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ProoOF. Let A =0y y, B = 0, y[X], and apply Proposition IV.4.10 to the sequence:
Brir=1/2 v, pr v p
ulcoaig, ) ==Y frra+ Y firam,. )
I<i i<l

v(ag,...,a,) = Zaif,-.

By Corollary 3.17, it is exact after ®o, ,.k(y) so it is exact as it stands and Coker v is A-flat. [

In fact, it can be shown? that if f: X — Y is any morphism which can be expressed locally
as

Spec A[X1,..., Xnyr]/(f1,..., fr) — Spec A

where all fibres have dimension n, then f has the two properties of Proposition 3.19, i.e., f is flat
and the syzygies among the f; are trivial. Such a morphism f is called a relative local complete
intersection. The property of the syzygies being generated by the trivial ones is an important
one in homological algebra; in particular when it holds, it implies that one can explicitly resolve
B/(fi,...,fr) as B-module, i.e., give all higher order syzygies as well: we will prove this later
— §VIL5.

An interesting link can be made between the concept of smoothness and the theory of
schemes over complete discrete valuation rings (§IV.6). In fact, let R be a complete discrete
valuation ring, S = Spec R, k = R/M, K = fraction field of R. Let

f: X— 8
be a smooth morphism of relative dimension n. Consider the specialization:
sp: Max(X,)° — Max(X,)

introduced in §IV.6. Let = € X, be a k-rational point. Then the smoothness of f allows one to
construct analytic coordinates on X near x, so that

sp~!(x) = open n-dimensional polycylinder in A%
{x € Max(A%) | |pi(z)| < 1, all i}.

1%

i.e.

4. Criteria for smoothness

In this section, we will present four important criteria for the smoothness of a morphism f.
The first concerns when a variety X over a field k£ is smooth over Speck. But it holds equally
well for any reduced and irreducible scheme X of finite type over a regular scheme Y':

CRITERION 4.1. Let Y be a regular irreducible scheme and f: X — 'Y a morphism of finite
type. Assume X is reduced and irreducible and that f(nx) = ny. Let r = tr.deggy ) R(X).
Then Vx € X

a) dimy(,) (QX/y ®o, k(m)) >
b) equality holds if and only if f is smooth at x in which case the relative dimension must
be v and Qx/y = O in a neighborhood of x.

20ne need only generalize Corollary 3.17 and this follows from the Cohen-Macaulay property of k[ X1, ..., Xy]:
cf. Zariski-Samuel [109, vol. II, Appendix 6].
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PRrROOF. Let n € X be its generic point. Then

(Qx/v)n = Qrix)/rey)-

This R(X)-vector space is dual to the vector space of R(Y)-derivations from R(X) into itself.
But by Example 2 in §2, the dimension of this space is > tr. degr(y) R(X). Now since f is of
finite type, Qx/y is a finitely generated Ox-module, hence by Proposition 1.5.5 (Nakayama),
Ve e X

Now if f is smooth at any « € X, it is smooth at 7 and then by Corollary 3.15 its relative
dimension must be r, hence {2x/y = O near z, hence

dimk(x) (Qx/y & k(l’)) =T

Now assume conversely that r = dimy,, (Q X/Y ®]k(x)). To prove f is smooth at x, we
replace X and Y by affine neighborhoods of x and y, so we have:

X = SpeCR[le"' 7Xn]/(f17 7fl)
Y = SpecR.

Then

Qx/y

EBOX . dXZ-/ modulo relations Z X dX; =0, 1<i <1

hence

Qx/y @k(z)

@k(x) : dXi/ modulo relations Z afl -dX; =0, 1<i<lI
i=1

J

The matrix (0f;/0X;) is known as the Jacobian matrix for the above presentation of X. It
follows that

Afi
dimy () (Qx/y @ k(z)) =n —rk <a§j (:17)) .

Therefore in our case (0f;/0X;(x)) has rank n — r. Pick out fi,,..., fi,_, such that
8fll .
rk(@X (x )> =n-—r

X =SpecR[X1, ..., X0l /(firs-- s fin ).

and hence define

Then we get a diagram
X——— X
NG

and find that f is smooth of relative dimension r at z. But then by Corollary 3.14, O_ ¢ is

a regular local ring. In particular it is an integral domain and X has a unique component X
containing x. By Corollary 3.15 applied to the generic point of Xo,

r = tr. degpy) R(X,).
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In other words, both O_ § and its quotient O, x = O, ;/(other f;’s) are integral domains of

the same transcendence degree over R(Y")! This is only possible if they are equal (cf. Part I [76,
Proposition (1.14)]). So O, x = O_ g, hence X = X in a neighborhood of z and X is smooth
over Y at x. g

COROLLARY 4.2 (Jacobian Criterion for Smoothness). If in the situation of Criterion 4.1,
Y =SpecR, X = SpecR[X1,..., X,|/(f1,..., f1), then

| of N\
f is smooth at © <= rk <8Xj (x)> =n-—r.

COROLLARY 4.3. In the situation of Criterion 4.1,

R(X) is separable
} <= | (resp. separable algebraic)
over R(Y)

Jx € X such that
f is smooth (resp. étale) at x
PRrOOF. If f is smooth somewhere, it is smooth at 7; and the criterion at 7 is:
dim (vector space of R(Y')-derivations of R(X) to R(X)) = tr. deggy) R(X).
By Example 2 in §2, this is equivalent to R(X) being separable over R(Y). O

COROLLARY 4.4. If f: X — Y is étale, then for all y € Y, the fibre f~(y) is a finite set of
reduced points each of which is Spec K, K separable algebraic over k(y).

PrOOF. Proposition 3.3 and Corollary 4.3. O

COROLLARY 4.5. In the situation of Criterion 4.1 if v € X, y = f(x), then f is smooth over
Y at z if and only if the fibre f~1(y) is smooth of relative dimension r over Speck(y) at x (n.b.
one must assume the two r’s are the same, i.e., dim f~1(y) = tr. degg(yy R(X)).

A slightly more general version of Criterion 4.1 is sometimes useful:

CRITERION. 4.1% Let Y be a reqular irreducible scheme and let f: X — Y be a morphism
of finite type. Let

be the components of X and assume f(nx,) =ny, 1 <i <t. Let
= min (tr.d R(X: >
TS ( r. degp(y) R(Xi red)

Then for all x € X:
a) dimy(,) Qx/y ®o, k(z) >

b) equality holds if and only if f is smooth of relative dimension r at x.

In some cases, we can give a criterion for smoothness via Zariski tangent spaces (as in the
theory of differential geometry):

CRITERION 4.6. Let f: X — Y be as in the previous criterion. Assume further that k(z) is
separable over k(y). Then

x is a reqular point of X and

' th at v <=
f is smooth at x dfy: Ty x — Tyy @iy k(z) is surjective

PROOF. “ =" was proven in Corollaries 3.13 and 3.14. To go backwards, use the lemma:
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LEMMA 4.7. Let X be a noetherian scheme and X' C X a closed subscheme. Suppose
z € X' is a point which is simultaneously reqular on both X and X' and suppose r = dim O, x —
dim Oy x/. Then 3 a neighborhood U C X of x and fi,..., fr € Ox(U) such that the ideal sheaf
T C Ox defining X' is given by

T
Iy =Y fi-Ox
i=1
and moreover fq,...,f, € my x/m2 y are independent over k(z).

