ζ )(ζ + 1)hψ

dζ

ζ 2�

=
hψ∑
n=0

(
hψ

n

)
Vn−hψ−1(ψ)�

= V−hψ−1(ψ)�+ hψV−hψ (ψ)�
= (L−1 + L0)V−hψ (ψ)�.

In particular, this implies that(L−1 + L0)ψ ≈ 0 for everyψ ∈ H.
For the Virasoro fieldL(z) = V (L, z) (119) becomes

=
1∑

m=0

(
1

m

)
V (0)(Vm−1(L)ψ)

= (L−1 + L0)ψ ≈ 0,

which thus implies thatL is central in Zhu’s algebra.
So far our considerations have been in essence algebraic, in that we have considered

the conditions6αβ have to satisfy in terms of the linear functional it defines on the
Fock spaceH. If, however, we wish to reverse this process, and proceed from a linear
functional onA(H) to a representation of the conformal field theory, we need to be
concerned about the analytic properties of the resulting amplitudes. To this end, we note
that we can perform an analytic version of the construction as follows.

In fact, since6αβ is indeed an element ofVO for a suitableO, it actually defines a
linear functional on the whole dual spaceVO ≡ (VO)′ (of which the Fock space is only
a dense subspace). Let us denote byO(VO) the completion (inVO) of the space that is
generated by states of the form (110) withN > 0, where nowψ ∈ H andχ ∈ VO. By
the same arguments as before, the linear functional associated to6αβ vanishes then on
O(VO), and thus defines a linear functional on the quotient space

A
(VO

) = VO/O(VO). (120)

It is not difficult to show (see [19] for further details) that a prioriA
(VO

)
is a quotient

space ofA(H); the main content of Zhu’s Theorem [18] is equivalent to:
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Theorem 8 (Zhu’s Theorem). The two quotient spaces are isomorphic vector spaces

A
(VO

) ' A(H).

Proof. It follows from the proof in [18] that every non-trivial linear functional onA(H)
(that is defined byρ(a) = 〈w∗, aw〉, wherew is an element of a representation of
A(H), andw∗ is an element of the corresponding dual space) defines a non-trivial state
6αβ ∈ VO, and therefore a non-trivial element in the dual space ofA

(VO
)
. ut

The main importance of this result is that it relates the analytic properties of correlation
functions (which are in essence encoded in the definition of the spaceVO, etc.) to the
purely algebraic Fock spaceH.

Every linear functional onA(VO) defines a highest weight representation of the
meromorphic conformal field theory, and two such functionals define equivalent rep-
resentations if they are related by the action of Zhu’s algebra as in (108). Because of
Zhu’s Theorem there is therefore a one-to-one correspondence between highest weight
representations of the meromorphic conformal field theory whose Fock space isH, and
representations of the algebraA(H); this (or something closely related to it) is the form
in which Zhu’s Theorem is usually stated.

Much of the structure of the meromorphic conformal field theory (and its repre-
sentations) can be read off from properties ofA(H). For example, it was shown in
ref. [21] (see also Appendix G) that ifA(H) is semisimple, then it is necessarily finite-
dimensional, and therefore there exist only finitely many irreducible representations of
the meromorphic field theory.

12. Further Developments

In this paper we have introduced a rigorous approach to conformal field theory tak-
ing the amplitudes of meromorphic fields as a starting point. We have shown how the
paradigm examples of conformal field theories, i.e. lattice theories, affine Lie algebra
theories and the Virasoro theory, all fit within this approach. We have shown how to
introduce the concept of a representation of such a meromorphic conformal field theory
by using a collection of amplitudes which involve two non-meromorphic fields, so that
the amplitudes may be branched at the corresponding points. We showed how this led
naturally to the introduction of Zhu’s algebra and why the condition that this algebra
be finite-dimensional is a critical one in distinguishing interesting and tractable theories
from those that appear to be less so.

To complete a treatment of the fundamental aspects of conformal field theory we
should discuss subtheories, coset theories and orbifolds, all of which can be expressed
naturally within the present approach [19]. It is also clear how to modify the axioms for
theories involving fermions.

It is relatively straightforward to generalise the discussion of representations to cor-
relation functions involvingN > 2 non-meromorphic fields. The only difference is that
in this case, there are more than two pointsul , l = 1, . . . , N , at which the amplitudes are
allowed to have branch cuts. The condition that a collection of such amplitudes defines
anN -point correlation function of the meromorphic conformal field theory can then be
described analogously to the case ofN = 2: we consider the vector spaceVCα (where
α = (α1, . . . , αN) denotes the indices of theN vector spacesWαi that are associated to
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theN pointsu1, . . . , uN ), whose elements are finite linear combinations of vectors of
the form

V (ψ1, z1) · · ·V (ψn, zn)Wα1(χ1, u1) · · ·WαN (χN, uN)�. (121)

We complete this space (and cut it down to size) using the standard construction with
respect toBO and the above set of amplitudes, and we denote the resulting space by
VO

Cα. The relevant condition is then thatBO induces a continuous map

(VO)′ → (VO
α )

′. (122)

There also exists a formulation of this condition analogous to (87): a collection of
amplitudes defines anN -point correlation function if there exists a family of states
6α(u1, . . . , uN ;χ1, . . . , χN) ∈ VO

C for eachO, C with O ∩ C = ∅ that is equivalent
toWα1(χ1, u1) · · ·WαN (χN, uN) in the sense that

〈 n∏
i=1

V (ψi, zi)Wα1(χ1, u1) · · ·WαN (χN, uN)
〉

=
〈
n∏
i=1

V (ψi, zi)6α(u1, . . . , uN ;χ1, . . . , χN)

〉
, (123)

wherezi ∈ O.An argument analogous to Theorem 6 then implies that (122) is equivalent
to (123).

In the case of the two-point correlation functions (or representations) we introduced a
quotient space (120) of the vector spaceVO = (VO)′ that classified the different highest
weight representations. We can now perform an analogous construction. Let us consider
the situation where theN highest weight states are atu1 = ∞, u2, . . . , uN , and define

V
(M)
N (ψ)χ =

∮
0

dζ

ζ 1+M

(∏N
j=2(ζ − uj )

ζN−2

)hψ
V (ψ, ζ )χ, (124)

whereM is an integer,ψ ∈ H, χ ∈ VO, and the contour encircles 0, but does not
encircleu1, . . . , uN . We denote byON(VO) the completion of the space (inVO) that is
spanned by states of the form (124) withM > 0, and we denote byAN(VO) the quotient
spaceVO/ON(VO). (In this terminology, Zhu’s algebra is the spaceA2(VO).) By the
same arguments as in (107) is is easy to see that every state6α that corresponds to an
N -point function ofN highest weights (where the highest weight property is defined as
before) defines a functional onVO that vanishes onON(VO), and thus defines a linear
functional onAN(VO).

One can show (see [19] for more details) that the spaceAN(VO) carriesN commuting
actions of Zhu’s algebraA(H)which are naturally associated to theN non-meromorphic
pointsu1, . . . , uN . For example the action corresponding tou1 is given by (124) with
M = 0 andψ ∈ H, ψ ◦ φ = V

(0)
N (ψ)φ. This action is actually well-defined for

ψ ∈ A(H) since we have forL ≥ 0,

V
(0)
N

(
V (L)(ψ1) ψ2

)
φ ≈ V

(L)
N (ψ1) V

(0)
N (ψ2) φ, (125)
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where we denote by≈ equality inVO up to states inON(VO).Applying (125) forL = 0
implies that the algebra relations ofA(H) are respected,i.e. that

(ψ1 ∗ ψ2) ◦ φ = ψ1 ◦ (ψ2 ◦ φ) , (126)

where∗ denotes the multiplication ofA(H). EveryN -point correlation function de-
termines thereforeN representations of Zhu’s algebra, and because of Zhu’s Theorem,
we can associateN representations of the meromorphic conformal field theory to it.
Conversely, every linear functional onAN(VO) defines anN -point correlation function,
and two functionals define equivalent such functions if they are related by the actions of
Zhu’s algebra; in this way the differentN -point correlation functions of the meromorphic
conformal field theory are classified byAN(VO).

There exists also an “algebraic” version of this quotient space,AN(H) = H/ON(H),
whereON(H) is generated by the states of the form (124), where nowψ andφ are in
H. This space is much more amenable for study, and one may therefore hope that in
analogy to Zhu’s Theorem, the two quotient spaces are isomorphic vector spaces,

AN(VO) ' AN(H) ;
it would be interesting if this could be established.

It is also rather straightforward to apply the above techniques to an analysis of cor-
relation functions on higher genus Riemann surfaces. Again, it is easy to see that the
correlation functions on a genusg surface can be described in terms of a state of the
meromorphic conformal field theory on the sphere, in very much the same way in which
N -point correlation functions can be defined by (87). The corresponding state induces
a linear functional onVO (or H), and since it vanishes on a certain subspace thereof,
defines a linear functional on a suitable quotient space. For the case of the genusg = 1
surface, the torus, the corresponding quotient space is very closely related to Zhu’s
algebra, and one may expect that similar relations hold more generally.
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Appendix A: Sequences of Holomorphic Functions

A sequence of functions{fn} = f1, f2, f3, . . . , each defined on a domainD ⊂ C, is
said to beuniformly boundedonD if there exists a real numberM such that|fn(z)| < M

for all n andz ∈ D. The sequence is said to belocally uniformly boundedonD if, given
z0 ∈ D, {fn} is uniformly bounded onNδ(z0,D) = {z ∈ D : |z − z0| < δ} for some
δ ≡ δ(z0) > 0.