Proor oF LEMMA 4.7. We know O, x» = O, x /Z,, hence
gr(Oy x7) = gr(Og x) /(ideal generated by leading forms of elements of 7).

Both “gr” are graded polynomial rings, the former in m + r variables, the latter in m variables
for some m. This is only possible if the ideal of leading forms is generated by r independent
linear forms fy,..., f,. Lift these to f{,..., f. € Z,, hence to fi,..., f» € Z(U) for some open
UCX. New > fi- Oy x C I, so we get three rings:

O:(:,X L» Ow,X/Zfz : Ow,X —6» O:(:,X/I = Ow,X’-

These induces:

r(a) r(3)
ar(Op x) — 5 g1 (00 x) 3 fi - O x) ———— r(Op x7).

But by construction, Ker(gr(a)ogr(a)) C Ker(gr(«)), so gr(8) is an isomorphism. Then f is an
isomorphism too, hence Z,, = > f; - Oy x. Now because X is noetherian, the two sheaves Z|¢
and Y fi-Ox|u are both finitely generated and have the same stalks at x: hence they are equal
in some open U’ C U. O

Now whenever f: X — Y is a morphism of finite type, Y is noetherian, x € X is a regular
point and y = f(x) € Y is a regular point, factor f locally:

X=V(fi,.... )YV xA"=Z
\ /

and note that Oy x = Oy z/(f1,..., fi) where O, x and O, 7 are both regular. It follows from
Lemma 4.7 that in some neighborhood of z, X = V(f1,..., fs) where fy,...,f, € mLZ/mi’Z
are independent. Now df, surjective means dually that

(my/m2) @y, k(2) mg x/m2

[~
Moz [ (w2, + X0 T k()
is injective. This implies that fi,..., f, are also independent in my z/(m (m? sz My Oz 7). Since
k(z) is separable over k(Y'), Tk(x)/k(y) (0), hence
my Z/( my 7z +my - Oz.z) — QZ/Y ®o, k(z)

is injective. Therefore finally df1,...,dfs € Qz/y ®o, k(x) are independent, which is precisely
the condition that V(fi,..., fs) is smooth over Y at x. O

The most important case for these results is when Y = Speck, X a k-variety. There are
then in fact two natural notions of “non-singularity” for a point z € X.

a) x a regular point,
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b) X — Speck smooth at z.

Our results show that they almost coincide! In fact:
x a regular point <= x a smooth point, by Corollary 3.14
and if k(x) is separable over k, then:
x a regular point <= x a smooth point, by Criterion 4.6.

But by the Jacobian Criterion 4.2, if k = algebraic closure of k, and X = X X Spec k Speck and
Z € X lies over z, then
x smooth on X <= T smooth on X.

Putting this together:
x regular on X <= x smooth on X
<= 7 smooth on X
<= 7T regular on X.

The pathological situation where these are not all equivalent occurs only over an imperfect field
k and is quite interesting. It stems from the geometric fact that over an algebraically closed
ground field in characteristic p, Sard’s lemma fails abysmally:

EXAMPLE. Let k be an algebraically closed field of characteristic p # 0. There exist mor-
phisms f: A7 — A? such that every fibre f~!(x) (2 closed point) is singular.

a) f: AL — A} given by f(a) = aP. Then if b € A} is a closed point and b = aP, the
scheme-theoretic fibre is:

=~ Speck[X']/(X'?), (if X' =X —a)
none of which are reduced. Similarly, the differential
de Ta,Al — Tap7A1
is everywhere 0 and f is nowhere étale.
b) f: AZ — Al given by f(a,b) = a®> — bP. Then if d € A} is a closed point and d = c?,
the scheme-theoretic fibre is:
J71(d) = Spec kX, Y]/(X? — YP - d)
= Speck[X,Y]/(X? — (Y + ¢)P)
>~ Speck[X,Y']/(X? -Y'"), Y =Y +ec
Thus the fibre f~1(d) is again a k-variety, in fact a plane curve, but with a singularity
at X =Y’ =0 as in Figure V.3:
¢) Now if ¢ is the coordinate on A}, then R(A}) = k(t): a non-perfect field of characteristic
p. Consider the generic fibre f~1(n) of the previous example. It is a 1-dimensional k(t)-
variety equal to:
A2 X 51 Spec k(t) = Spec k[X, Y] @y k(t)
= Spech(t)[X, Y]/(X? — Y7 1),
i.e., it is the plane curve X2 = YP+¢. But now ¢ ¢ k(t)P, so this curve is not isomorphic
over k(t) to X? = (Y')P. In fact, k[X,Y] ®yp k() is a localization of k[X,Y7], so the
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A2

lf

ry (] Al

FI1GURE V.3. Every fibre is singular.

local rings of f~!(n) are all local rings of Ai too, hence they are all regular, i.e., f~1(n)
is a regular scheme! But the Jacobian matrix of the defining equations of this curve is:

aiX(X2 —YP —t)=2X

0

oy
so all 1 x 1-minors vanish at the point x = V(X,Y? +¢) € X. Thus X is not smooth
over k(t) at .

—(X?-YP—t)=0

The third and fourth criteria for smoothness are more general and do not assume that the
base scheme Y is regular.

CRITERION 4.8. Consider a finitely presented morphism f: X — Y. Take a point x € X
and let y = f(x). Then

f is flat at x and the fibre

; th at x <=
f is smooth at x f—l(y) is smooth over k(y) at x.

PrROOF. = was proven in Propositions 3.3 and 3.19. To prove the converse, we may
assume Y = Spec A, X = Spec A[X1,...,X,]/(f1,--., fr). Then let x = [p], where p is a prime
ideal in A[X7,...,X,] and let ¢ = pN A and k = (quotient field of A/q) = k(y). Note that the
fibre f~!(y) equals

Speck[X1, ..., Xn]/(f1,--- s fr)-
If s is the dimension of f~1(y) at =, it follows that

(L) =n-s

Thus n — s < r and renumbering, we may assume that:

of;
1§ig’e§tn—s <6XJ (33)) 7& 0

Consider the diagram:

X =Spec A[X]/(f1,---, fr) C SpecA[X]/(f1,-- [fn-s) =X

ﬂatm‘ /@h at )

Spec A



4. CRITERIA FOR SMOOTHNESS 173

Then the fibres: f~'(y) C (f')~(y) over y are both smooth of dimension s at z, hence they are
equal in a neighborhood of x. I claim that in fact X and X’ are equal in a neighborhood of z,
hence f is smooth at z. To prove this, it suffices to show

(fl)"'vfr) A[X]p = (fl)"'vfn—s) A[X]p
or, by Nakayama’s lemma, to show

(f1,-- s fr) - AlXTp
(Fisees fams) - ALX]

But consider the exact sequence

®Aq k= (0)
p

(f1,- o fr) - A[X]p A[X]p A[XTp
U U ) AXY T g ATy U S A
~| ~l
Om,X’ O:(:,X
The last ring is flat over A, so
0 — (fla"'afT’)'A[X]P ®Aq ks A[X]p ®Aq ks A[X]p

(fla"'7fn—8)'A[X]P (flv"'ﬂfn—s)'A[X]P (flv"'ﬂfT’)'A[X]P

~|l ~|l
O (111 w) Ou.1-1()
is exact. But O, (y)-1(y) =, O,.5-1(y), 50 the module on the left is (0). O

COROLLARY 4.9. Let f: X — Y be a finitely presented morphism. Then for all x € X,
y=[f(z),
f is flat at x, the fibre f~'(y) is reduced

] is élale at v < at  and k(x) is separable algebraic over k(y).