A sequence of functions{fn} defined onD is said to beuniformly convergentto
f : D → C if, given ε > 0, ∃ N such that|fn(z) − f (z)| < ε for all z ∈ D and
n > N . We writefn → f uniformly inD. The sequence is said to belocally uniformly
convergentto f : D → C if, given z0 ∈ D, fn → f uniformly inNδ(z0,D) for some
δ ≡ δ(z0) > 0.

Clearly, by the Heine-Borel Theorem, a sequence is locally uniform bounded onD if
and only if it is uniformly bounded on every compact subset ofD, and locally uniformly
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convergent onD if and only if it is uniformly convergent on every compact subset ofD.
Local uniformity of the convergence of a sequence of continuous functions guarantees
continuity of the limit and, similarly, analyticity of the limit of a sequence of analytic
functions is guaranteed by local uniformity of the convergence [22].

The following result [23] is of importance in the approach to conformal field theory
developed in this paper:

Theorem. IfD is an open domain andfn : D → C is analytic for eachn,fn(z) → f (z)

at eachz ∈ D, and the sequence{fn} is locally uniformly bounded inD, thenfn → f

locally uniformly inD andf is analytic inD.

Proof. Again, givenz0 ∈ D, Nδ(z0) = {z ∈ C : |z − z0| ≤ δ} ⊂ D for someδ > 0
becauseD is open. BecauseNδ(z0) is compact,∃M, such that|fn(z)| < M for all n and
all z ∈ Nδ(z0). First we show that the sequencef ′

n(z) is uniformly bounded onNρ(z0)

for all ρ < δ. For

|f ′
n(z)| =

∣∣∣∣ 1

2πi

∮
Cδ(z0)

fn(ζ )dζ

(ζ − z)2

∣∣∣∣ ≤ Mδ

(δ − ρ)2
= M1(ρ), say.

Thus for fixedρ, given ε > 0, ∃ δ1 > 0 such that|fn(z) − fn(z
′)| < 1

3ε for all
values ofn provided thatz, z′ ∈ Nρ(z0) are such that|z − z′| < δ1(ε). Then also
|f (z)− f (z′)| < 1

3ε for |z− z′| < δ1(ε). Now we can find a finite numberK of points
zj ∈ Nρ(z0), 1 ≤ j ≤ K, such that given any point inz ∈ Nρ(z0), |z − zj | < δ1
for somej . Now eachfn(zj ) → f (zj ) and so we can find integersLj such that
|f (zj )− fn(zj )| < 1

3ε for n > Lj . Now if n > L = max1≤j≤K{Lj } andz ∈ Nρ(z0),
|fn(z)−f (z)| ≤ |fn(z)−fn(zj )|+|fn(zj )−f (zj )|+|f (zj )−f (z)| < ε, establishing
uniform convergence onNρ(z0) and so local uniform convergence. This is sufficient to
deduce thatf is analytic. ut

Appendix B: Completeness ofVO
C

We prove that, if a sequenceχj ∈ VO
C , j = 1,2, . . . , ηφ(χj ) converges on each subset

of φ of the form (6) (where the convergence is uniform on (7)), the limit limj→∞ ηφ(χj )

necessarily equalsηφ(χ) for someχ ∈ VO
C .

To see this, note that uniform convergence in this sense is implied by the (uniform)
convergence on a countable collection of such sets, taken by consideringε = 1/N ,N a
positive integer,K one of a collection of compact subsets ofO and theφj to be elements
of some countable basis. Taken together we obtain in this way a countable number of
conditions for the uniform convergence. Defining||9||n = maxφ maxζj |ηφ(9)|, where
φ ranges over the firstn of these countable conditions for eachO and the maximum
is taken overζj within (7), we have a sequence of semi-norms,||9||n, on VC , with
||9||n ≤ ||9||n+1. Given such a sequence of semi-norms, we can define a Cauchy
sequence(9j ), 9j ∈ VC , by the requirement that||9i − 9j ||n → 0 asi, j → ∞ for
each fixedn. This requirement is equivalent to uniform convergence on each set of the
form (6). Moreover, the spaceVO

C is obtained by adding in the limits of these Cauchy
sequences (identifying points zero distance apart with respect to all of the semi-norms).
This space is necessarily complete because ifχj ∈ VO

C is Cauchy,i.e. ||χi − χj ||n → 0
asi, j → ∞ for each fixedn, and9mi → χi asm → ∞, 9mi ∈ VC , then selectingIN
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so that||χi − χj ||N < 1/3N for i, j ≥ IN , andIN+1 ≥ IN , we can find an integermN
such that||ψmNIN − χIN ||N < 1/3N , and ifψN = ψ

mN
IN

,

||ψM − ψN ||p ≤ ||ψM − χIM ||p + ||χIM − χIN ||p + ||χIN − ψN ||p
≤ ||ψM − χIM ||M + ||χIM − χIN ||N + ||χIN − ψN ||N
≤ 1/N,

provided thatM ≥ N ≥ p, implying thatψM is Cauchy. It is easy to see that its
limit is the limit of χj , showing thatVO

C is complete. The completeness of this space is
equivalent to the condition (11).

Appendix C: Proof that VO
C is Independent ofC (Theorem 1)

Proof. To prove that̃VO
C is independent ofC, first note that we may identify a vector

χ ∈ ṼO
C with ψ = ∏n

i=1V (ψi, zi)� (wherezi /∈ O for 1 ≤ i ≤ n but it is not
necessarily the case thatzi ∈ C for eachi) if ηφ(χ) = ηφ(ψ), for all φ ∈ BO, i.e.
the value ofηφ(χ) is given by (5) for allφ ∈ BO. Consider then the setQ of values
of z = (z1, z2, . . . , zn) for which ψ(z) = ∏n

i=1V (ψi, zi)� is a member of̃VO
C .

ThenD′ ⊂ Q ⊂ D, whereD′ = {z : zi, zj ∈ C, zi 6= zj ,1 ≤ i < j ≤ n} and
D = {z : zi, zj ∈ Oc, zi 6= zj ,1 ≤ i < j ≤ n}, whereOc is the complement ofO in
P. We shall show thatQ = D.

If zb is in Do, the interior ofD, but not inQ, choose a pointza ∈ D′ ⊂ Q and
join it to zb by a pathC insideDo, {z(t) : 0 ≤ t ≤ 1} with z(0) = za andz(1) = zb.
(There is such a pointza becauseCo 6= ∅; the pathC exists because the interior ofOc

is connected, from which it follows thatDo is.) Let tc be the supremum of the values
of t0 for which {z(t) : 0 ≤ t ≤ t0} ⊂ Qo, the interior ofQ, and letzc = z(tc). Then
zc = (zc1, z

c
2, . . . , z

c
n) is inside the open setDo and so we can find a neighbourhood of

the formN1 = {z : |z−zc| < 4δ} which is contained insideDo. Letzd , ze be points each
distant less thanδ fromzc, with zd outsideQ andze insideQo. (There must be a pointzd

outsideQ in every neighbourhood ofzc.) Then the setN2 = {ze+ (zd −ze)ω : |ω| < 1}
is insideN1 but contains points outsideQ. We shall show thatN2 ⊂ Q establishing a
contradiction to the assumption that there is a pointzb in Do but not inQ, so that we
must haveDo ⊂ Q ⊂ D.

The circle{ze+ (zd −ze)ω : |ω| < ε} is insideQ for someε in the range 0< ε < 1.
Now, we can form the integral

χ =
∫
S

ψ(z)µ(z)drz

of ψ(z) over any compactr-dimensional sub-manifoldS ⊂ Q, with continuous weight
functionµ(z), to obtain an elementχ ∈ ṼO

C , because the approximating sums to the
integral will have the necessary uniform convergence property. So the Taylor coefficients

ψN =
∫

|ω|=ε
ψ(ze + (zd − ze)ω)ω−N−1dω ∈ ṼO

C

and, since the
∑∞
N=0 ηφ(ψN)ω

N converges toηφ(ψ(ze + (zd − ze)ω)) for |ω| < 1 and
all φ ∈ BO, we deduce thatN2 ⊂ Q, hence proving thatDo ⊂ Q ⊂ D. Finally, if zj is
a sequence of points inQ convergent toz0 ∈ D, it is straightforward to see thatψ(zi )
will converge toψ(z0), so thatQ is closed inD, and so must equalD. ut
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Appendix D. Möbius Transformation of Vertices

By virtue of the Uniqueness Theorem we can establish the transformation properties

eλL−1V (9, z)e−λL−1 = V (9, z+ λ), (D.1)

eλL0V (9, z)e−λL0 = eλhV (9, eλz), (D.2)

eλL1V (9, z)e−λL1 = (1 − λz)−2hV (exp(λ(1 − λz)L1)9, z/(1 − λz)) , (D.3)

where we have used the relation(
1 0

−λ 1

)(
1 z
0 1

)
=
(

1 z
1−λz

0 1

)(
1 0

−λ(1 − λz) 1

)(
1

1−λz 0
0 1− λz

)
. (D.4)

From these it follows that

〈V (8, z)〉 = 0, (D.5)

〈V (8, z)V (9, ζ )〉 = ϕ(8,9)

(z− ζ )h8+h9 , (D.6)

whereL08 = h88, L09 = h99 andh8 6= 0. The bilinear formϕ(8,9), defined as
being the constant of proportionality in (D.6), has the symmetry property

ϕ(8,9) = (−1)h8+h9ϕ(9,8). (D.7)

If, in addition,L18 = L19 = 0, it follows from (D.3) applied to (D.6) thatϕ(9,8) = 0
unlessh8 = h9 .