The last criterion is a very elegant idea due to Grothendieck. It is an infinitesimal criterion
involving A-valued points of X and Y when A is an artin local ring. We want to consider a
lifting for such point described by the diagram:

Spec A/I Lﬁ X
v -7
n i I

Spec A —¢> Y
1

This means that we have an A-valued point ¢ of Y and a lifting 1)y of the induced (A/I)-valued
point (I is any ideal in A). Then the problem is to lift ¢; to an A-valued point ¢ of X extending
1. The criterion states:

CRITERION 4.10. Let f: X — Y be any morphism of finite type where Y is a noetherian
scheme. Then f is smooth if and only if:

For all artin local rings A, ideals I C A, and all A-valued points ¢1 of Y and
(A/T)-valued points 1y of X such that:

f o1y = restriction of ¢1 to Spec A/I
there is an A-valued point 1 of X such that

for =

1o = restriction of 11 to Spec A/I.

®a, k—0
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(See diagram.)

f: X — Y satisfying the lifting property in Criterion 4.10 is said to be formally smooth in
EGA [1, Chapter IV, §17]. This criterion plays crucial roles in deformation theory (cf. §VIIL5).

PROOF. Suppose first that f is smooth and 1), ¢ are given. Look at the induced morphism

fi:
X1 =X Xy Spec A

wl
/ lfl
SpecA/I ¢ Spec A
which is smooth by Proposition 3.3. Then vy defines a section ¢, of f; over the subscheme
Spec A/I of the base which we must extend to a section of f; over the whole of Spec A. Let

y € Spec A be its point and let € X; be the image of vf,. Then k(z) = k(y), so by Proposition
3.8

~

Oz x, ZA[[t1,....t]].
If the section vy, is given by
(o) (t:) =a; € A/,
choose a; € A over @;. Then define a section 1} of f; by
W) (t:) = as.
Now suppose f satisfies the lifting criterion. Choose x € X. We will verify the definition of
smoothness directly, i.e., find a local presentation of f near = as

Spec R[ X1, ..., X,|/(f1,..., fi) — SpecR
where det(0f;/0X;) # 0. To start, let f be presented locally by
Spec R[X1,...,X,]/I — Spec R

and let
We may replace X by Spec R[X1,..., X,]/I and Y by Spec R if we wish. Since Qx/y @ k() is
generated by dXi,...,dX,, with relations df = 0, f € I, we can choose fi,..., fn—r € I such

that
Qx/y @k(z) = (@k(gj)'dXi>/<df17---)dfn—r>
i=1

and in particular

ofi
det .
e < X, (a:)) #0
This allows us to factor f locally through a smooth morphism:

X X; =SpecR[X1,...., Xpn]/(f1,-- fnr)

f}l//

where f; is smooth at z and
(4.11) Qx, )y ©k(@) — Qx/v @ k(z)

is an isomorphism.
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We now apply the lifting property to the artin local rings A, = O, x, /m; x, and the ideals
I,=1nN m"_X}l + m;’ X We want to define by induction on v morphisms r,:

x
Spec OLX/m;X(ﬁ X

n P lf

Spec Oy x, /mi; x, —— X3 5 Y
1

which extend each other. Given r,, r, plus the canonical map
Spec O x, /(I + m;}ll) = Spec Ox,X/m;’}l — X
induce a map
Spec Oy x, /(I N m;’Xl + m;i'xll) — X.
(This is because Oy, x, /(I N mY y + m;}ll) can be identified with the subring of (O x, /(I +
m;fxll )0z, x, /m; y, of pairs both members of which have the same image in O, x, /(I+m} v ).)
Apply the lifting property to find r,11. Now the whole family {r,} defines a morphism r:

Spec @m,X1

ey
X \Xl
Y
which is in effect a retraction of a formal neighborhood of X in X; onto X, all over Y. Ring-
theoretically, this means

690,)(1 = 6w,X ®J
and where the R-algebra structure of @m x, is given by the R-algebra structure of @m x. It
follows that
Qx, vy ® O x = (QUx)y ® Oy x) @ (J/J7).

But, then applying (4.11), we find
(J/7%) @ k(z) = (0),

hence by Nakayama’s lemma, J = (0). Thus 632,)(1 o @m,X’ hence O, x, = Oy x and X = X
in a neighborhood of . O

5. Normality

Recall that in §II1.6 we defined a scheme X to be normal if its local rings O, x are integral
domains integrally closed in their quotient field. In particular, if X = Spec R is affine and
integral, then

X is normal <= R, integrally closed in R(X), Vp
<= R integrally closed in R(X)

(using the facts (i) that a localization of an integrally closed domain is integrally closed and (ii)
R = ﬂp R,.) An important fact is that regular schemes are normal. This can be proven either
using the fact that regular local rings are UFD’s (cf. Zariski-Samuel [109, vol. I, Appendix 7];
or Kaplansky [58, §4-2]) and that all UFD’s are integrally closed (Zariski-Samuel [109, vol. I, p.
261]); or one can argue directly that for a noetherian local ring O, gr O integrally closed —-
O integrally closed (Zariski-Samuel [109, vol. II, p. 250]). As we saw in §II1.6, normality for
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noetherian rings is really the union of two distinct properties, each interesting in its own right.
We wish to globalize this. First we must find how to express globally the condition:
R= N Ry.
p non-zero minimal prime
PROPOSITION-DEFINITION 5.1. Let X be a noetherian scheme with no embedded components

and let x € X be a point of codimension at least 2. Say n1,...,n, are the generic points of the
components of X containing x. The following are equivalent:

a) V neighborhoods U of x, and f € Ox (U \ ({z} N U)), there is a neighborhood U' C U
of x such that f extends to f' € Ox(U’").
a’)
Orx = [] Oux

yeX with

xe@
T#y

(all these rings being subrings of the total quotient ring @;_; Oy, x ).
b) Vf € my x with f(n;) # 0 all i, x is not an embedded point of the subscheme V(f)
defined near x.
b') 3f € my x with f(n;) # 0 all i, and x not an embedded point of V(f).
Points with these properties we call proper points; others are called improper®. If all points are
proper, X is said to have Property S2.

PROOF. It is easy to see (a) <= (&), and (b) = (b’) is obvious. To see (b') = (a), take
g€ Ox (U\(mmU)) . U affine

and let f € m, x be such t@ V(f) has no embedded components. Then the distinguished open
set Uy of U is inside U \ ({x} N U), hence we can write:

g=a/f™ g€ 0x().

We now prove by induction on [ that g,/f' € O, x, starting with [ = 0 where we know it, and
ending at | = m where it proves that g € O, x, hence g € Ox(U’) some U’ C U. Namely, if
l<m,and h=gy/fl € O x, consider the function A induced by h on V(f) in a neighborhood
of 2. Since h = f™~!. g, it follows that & = 0 on V(f)\ ({x} NV (f)), i.e., Supph C {z} NV (f).
Since x is not an embedded component of V(f), h = 0 at x too, i.e., g1/fT' = h/f € Oy x.

To see (a') = (b), suppose f € m, x, f(n;) # 0 and suppose g € O, x restricts to a
function § on V' (f) whose support is contained in {z} NV (f). Then for all y € X with z € {z},
r#y,gis 0in Oy y(s), ie, g € f- Oy x. Then

g/fe ﬂ Oy,X:Ox,Xa

yeX

me@
T#y

hence g = 0. (]

CRITERION 5.2 (Basic criterion for normality (Krull-Serre)). Let X be a reduced noetherian
scheme. Then

a) Vo € X of codimension 1, X is regqular at x

X is mormal < { b) X has Property S2.

3This is not standard terminology; it is suggested by an old Italian usage: cf. Semple-Roth [86, Chapter 13,
§6.4].
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In particular (a) and (b) imply that the components of X are disjoint.

ProOOF. If X is affine and irreducible, say X = Spec R, then Property S2, in form (a’),
implies immediately:

Vp prime ideal in R : Ry, = ﬂ Ry

g non-zero minimal prime
acp

Since
R= ()R,
all p

the criterion reduces to Krull’s result (Theorem II1.6.5). Everything in the criterion being local,
it remains to prove (a) + (b) = all components of X are disjoint. Let

S ={zr € X |xisin at least two components of X},

and let = be some generic point of S. Then O, x is not a domain so by (a), codimz > 2. Then
consider the function e which is 1 on one of the components through x, 0 on all the others.
Clearly

e c m Oy7x, 6¢OI,X

yeX

xE@
z#y

which contradicts S2. Thus S = 0. O

Here is an example of how this criterion is used:

PROPOSITION 5.3. Assume X is a reqular irreducible scheme and Y ;Cé X is a reduced and
irreducible codimension 1 subscheme. Then Y has Property S2.

PRroor. Let y € Y be a point of codimension > 2 and let f € O, x be a local equation for
Y. Take any g € myy \ fOy x \m;X. Let g be the image of g in O, y, let Z be the subscheme
of X defined by g = 0 near y, and let f be the image of f in O, z. Then
y is a proper point of Y <= {y} not embedded component of V(g) C Y
<= {y} not embedded component of V(f,g) C X
<= {y} not embedded component of V(f) C Z
<= y is a proper point of Z.
But Oy.z = Oy.x/g - Oy x is regular (since g ¢ m; ), hence Z is normal at y hence every point
is proper. O

COROLLARY 5.4. If X is reqular, irreducible, Y G X is reduced irreducible of codimension
1, then if Y itself is reqular at all points of codimension 1, Y is normal.

Another application of the basic criterion is:

PROPOSITION 5.5. Let f: Y — X be a smooth morphism, where X is a normal noetherian
scheme. Then'Y is normal (and locally noetherian).

PROOF. As X is the disjoint union of its components, we can replace X by one of these and
so assume X irreducible with generic point 7. Note that since O, x = the field R(X), the local
rings of any y € f~1(n) on the fibre f~!(n) and on Y are the same.
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a) Y is reduced: in fact f flat implies

f(Ass(Oy)) C Ass(Ox) = {n}.
For for all y € Ass(Oy),
Oyy = Oy r-1()

is an integral domain, since f~!(n) is smooth over Spec R(X), hence is regular.
b) If y € Y has codimension < 1, then by Corollary 1V.5.10, f(y) has codimension 0 or
1, hence X is regular at f(y). Since f is smooth, Y is regular at y by Corollary 3.14.
c) If y € Y has codimension > 1, we seek some g € O,y with g(y) = 0, g # 0 on any
component of Y through y, and such that V(g) has no embedded components through
y. There are two cases:

c1)
fy) =n=0yy = Oy s-1(; regular, hence normal
—any g € myy, g # 0 has this property
by the Basic Criterion 5.2.
c2) f(y) = z has codimension > 1 in X. But then since X is normal, there is a
g € I'(U,,Ox), U, some neighborhood of z, such that g(x) = 0, g(n) # 0 and

V(g) has no embedded components. Then f*(g) € I'(f~'U,, Oy) is not zero at
any generic points of Y while f*(¢)(y) = 0. Moreover,

V([(9) = V(g) xx Y,
so V(f*(g)) is smooth over V(g). We get:
z € Ass(V(f*(9)) = f(x) € AssV (g)
— f(x) = generic point of V(g)
=—codimension of f(x)is 1

=X regular at f(z)

=0,y regular, hence normal
=V (f*(g)) has no embedded

components through .

O

In particular this shows that a smooth scheme over a normal scheme is locally irreducible
and if one looks back at the proof of Criterion 4.1 for smoothness, one sees that it now extends

verbatim to the case where the image scheme is merely assumed normal, i.e., (as generalized in
Criterion 4.17):

CRITERION 5.6. Let X be an irreducible normal noetherian scheme and f:Y — X a mor-
phism of finite type. Assume all components Y; of Y dominate X and let

r = mintr. deggx) R(Yj rea)-
ThenVy €Y

a) dimyy) Qy/x ®o, k(y) >
b) equality holds if and only if f is smooth aty of relative dimension r.
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ExaMPLE. The simplest way to get non-normal schemes is to start with any old scheme and
“collapse” the tangent space at a point or “identify” two distinct points. To be precise, let

X = SpecR
be a k-variety.
a) If x = [m] is a k-rational point, so that R = k + m, consider
Xo = Spec(k +m?).
The natural morphism:
T X — XO
is easily seen to be bijective, but if f € m\ m?, the f is integrally dependent on k +m?,
but ¢ k+m? So Xy is not normal.
b) If x; = [m;], i = 1,2 are two k-rational points, let
Ro={f€eR| f(z1) = f(z2)}
=k+ mp Nmy
Xy = Spec Ry.
The natural morphism
T X — XO

is bijective except that z1, xo have the same image. Moreover, if f € R, then f satisfies
the equation:

(X = f)(X = f(z2)) =a, wherea= (f — f(21))(f — f(z2)) € Ro.

So Xp is not normal. Moreover, one can check that Qx,x, = (0) but 7 is not étale in
this case so this morphism illustrates the fact that Criterion 4.1% does not extend to
non-normal Y’s.

One of the major reasons why normal varieties play a big role in algebraic geometry is that
all varieties can be “normalized”, i.e., there is a canonical process modifying them only slightly
leading to a normal variety. If there were a similar easy canonical process leading from a general
variety to a regular one, life would be much simpler!

PROPOSITION-DEFINITION 5.7. Let X be a reduced and irreducible scheme. Let L D R(X)
be a finite algebraic extension. Then there is a unique quasi-coherent sheaf of Ox-algebra:

Ox C A C constant sheaf L
such that for all affine U:
A(U) = integral closure of Ox(U) in L.
We set
X1, =S8pecx(A)
;funion of affines Spec A(U),
as U runs over affines in X,

and call this the normalization of X in L. In particular, if L = R(X), we call this the normal-
ization of X. X, is normal and irreducible with function field L.
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To see that this works, use (I.5.9), and check that if U = Spec R is an affine in X and Uy is
a distinguished open set, then A(Uy) = A(U) ®gr Ry. This is obvious.

Note for instance that in the two examples above, normalization just undoes the clutching
or identification: X is the normalization of Xj.

Sadly, normalization is seriously flawed as a tool by the very unfortunate fact that even
for some of the nicest schemes X you could imagine — e.g., regular affine and 1-dimensional
— there are cases where X, is not of finite type over X. This situation has been intensively
studied, above all by Nagata (cf. his book [78] and Matsumura [69, Chapter 12]). We have no
space to describe the rather beautiful pathology that he revealed and the way he “explained”
it. Suffices it to recall that:

5.8.

e X noetherian normal L separable over R(X) = X of finite type over X.
o X dtself of finite type over a field = X, of finite type over X

(cf. Zariski-Samuel [109, vol. I, Chapter V, §4] ).
o X dtself of finite type over Z —> X, of finite type over X

(cf. Nagata [78, (37.5)]).