It follows from (D.3) that, if9 ∈ H1,

〈V (9, z)〉 = (1 − λz)−2〈V (9, z/(1 − λz))〉
+ λ

(1 − λz)
〈V (L19, z/(1 − λz))〉, (D.8)

and from (D.5) that both the left-hand side and the first term on the right-hand side of
(D.8) vanish, implying that the second term on the right-hand side also vanishes. But
L19 ∈ H0 and, if we assume cluster decomposition, so that the vacuum is unique,
L19 = κ� for someκ ∈ C. We deduce thatκ = 〈V (L19, ζ )〉 = 0, so that9 is
quasi-primary,i.e.H1 = HQ

1 .

We can show inductively thatHh is the direct sum of spacesLn−1HQ
h−n, where 0≤

n < h, i.e.H is composed of quasi-primary states and their descendants under the action
of L−1. Given9 ∈ Hh, we can find8 ∈ L−1Hh−1 such thatL1(9 −8) = 0; then9
is the sum of the quasi-primary state9 −8 and8 which, by an inductive hypothesis,
is the sum of descendants of quasi-primary states. To find8, note

L1(9 +
h∑
n=1

anL
n−1L

n
19) =

h∑
n=1

(an−1 + an(2nh+ n(n+ 1))Ln−1
−1 L

n
19,

wherea0 = 1. So choosingan = −an−1/(2nh + n(n + 1)), 1 ≤ n ≤ h, we have
L1(9 −8) = 0 for8 = −∑h

n=1 anL
n−1L

n
19 ∈ L−1Hh−1 establishing the result.
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Appendix E: Proof that the Extended AmplitudesÂ Satisfy the Axioms

An alternative description of the extended amplitudes can be given as follows: we define
the amplitudes involving vectors in̂V recursively (the recursion being on the number of
timesL appears in an amplitude) by

〈L(w)〉 = 0, (E.1)

〈L(w)
n∏
i=1

V (ψi, zi)〉 =
n∑
l=1

cψl

(w − zl)4
〈
∏
i 6=l
V (ψi, zi)〉

+
n∑
l=1

hl

(w − zl)2
〈
n∏
i=1

V (ψi, zi)〉

+
n∑
l=1

1

(w − zl)

d

dzl
〈V (ψ1, z1) · · ·V (ψl, zl) · · ·V (ψn, zn)〉

(E.2)

and

〈L(w)
m∏
j=1

L(wj )

n∏
i=1

V (ψi, zi)〉 =
m∑
k=1

2

(w − wk)2
〈
m∏
j=1

L(wj )

n∏
i=1

V (ψi, zi)〉

+
n∑
l=1

hl

(w − zl)2
〈
m∏
j=1

L(wj )

n∏
i=1

V (ψi, zi)〉

+
m∑
k=1

1

(w − wk)

d

dwk
〈
m∏
j=1

L(wj )

n∏
i=1

V (ψi, zi)〉

+
n∑
l=1

1

(w − zl)

d

dzl
〈
m∏
j=1

L(wj )

n∏
i=1

V (ψi, zi)〉

+
m∑
k=1

c/2

(w − wk)4
〈
∏
j 6=k

L(wj )

n∏
i=1

V (ψi, zi)〉

+
n∑
l=1

cψl /2

(w − zl)4
〈
m∏
j=1

L(wj )
∏
i 6=l
V (ψi, zi)〉. (E.3)

Herehi is the grade of the vectorψi ∈ V , c is an arbitrary (real) number, andcψ is
zero unlessψ is of grade two. It is not difficult to see that the functions defined by
(E.1)–(E.3) agree with those defined in the main part of the text: for a given set of fields,
the difference between the two amplitudes does not have any poles inwj , and therefore
is constant as a function ofwj ; this constant is easily determined to be zero.

The diagrammatical description of the amplitudes immediately implies that the am-
plitudes are local. We shall now use the formulae (E.1)–(E.3) to prove that they are also
Möbius covariant. The Möbius group is generated by translations, scalings and the in-
versionz 7→ 1/z. It is immediate from the above formulae that the amplitudes (with the
grade ofL being 2) are covariant under translations and scalings, and we therefore only
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have to check the covariance under the inversionz 7→ 1/z. First, we calculate (setting
for the momentcψ = 0 for allψ of grade two)

〈L(1/w)
n∏
i=1

V (ψi,1/zi)〉 =
n∑
l=1

hl

(1/w − 1/zl)2
〈
n∏
i=1

V (ψi,1/zi)〉

+
n∑
l=1

1

(1/w − 1/zl)

d

dz̃l
〈V (ψ1,1/z1) · · ·V (ψl, z̃l) · · ·V (ψn,1/zn)〉

∣∣∣∣
z̃l=1/zl

.