We conclude with a few miscellaneous remarks on normalization. The schemes Proj R can
be readily normalized by taking the integral closure of R:

PROPOSITION 5.9. Let R = @;” Ry be a graded integral domain and let

Ky = field of elements f/g, f,g € Ry, for somen, g # 0
= R(Proj R).

Then if t = any fized element of Ry, the quotient field of R is isomorphic to Ko(t). Let Ly D Ky
be a finite algebraic extension and let

S = integral closure of R in Lo(t).
Then S is graded and Proj S is the normalization of Proj R in Ly.
PRrROOF. Left to the reader. O
An interesting relation between normalization and associated points is given by:
PROPOSITION 5.10. Let X be a reduced and irreducible noetherian scheme and let
X — X, X = Specy (A)

be its normalization. Assume m is of finite type hence A is coherent. Then for all y € X of
codimension at least 2:

y is an improper point <=y € Ass(A/Ox).

The proof is easy using the fact that every point of X is proper.
One case in which normalization does make a scheme regular is when its dimension is one.
This can be used to prove:

PROPOSITION 5.11. Let k be a field, K D k a finitely generated extension of transcendence
degree 1. Then there is one and (up to isomorphism) only one reqular complete k-variety X with
function field K, and it is projective over k.
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PrOOF. Let R C K be a finitely generated k-algebra with quotient field K, let X0 =
Spec R® and embed X in A7 for some n using generators of RY. Let X0 be the closure of X°
in P} and write it as Proj R’. Let R” be the integral closure of R’ in its quotient field. Then
by Proposition 5.9, X” = Proj R” is normal. Since it has dimension 1, it is regular and has
the properties required. Uniqueness is easy using Proposition 11.4.8, and the fact that the local
rings of of the closed points of X" are valuation rings, hence mazimal proper subrings of K. [

6. Zariski’s Main Theorem

A second major reason why normality is important is that Zariski’s Main Theorem holds for
general normal schemes. To understand this in its natural context, first consider the classical
case: k = C, X a k-variety, and x is a closed point of X. Then we have the following two sets
of properties:

N1) X formally normal at z, i.e., @x x an integrally closed domain.

N2) X analytically normal at x, i.e., Oy x an, the ring of germs of holomorphic functions at
x, is an integrally closed domain.

N3) X normal at .

N4) Zariski’s Main Theorem holds at x, i.e., Vf: Z — X, f birational and of finite type
with f~1(z) finite, then 3U C X Zariski-open with z € U and

res f: fTlU — U

an isomorphism.

Ul) X formally unibranch at x, i.e., Spec <6:cx) irreducible.

U2) X analytically unibranch at x, i.e., Spec (O x an) irreducible, or equivalently, the germ
of analytic space defined by X at x is irreducible.

U3) X wunibranch at x, i.e., if X’ = normalization of X in R(X), 7: X’ — X the canonical
morphism, then 77! (x) = one point.

U4) X topologically unibranch at x — cf. Part 1 [76, (3.9)].

Ub5) The Connectedness Theorem holds at z, i.e.,Vf: Z — X, f proper, Z integral, f(nz) =
nx and U C X Zariski-open with f~!(y) connected for all y € U, then f~!(x) is
connected too.

6.1. I claim:

i) all properties N are equivalent,
ii) all properties U are equivalent,
iii) N=U.

Modulo two steps for which we refer the reader to Zariski-Samuel [109] and Gunning-Rossi
[48], this is proven as follows:

N1 <= N2 <= N3: We have inclusions:
Om,X C Om,X,an C 6w,X
and
Ox,X,an N R(X) = O:(:,X

690 N t9tal quotient
ring of Oy x an

)

> = Ow,X,an
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(This follows from the fact that if f,g € O, O noetherian local, then f|g in O iff f|g in
O: cf. Part I [76, §1D].) Therefore the implications

~

O, x integrally closed domain = O, x an integrally closed domain

= O, x integrally closed domain
are obvious. The fact:
O, x integrally closed domain = (’390 x integrally closed domain

is a deep Theorem of Zariski (cf. Zariski-Samuel [109, vol. IT, p. 320]). He proved this for
all points x on k-varieties X, for all perfect fields k. It was later generalized by Nagata to
schemes X of finite type over any field k or over Z (cf. Nagata [78, (37.5)]). Although
this step appears quite deep, note that if we strengthen the hypothesis and assume
O, x actually regular, then since regularity is a property of gr(O, x) and gr(O, x) =
gr(@L x), it follows very simply that (7590 x is also regular, hence is an integrally closed
domain!

N1 = Ul: Obvious.

Ul = U2: Obvious because

O:v,X,an/\/@ - @m,X/\/@a

so if the latter is a domain, so is the former.

U2 = U4: See Gunning-Rossi [48, p. 115].

U4 = U5: This was proven in Part I [76, (3.24)] for projective morphisms f. The proof
generalizes to any proper f.

U5 = U3: Let m: X’ — X be the normalization of X in R(X). 7 is of finite type by
(5.8), hence it is proper by Proposition I1.6.5. 7 is birational, hence an isomorphism
over some non-empty U C X. Therefore U5 applies to m and 7~ !(z) is connected.
But since X’ = SpecA, A coherent, 7~!(x) = Spec(A,/m, - A;) and A,/mA, is
finite-dimensional over C; thus 7~!(z) is a finite set too, hence it consists in one point.

U3 = Ul: Let O, x be the integral closure of O, y in R(X): it is a local ring and a

finite O, x-module. By flatness of @m x over O, x, we find
(51,7)( C O;,X ®0o, x 6:(:7)(
and by finiteness of O .,
O;,X R0, x (596,)( = completion E’)\’%X of (’)QX in its m-adic topology.

By N3 = N1, Z’)\’x x is a domain, so therefore (51, x is a domain and U1 is proven.

N3 = N4: (Zariski’s Main Theorem) We use the fact already proven that N3 =— N1 —-
Ul = U5 and prove N3+ U5 = N4. This is quite easy using Chow’s lemma (Theorem
11.6.3). Let f: Z — X be a birational morphism of finite type with f~!(x) finite. Then
we can find a diagram:

¢ —7C
A open VA P* x X

gl dense
A

f
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where ¢ is proper and birational, Z’ = closure of Z’ in P* x X with reduced structure.
Now if we write f~!(x) = {y1,...,y:}, then since f is of finite type, each y; is open in
f~1(z) and proper over C. Then if Y; = g~!(y;), each Y; is open in (f o g)~!(z) and
proper over C. Let h = restriction of py to Z’. Then (f o g)~!(z) is open in h™'(z),
hence each Y; is open in h~!(z). But being proper over C, Y; must also be closed in
h=(z):

i)=Y U uY, U (h (@) \ (fog) Hz))

is a decomposition of ~~!(z) into open and closed pieces. So the Connectedness The-
orem implies t = 1 and = ¢ h(Z’\ Z'). But h is proper so h(Z’'\ Z') is closed in X.
Replacing X by X \ h(Z'\ Z'), we can therefore assume Z' = 7/, i.e., Z' is proper over
X. It follows that Z is proper over X, and f~!(z) = one point y.