(E.4)

Using the Möbius covariance of the original amplitudes, we find

d

dz̃l
〈V (ψ1,1/z1) · · ·V (ψl, z̃l) · · ·V (ψn,1/zn)〉

∣∣∣
z̃l=1/zl

= −z2
l

d

dzl
〈
n∏
i=1

V (ψi,1/zi)〉

= −z2
l

∏
i 6=l

(
−1

z2
i

)−hi
d

dzl

(−1

z2
l

)−hl
〈
n∏
i=1

V (ψi, zi)〉


= −z2
l

n∏
i=1

(
−1

z2
i

)−hi
d

dzl
〈V (ψ1, z1) · · ·V (ψl, zl) · · ·V (ψn, zn)〉

− z2
l

n∏
i=1

(
−1

z2
i

)−hi
(−hl) 2

z3
l

(
− 1

z2
l

)−1

〈
n∏
i=1

V (ψi, zi)〉

=
n∏
i=1

(
−1

z2
i

)−hi [
−z2

l

d

dzl
〈V (ψ1, z1) · · ·V (ψl, zl) · · ·V (ψn, zn)〉

−2 hl zl 〈
n∏
i=1

V (ψi, zi)〉
]
.

Inserting this formula in the above expression, we get

〈L(1/w)
n∏
i=1

V (ψi,1/zi)〉

=
(−1

w2

)−2 n∏
i=1

(
−1

z2
i

)−hi { n∑
l=1

hl

[
z2
l

w2(w − zl)2
+ 2z2

l

w3 (w − zl)

]
〈
n∏
i=1

V (ψi, zi)〉

+
n∑
l=1

z3
l

w3(w − zl)

d

dzl
〈V (ψ1, z1) · · ·V (ψl, zl) · · ·V (ψn, zn)〉

}

=
(−1

w2

)−2 n∏
i=1

(
−1

z2
i

)−hi { n∑
l=1

hl
3z2
l w − 2z3

l

w3(w − zl)2
〈
n∏
i=1

V (ψi, zi)〉

+
n∑
l=1

z3
l

w3(w − zl)

d

dzl
〈V (ψ1, z1) · · ·V (ψl, zl) · · ·V (ψn, zn)〉

}
.
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It remains to show that the expression in brackets actually agrees with (E.4). To prove
this, we observe, that because of Möbius invariance of the amplitudes we have

n∑
l=1

d

dzl
〈V (ψ1, z1) · · ·V (ψl, zl) · · ·V (ψn, zn)〉 = 0,

n∑
l=1

hl 〈
n∏
i=1

V (ψi, zi)〉 +
n∑
l=1

zl
d

dzl
〈V (ψ1, z1) · · ·V (ψl, zl) · · ·V (ψn, zn)〉 = 0

and

n∑
l=1

2 hl zl 〈
n∏
i=1

V (ψi, zi)〉 +
n∑
l=1

z2
l

d

dzl
〈V (ψ1, z1)

· · ·V (ψl, zl) · · ·V (ψn, zn)〉 = 0.

The claim then follows from the observation that

n∑
l=1

hl

[
1

(w − zl)2
− 3z2

l w − 2z3
l

w3 (w − zl)2

]
〈
n∏
i=1

V (ψi, zi)〉

+
n∑
l=1

[
1

(w − zl)
− z3

l

w3 (w − zl)

]

· d

dzl
〈V (ψ1, z1) · · ·V (ψl, zl) · · ·V (ψn, zn)〉

= 1

w3

{
w2

n∑
l=1

d

dzl
〈
n∏
i

V (ψi, zi)〉

+ w

[
n∑
l=1

hl 〈
n∏
i=1

V (ψi, zi)〉 +
n∑
l=1

zl
d

dzl
〈
n∏
i

V (ψi, zi)〉
]

+
n∑
l=1

2 hl zl 〈
n∏
i=1

V (ψi, zi)〉 +
n∑
l=1

z2
l

d

dzl
〈
n∏
i=1

V (ψi, zi)〉
}

= 0.

We have thus shown that the functions of the form (E.2) (forcψ = 0) have the correct
transformation property under Möbius transformations. This implies, asL is quasipri-
mary, that the functions of the form (E.3) have the right transformation property for
c = 0. However, the sum involving thec-terms has also (on its own) the right transfor-
mation property, and thus the above functions have. This completes the proof.