Next replacing X by a smaller neighborhood U of x and Z by f~'(U), we can
assume Z and X are affine: to see this, let V be any affine neighborhood of y. Since
f is proper, f(Z \ V) is closed. Let U be an affine neighborhood of z contained in
X\ f(Z\V). Then f~(U) C V and f~1(U) is affine by Proposition 11.4.5.

Now if X = SpecR, Z = Spec R[x1,...,x,]|, where z; € R(X), consider the mor-
phism [z;]: Z — Al C PL. This induces

([wi], f): Z — Pe xc X

which is proper since f is proper. Let I'; be its image. Then T'; is closed and (oo, z) ¢ T';.
Therefore there is some expression:

g(t) =amt™ + am_1t" L+ -+ ag
a; € Oy x
t = coordinate on Pk
g=0onTy
" g#0at (co,x).

Thus a,, ¢ m; x, and z;, as an element of R(X), satisfies g(z;) = 0. In other words, z; is
integrally dependent on O, x. So x; € O, x, hence x; € Ox(U;) for some neighborhood
U; of z. It follows that f is an isomorphism over U; N---NU,.

N4 = N3: Let m: X’ — X be the normalization of X in R(X) and apply Zariski’s Main
Theorem with f = 7.

Now consider the same situation for general integral noetherian® schemes. N2, U2 and U4
do not make sense, but N1, N3, N4, U1, U3 and U5 do.
We need modify U5 however to read:

U5) The Connectedness Theorem holds at x, i.e., Vf: Z — X, f proper, Z integral, f(nz) =
nx and the generic geometric fibre of f connected (i.e., if 2 = an algebraic closure of
R(X), then via the canonical

i: Spec) — X,

7 x x Spec ) should be connected), then f~!(z) is connected too.

4N3 = N4 is proved even for non-noetherian X in EGA [1, Chapter IV, (8.12.10)].
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6.2. Then Zariski (for k-varieties) and Grothendieck (in general) have shown:

Nl=—=N3 <= N4

||

Ul =— U3 < {5

but Nagata [78, Appendix Al] has given counterexamples to N3 = N1, U3 = Ul. To prove
these implications, first note that N1 = Ul and N3 = U3 are obvious; that N1 = N3
is proven just as above. Moreover, N4 — N3 and U5 = U3 are proven as above, except
that since the normalization 7: X’ — X may not be of finite type, N4 and U5 should be
applied to partial normalizations, i.e., Spec Raq,...,a,] — Spec R, a; integrally dependent on
R. Moreover, N3+ U5 => N4 is proven as above. Therefore it remains to prove Ul = U3 and
U3 = Ub.

Ul = U3: This is an application of Hensel’s lemma (Lemma IV.6.1). If 7—!(z) has
more than one point, it is easy to see that we can find an element a € R(X) integrally
dependent on O, x such that already in the morphism:

7: Spec Oy x[a] — Spec O, x
7~ 1(z) consists in more than one point. Consider the three rings:
Oz x C Oy xla] C R(X).
Tensoring with @m x, we get:

Orx C Opx ®o, y O xla] € Opx ®0,  R(X).

Dividing all three rings by their nilpotents, we get
Oux/V0) € (Oux B0, x Ouxlal) /V(0) € (Oux @ R(X)) /V/(0).

By U1, (’390,)(/« /(0) is a domain, and since R(X) is a localization of O, x, <(/9\IX ® R(X)) /4/(0)
is a localization of (/Q\x,x/\/(O), ie.,

<(5m,X ® R(X)) /+/(0) C quotient field of (5:”(/\/@

This implies that (@xx ® Oy x [a]) /+/(0) is a domain hence Spec(@x,x ® Og xal) is
irreducible. Now look at

T Spec(@m,x ® Oy x[a]) — Spec @m,X-

But since 7 !(closed point) & 7~!(z), which has more than one point, by Hensel’s
lemma (Lemma IV.6.1), Spec(@x,x ® Oy xal]) is not irreducible!

U3 = Ub: (i.e., Unibranch implies the Connectedness Theorem.) We follow Zariski’s
idea (cf. Zariski [108]) and deduce this as an application of the fundamental theorem

of “holomorphic functions” (cf. [108, Chapter VIII]. See also “GFGA” in §VIIL.2.):

6.3 (Fundamental theorem of “holomorphic functions”). Vf: Z — X proper, X
noetherian, then f.Oyz is a coherent sheaf of Ox -algebras and for all v € X

ln (£ 07)a/m - (£.07), = T (£74(2), Oz /s O).

v v
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To apply this to the situation of I/JV5, suppose f~!(x) = Wi UWa, W; open disjoint.
Then define idempotents:
e, € P(f_l(x), Oz/m; . Oz)
e, =0on Wy, e,=1o0n Ws.
These define an element ¢ in the limit: approximating this with and element e €
(f+Oz), mod my - (f«Oz)., it follows that e = 0 on Wi, e =1 on Wj. Let e extend to

a section of f,Oyz in an affine neighborhood U = Spec R of x.
Next, for all open U C X,

£:02(U) = T(f7H(U), 02) C D7 (1x), Op-1ny)):

The generic fibre f~!(nx) of f is a complete variety over the field R(X), hence

L=T(f"(nx),0p-1(1x))

is a field, finite and algebraic over R(X). Applying the theory of §IV.2, f~1(ny) is also
a variety over L and passing to the algebraic closure R(X) of R(X), we find that the
geometric scheme:

F1(nx) = f71(nx) Xspecr(x) Spec R(X) — Spec R(X)

in fact lies over Spec(L @gr(x)R(X)). All points of the latter are conjugate, so f~1(nx)

maps onto Spec(L®g(x)R(z)). By assumption f~1(nx) is connected, hence Spec(L®pgx)
R(X)) consists in one point, hence L is purely inseparable over R(X). So we may as-
sume LP' C R(X). In particular et € R(X).

Since f,Oz(U) is a finite R-module, e?' is integrally dependent on R too. Let R’
be the integral closure of R in R(X) and we can factor the restriction of f to f~1(U)
via the function e?':

Z o> flu Spec R/
\ 9/
F| vest Spec R[e?']
I
X > U Spec R

Since ¢” takes on values 0 and 1 on f~Hx), it follows that (f)~!(z) consists in at
least two points! But R’ integral over R[epl] so g is surjective by the going-up theorem
(Zariski-Samuel [109, vol. I, Chapter V, §2, Theorem 3, p. 257]).

An elementary proof that N1 = N4 can be given along the lines of the proof that U1 = U3.
We sketch this: Given f: 7 — X as in N4, form the diagram:

7 (Spec@xx) Xx 2 =2

fl i’l

X —— Spec O, x = X’

Decompose Z' via Hensel’s lemma (Lemma IV.6.1). Then it follows that Z/_; has a component

Z" which projects by a finite birational morphism to X’. It can be shown next that Z"” —» X/,
hence f’ has a section. Using

~

Ox,X ﬂR(X) = OL)(,

it follows easily that f is a local isomorphism.
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There is yet another statement that Grothendieck calls “Zariski’s Main Theorem” which
generalizes the statement we have used so far. This is the result:

THEOREM 6.4 (Zariski-Grothendieck “Main Theorem”). Let X be any quasi-compact scheme
and suppose
f+Z—X

is a morphism of finite type with finite fibres. Then there exists a factorization of f:

AN Specy A —— X

where i is an open immersion and A is a quasi-coherent sheaf of Ox-algebras such that for all
affine U C X, A(U) is finitely generated and integral over Ox (U).