Finally, we want to show that the amplitudeŝA have the cluster property provided
the amplitudesA do. We want to prove the cluster property by induction on the number
NL of L-fields in the extended amplitudes. IfNL = 0, then the result follows from the
assumption about the original amplitudes. Let us therefore assume that the result has
been proven forNL = N , and consider the amplitudes withNL = N + 1. For a given
amplitude, we subdivide the fields into two groups, and we consider the limit, where the
parameterszi of one group are scaled to zero, whereas the parametersζj of the other
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group are kept fixed. Because of the Möbius covariance, we may assume that the group
whose parameterszi are scaled to zero contain at least oneL-field,L(z1), say, and we
can use (E.2) (or (E.3)) to rewrite the amplitudes involvingL(z1) in terms of amplitudes
which do not involveL(z1) and which haveNL ≤ N . It then follows from (E.2) (or
(E.3)) together with the induction hypothesis that the terms involving(z1−ζj )−l (where
l = 1,2 or l = 4) are not of leading order in the limit where thezi are scaled to zero,
whereas all terms with(z1 − zi)

−l are. This implies, again by the induction hypothesis,
that the amplitudes satisfy the cluster property forNL = N + 1, and the result follows
by induction.

13. Appendix F: Möbius Transformation of Zhu’s Modes

We want to prove formula (110) in this Appendix. We have to show that

V (N)u1,u2
(ψ) = U(γ )V (N)(U(γ )−1ψ)U(γ )−1

= U(γ )

∮
0
V
[
(ζ + 1)L0U(γ )−1ψ, ζ

] dζ

ζN+1U(γ )
−1

=
∮

0
U(γ )V

[
(ζ + 1)L0U(γ )−1ψ, ζ

]
U(γ )−1 dζ

ζN+1 .

We therefore have to find an expression for the transformed vertex operator. By the
uniqueness theorem, it is sufficient to evaluate the expression on the vacuum; then we
find

U(γ )V
[
(ζ + 1)L0U(γ )−1ψ, ζ

]
U(γ )−1� = U(γ )eζL−1(ζ + 1)L0U(γ )−1ψ.

To calculate the product of the Möbius transformations, we write them in terms of
2 × 2 matrices, determine their product and rewrite the resulting matrix in terms of the
generatorsL0, L±1. After a slightly lengthy calculation we then find

U(γ )eζL−1(ζ + 1)L0U(γ )−1ψ =

V

( ζ + 1

(1 − u2ζ
(u1−u2)

)2

)L0

exp

(
ζ

u2ζ + (u2 − u1)
L1

)
ψ,

u1u2ζ

u2ζ + (u2 − u1)

�.
In the integral forV (N)u1,u2 we then change variables to

w = u1u2ζ

u2ζ + (u2 − u1)
= γ (ζ );

in terms ofw the relevant expressions become

1 + ζ = u1(w − u2)

u2(w − u1)
1 − u2ζ

(u1 − u2)
= u1

(u1 − w)
dζ = u1(u2 − u1)

u2

dw

(w − u1)2
.

Putting everything together, we then obtain formula (110).
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14. Appendix G: Rings and Algebras

In this Appendix we review various concepts in algebra; the treatment follows closely
the book [24].

We restrict attention to rings,Rwhich have a unit element, 1∈ R.An algebra,A, over
a fieldF , is a ring which is also a vector space overF in such a way that the structures
are compatible [λ(xy) = (λx)y, λ ∈ F , x, y ∈ R]. The dimension ofA is its dimension
as a vector space. We shall in general consider complex algebras, i.e. algebras overC.
Since 1∈ A we haveF ⊂ A.

A (left) module for a ringR is an additive groupM with a mapR × M → M,
compatible with the structure ofR [i.e. (rs)m = r(sm), (r + s)m = rm+ sm, r, s ∈
R,m ∈ M]. A moduleM for an algebraA, viewed as a ring, is necessarily a vector
space overF (becauseF ⊂ A) and provides a representation ofA as an algebra in terms
of endomorphisms of the vector spaceM.
R provides a module for itself, the adjoint module. A submoduleN of a module

M for R is an additive subgroup ofM such thatrN ⊂ N for all r ∈ R. A simple or
irreducible module is one which has no proper submodules. A (left) idealJ of R is a
submodule of the adjoint module,i.e. an additive subgroupJ ⊂ R such thatrj ∈ I for
all r ∈ R, j ∈ J . The direct sumM1 ⊕M2 of theR modulesM1,M2 is the additive
groupM1 ⊕M2 with r(m1,m2) = (rm1, rm2), r ∈ R,m1 ∈ M1,m2 ∈ M2. The direct
sum of a (possibly infinite) setMi, i ∈ I , ofRmodules consists of elements(mi, i ∈ I ),
with all but finitely manymi = 0. The moduleM is decomposable if it can be written
as the direct sum of two non-zero modules and completely reducible if it can be written
as the direct sum of a (possibly infinite) sum of irreducible modules.

A representation of an algebraA is irreducible if it is irreducible as a module of the
ringA.