The proof can be found in EGA: (in [1, Chapter III, (4.4.3)] for X noetherian f quasi-
projective; in [1, Chapter IV, (8.12.6)] for f of finite presentation; in [1, Chapter IV, (18.12.13)]
in the general case!) We will not use this result in this book. Theorem 6.4 has the following
important corollaries which we will prove and use (for X noetherian):

COROLLARY 6.5. Let f: Z — X be a morphism. Then the following are quivalent:
a) f is proper with finite fibres,
b) f is finite (Definition I1.6.6), i.e., the sheaf A = f.Oyz is quasi-coherent, for allU C X
affine A(U) is finitely generated as algebra and integral over Ox(U), and the natural
morphism Z — Specx (A) is an isomorphism.

PROOF USING THEOREM 6.4. (b) = (a) is elementary: use Proposition I1.6.5. As for
(a) = (b), everything is local over X so we may assume X = Spec R. Then by Theorem 6.4 f
factors:
Z“—— Spec B —— Spec R.

Since Z is proper over Spec R, the image of Z in SpecB is closed as well as open, hence
Z =~ Spec B/a for some ideal a. Then f.Oz = B/a = Spec f,Oy. O

COROLLARY 6.6 (Characterization of normalizations). Let X be an integral scheme, Z a
normal, integral scheme and f: Z — X a proper surjective morphism with finite fibres. Then
R(Z) is a finite algebraic extension of R(X) and X is isomorphic to the normalization of X in
R(Z).

PRrROOF. Straightforward. O

COROLLARY 6.7. Let X be a normal noetherian scheme, f: Z — X a proper étale morphism
with Z connected. Then Z is isomorphic to the normalization of X in some finite separable field
extension L O R(X).

PROOF. This reduces to Corollary 6.6 because of Proposition 5.5. O

INDEPENDENT PROOF OF COROLLARY 6.5 WHEN X IS NOETHERIAN. Assume f: Z — X
given, proper with finite fibres. Let A = f.Oz. Then by the fundamental theorem of “holo-
morphic functions” (6.3), A is an Ox-module of finite type, hence A(U) is finitely generated
as algebra and integral over Ox(U) for all affine U. Let Y = Specyx A so that we have a

factorization:
h

4L —Y
N
X
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Note that Y is noetherian, h is proper with finite fibres and now h,Oz; = Oy. We claim
that under these hypotheses, h is an isomorphism, which will prove Corollary 6.5. First of
all, h is surjective: in fact h proper implies h(Z) closed and if h(Z) ; Y, then h,Oz would
be annihilated by some power of the ideal of h(Z), hence would not be isomorphic to Oy.
Secondly, h is injective: if h~!(y) consisted in more than one point, we argue as in the proof
that U3 = U5 and find a non-trivial idempotent in

@(h*oZ)y/mZ - (hsOz)y.

But since h, Oz = Oy, this is just the completion 6y,y which is a local ring. The only idempotent
in local rings are 0 and 1 so this is a contradiction. Thus A is bijective and closed, hence it is a
homeomorphism. Since h.Oz = Oy, h even sets up an isomorphism of the ringed space (Z, Oyz)
with (Y, Oy), i.e., Z =Y as schemes. O

7. Multiplicities following Weil

We can generalize to the case of schemes the concept of multiplicity of a point for a finite
morphism introduced for complex varieties by topological means in Part I [76, (3.12), (4.19)]:

DEFINITION 7.1 (& la Weil). Let X be a noetherian integral scheme, x € X a formally
unibranch point. Let f: Y — X be a morphism of finite type and let y be an isolated point of
f7Y(z). Then we define mult,(f) as follows: Let R = (/9\90 x/+/(0): By assumption this is an
integral domain. Let K = quotient field of R. Form the fibre product:

Y +—Y’

A

X < SpecR

Let ¢ € Y’ be the unique point over y. By Hensel’s lemma (Lemma IV.6.1):
Y =Y/ UYy (disjoint)
Y] = Spec Oy vy, being finite over Spec R.
Define
multy f=dimg (Oyr’y/ QR K) .

If we write down all the schemes that this interesting definition suggests, we get the diagram
in Figure V.4 which needs to be pondered (we let N = 4/(0) in O, x): This shows that to get
mult, f, we take the generic fibre of f, extend it to the bigger ground field K D R(X), split this
K-scheme into two disjoint pieces in some sense by specializing from 7x to x, and then measure

the size of one of these pieces!
A few comments on this definition:

7.3. [k(y) : k(z)]s divides mult,, f, hence we write
multy () = [k(y) - k(z)], - mults ().

PrOOF. Let L C k(y) be the subfield of elements separable over k(z) and let O be the finite
étale extension of O, x with residue field L, as in Corollary IV.6.3 (see also §3 of the present
chapter). Then by Corollary IV.6.3, O,y is an O-algebra, hence if K is the quotient field of
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(7.2)
Spec 6y7y +—Spec <6y7y/N . (/’)\y7y>
~l
Spec(Oy yr) UYy
|
Y Y xx Spec R Spec(Oy yr QR K) U -
X s SpecO, x +—SpecO, x/N =R Y xx SpecK

SpecR(X) = {nx} Spec K t(nx) X $pecR(X) Spec K

FIGURE V .4

0, Oy y' ®pr K is a vector space over K. Therefore [K : K]| mult,, f. But
[K : K] = rank of O as free (596 x-module
= [L k()]
= [k(y) : k(z)ls-
(]

7.4. mult, f > 1 if and only if Y has a component Y through y dominating X (i.e., ny, —
nx)-

Proor. If Y has no such component, there will be some non-zero a € O, x such that
f*a =01in Oyy. Therefore f*a = 0 in Oy ys and Oy y» ®p K = (0). To prove the converse,
use generic flatness (Theorem IV.4.8): there is a non-zero a € O, x such that the localization
(Oy.y)q is flat over (O x)q. Making the base change, it follows that Y] is flat over Spec R over
the open set R,. But then

mult, f =0 = Oy y’ @r R, = (0)
—ad' =0in Oy for some |
—da'=01in 6y7y/N . (/9\y7y (see diagram in Figure V.4)
—ad" =01in (/’)\%y for some m
= ad" =0in Oy
= no component of Y through y dominates X.
O
7.5. Assume X is formally normal at x and that all associated points of Y lie over nx. Then
multy f =1 if and only if f is étale at y.