An idealJ is maximal inR if K ⊃ J is another ideal inR, thenK = R. If M is
an irreducible module for the ringR, thenM ∼= R/J for some maximal idealJ ⊂ R.
[Takem ∈ M,m 6= 0 and considerRm ⊂ M. This is a submodule, soRm = M. The
kernel of the mapr 7→ rm is an ideal,J ⊂ R. SoM ∼= R/J . If J ⊂ K ⊂ R andK
is an ideal, thenK/J defines a submodule ofM, so thatK/J = M andK = R, i.e.
J is maximal.] Thus an irreducible representation of a finite-dimensional algebraA is
necessarily finite-dimensional.

The coadjoint representationA′ of an algebraA is defined on the dual vector space to
A consisting of linear mapsρ : A → F with (rρ)(s) = ρ(sr). If M is ann-dimensional
irreducible representation ofA anddij (r) the corresponding representation matrices,
then elementsdij (r), 1 ≤ j ≤ n, i fixed, define ann-dimensional invariant subspace
A′ corresponding to a representation equivalent toM. So the sum of the dimensions
of the inequivalent representations ofA does not exceed dimA. This shows that each
irreducible representation of a finite-dimensional algebra is finite-dimensional and there
are only finitely many equivalence classes of such representations.

This is not such a strong statement as it seems becauseAmay have indecomposable
representations. In factA may have an infinite number of inequivalent representations
of a given dimension even if dimA < ∞. [E.g. consider the three dimensional complex
algebra, consisting ofλ + µx + νy, λ,µ, ν ∈ C, subject tox2 = y2 = xy = yx = 0,

which has the faithful three dimensional representation

λ 0 µ
0 λ ν
0 0 λ

 and the inequivalent
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two-dimensional representations

(
λ µ+ ξν

0 λ

)
, for eachξ ∈ C.] The situation is more

under control if the algebra is semi-simple.
The ringR is semi-simple if the adjoint representation is completely reducible. IfR

is semi-simple, 1 is the sum of a finite number of elements ofR, one in each of a number
of the summands in the expression ofR as a sum of irreducible modules, 1= ∑n

i=1 ei
and, since anyr = ∑n

i=1 rei , it follows that there is a finite number,n, of summands
Ri = Rei andR = ⊕n

i=1Ri . If R is semi-simple, everyR module is completely
reducible (though not necessarily into a finite number of irreducible summands). [Any
moduleM is the quotient of the free moduleR = ⊕

m∈M Rm, whereRm is a copy of the
adjoint moduleR, by the ideal consisting of those(rm)m∈M such that

∑
m∈M rmm = 0.

The result follows sinceR is completely reducible ifR is and the quotient of a completely
reducible module is itself completely reducible.]

An R moduleM is finitely-generated ifM = {∑n
i=1 rimi : ri ∈ R} for a finite

number,n, of fixed elementsmi ∈ M, 1 ≤ i ≤ n. If R is semi-simple, any finitely
generatedR module is completely reducible into a finite number of summands. [This
follows becauseM is the quotient of

⊕n
i=1Ri , whereRi ∼= R, by the ideal{(ri) :∑n

i=1 rimi = 0}.]
If M andN areR modules, anR-homomorphismf : M → N is a map satisfying

rf = f r. If M andN are simple modules, Schur’s Lemma implies that the set of
R-homomorphisms HomR(M,N) = 0 if M andN are not equivalent. IfM = N ,
HomR(M,M) ≡ EndR(M) is a division ring, that is every ring in which every non-zero
element has an inverse. In the case of an algebra, if dimM < ∞, EndA(M) = F , the
underlying field.

If the R-moduleM is completely decomposable into a finite number of irreducible
submodules, we can writeM = ∑N

i=1M
ni
i , where eachMi is irreducible andMi and

Mj are inequivalent ifi 6= j . Since HomR(Mi,Mj ) = 0 if i 6= j ,

EndR(M) =
N∏
i=1

EndR(M
ni
i ) =

n∏
i=1

Mni (Di),

where the division algebraDi = EndR(Mi) andMn(D) is the ring ofn × n matrices
with entries in the division algebraD.

If R is a semi-simple ring, we can writeR = ⊕N
i=1R

ni
i , where theRi are irreducible

asR modules and inequivalent fori 6= j . So EndRR = ∏N
i=1 Mni (Di), whereDi =

EndR(Ri). But EndRR = Ro, the reverse ring toR defined on the setR by taking the
product ofr ands to besr rather thanrs. Since, evidently,(Ro)o = R,

R =
N∏
i=1

Mni (D
o
i ),

i.e. every semi-simple ring is isomorphic to the direct product of a finite number of finite-
dimensional matrix rings over division algebras [Wedderburn’s Structure Theorem].

In the case of a semi-simple algebra, eachDi = F , the underlying field, so

A =
N∏
i=1

Mni (F ),

whereMn(F ) is the algebra ofn× nmatrices with entries in the fieldF . In particular,
any semi-simple algebra is finite-dimensional.
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