PROOF. If f is étale, then f is flat, hence Y{ — Spec R is flat, hence O, y- is a free R-module
of some rank n. But on the one hand,

n = dimg Oy/7y/ ®p K = multy f
and on the other hand:

n = dlmk(w) Oy/7yl Rnr ]k(fl}‘) = dlmk(x) Oy,ffl(m)'
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But f~!(z) is zero-dimensional and reduced at y because f is étale, hence Oy.r1) = k(v),
hence n = [k(y) : k(z)]. But f étale also implies k(y) separable over k(z), so mult, f = 1.
Conversely, if mult, f = 1, then using the notation of the proof of (7.3), Oy y' @p K = K.
Now O is étale over @x x which we have assumed is an integrally closed domain. Therefore O
is an integrally closed domain. But if a = {a € Oy ys | a-b = 0 for some b € R, b # 0}, then
Oy y'/a is an (5—algebra, integrally dependent on O and contained in Oy y @r K = K. Thus

Oy y'/a = 0. Using generic flatness of f as in (7.4), we find a € O, x such that (O, y-), is flat
!

over R,. Since this means (O, y’), is torsion-free as R,-module, a, = (0) or a' - a = (0), some
[. But now by hypothesis a # 0 at any associated point of Y so
Opy — Oyy
is injective. Since Y X x Spec R is flat over Y,
Oy~ Oy
is injective too. Therefore a = (0), and O y+ = O. Therefore
(Qy/x)y o,y k(y) = (Qyy/spec B) @0, 4 K(Y)
(Qspec 6/ 5pec ) @6 L
= (0)

so Y is étale over X at y by Criterion 4.17. (]

1

The most famous result about multiplicities is the formula n = Y e, f; (cf. Zariski-Samuel
(109, vol. I, p. 287]). In our language, the result is:

THEOREM 7.6. Let f: Y — X be a finite surjective morphism between integral schemes, and
assume X formally irreducible at . Then if f~1(z) = {y1,...,y:}:

[R(Y) : R(X)] =Y multy(f) - [k(y) : k(x)]s.
i=1

PRroOF. This follows immediately from the big diagram in Figure V.4: in fact,

t
Y Xx SpecR = U Y/ (disjoint)
i=1
where Y/ has one closed point y; lying over y; € Y. Then
t

Spec(R(Y) ®r(x) K) = f ' (nx) Xspecr(x) Spec K = |_J Spec(Oy 17 @5 K),
=1
hence

Therefore
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Exercise |.

e When z is a regular point of X, use ‘ Exercise 1, §4A ‘ with R = (596 x to prove that

mult, (f) = e(mg x - Oyy;Oyy).

Use this to give a second proof of the equality of the “results” of Part I and Part II in
case X is non-singular at z.
e In the definition of mult,(f), say X is any intermediate integral scheme:

X —— x +— SpecR

nx N5 1 [(0)]
such that the decomposition of Y is induced by a decomposition already over X:
Y xx X =Y UYa.
Let § = image of ¢/ in Y7, ¥ = image of 2/ in X and K = R(X). Then show
mult, f = dim (Ogyl ®o, ¢ I~(> .
Now if X is of finite type over C, take
X = Spec O x an-

Using the fact that Oy yan is a finite O, x an-module, show that Y xx X as above
decomposes and that ¥ = Spec Oy an. Deduce that the multiplicity of (7.1) is equal
to the multiplicity of Part I [76, (4.19)].



CHAPTER VI

Group schemes, etc.

1. Group schemes ‘Split and modiﬁed‘

DEFINITION 1.1. Let f: G — S be an S-scheme. Then G is a group scheme over S if we are
given three S-morphisms:

p: G xgG— G (“multiplication”)
t:G— G (“inverse”)
e: S —G (“identity” )

such that the following diagrams commute:

a) (“associativity”)

lexp G xgG

G x5 (G x5 Q) K
y .
(GxsG)xsG 0, /

G Xg G
b) (“left and right identity laws”)

GX55&>GXSG

N(”} G \“ G
~ o

SXSG—>GXSG
exlg

c) (“left and right inverse laws”)

GXSGLGXSG

GA/ ! S : &G
A\) X 1g u/

GxsG————Gx5G

To relate this to the usual idea of a group, let p: T"— S be any scheme over S and consider
Homg(T, G), the set of T-valued points of G over S! Then:
a’) via p, get a law of composition in Homg(T', G):
Vf,g € Homg(T,G), define f - g to be the composition:

T Y9 awsc G

(this is associative by virtue of (a)),
b’) via €, get a distinguished element € o p € Homg (T, G) which is a two-sided identity for
this law of composition by virtue of (b),

191
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') via ¢, get a map f +— f~! of Homg(T,G), f~' = to f, which is a two-sided inverse for
this law of composition by virtue of (c).

Summarizing, (u, €, ) make Homg(T', G) into an ordinary group for every T" over S: For instance,
if S = Speck, then the set of k-rational points of GG is a group, and if k is algebraically closed
and G is of finite type over k, this means that the set of closed points of G is a group. If you
think about it, this is really what one should expect: for instance suppose you want to consider
A} as a group via vector addition. If A} = Speck[X1,...,X,], then for any two k-valued points
P', P” their sum is defined by:

Xi(P'+ P") = X;(P') + X;(P");
thus if u(P’, P") = P’ + P”, then the pull-back of the function X; is computed via:
W (X) = Xi(u(P', P")
= X;(P') + X;(P")
= (Xiop1)(P, P") + (X; o p2)(P', P")
= (P Xi + p3X;)(P', P").

Thus the law of composition:

AT Xpeck Af - AT
Il |
Speck[pi X1, ..., i Xn, 05X1, ..., D5X0] Speck[Xq, ..., X,]

is defined by p*X; = piX; +p5X;. Similarly, define ¢ and € via t*X; = —X; and €*X; = 0. Now if
n € A} is the generic point, then to try to add 7 to itself, one would choose a point ¢ € A} x A}
such that p1(¢) = p2(¢) = n and define n + 1 to be u(¢). But, taking n = 1 for instance, then
one could take
generic point of Al x Al
(=4 or
generic point of line pi X = —p5X + a, (a € k).

In the first case, one sees that (¢) = generic point of Al, and in the second case, u(¢) =
(the point X = a)! The moral is that n + 7 is not well-defined.

‘Replaee the following by more general accounts on group schemes?

Another standard group scheme is: define

1
GLy,x = Spec <k[X11, o 7Xnn][m]>
ij

n

pH(Xij) = piXik - p5 X

k=1
€ (Xij) = 0ij
) S 1
(Xi5) = (—1)""7 - ((4,4)-th minor of (X;;)) m
More elegantly, all the group schemes GL,, i, (resp. A}}) over various base schemes
Speck are “induced” from one single group scheme GL,, 7 (resp. A7) over SpecZ.
One checks readily that if f: G — S is a group scheme over S, and p: T — S
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is any morphism, then ps: G xg T — T is a group scheme over 1" in a canonical
way. And one can define “universal” general linear and affine group scheme by:

1
Lz — ZiX11s - Xom] [
Glnz Spec< Par Mdet(Xz'j)]>
A7 = SpecZ[Xy,...,X,]

w*, e 0 given by the same formulae as before.

(Added in publication)

In terms of the way we defined S-schemes as representable functors (Sch/S)° — (Sets) in
1.8, we can formulate group schemes over S as follows:

Denote by (Groups) the category consisting of groups and homomorphisms of groups. Then
group schemes G over S are exactly those S-schemes such that the functors hg they represent
are group functors, that is, factor through the functor (Groups) — (Sets) (that sends a group
to its underlying set and a homomorphism to the underlying map)

ha: (Sch/S)° — (Groups) — (Sets).
Here are some examples:

ExAMPLE 1.2. (cf. Example 1.8.4) G, 5 = Specg(Og[T]) is a commutative group scheme
over S with the additive group

Homg(Z,Gos) =1(Z,0z) for Z € (Sch/S)

and with an obvious homomorphism f*: I'(Z,0z) — I'(Z’,O4) for every S-morphism f: Z’ —
Z.

More generally, we have:

ExXAMPLE 1.3. (cf. Example 1.8.5) Let F be a quasi-coherent Og-module on S. Then the
relatively affine S-scheme
Specg(Symm(F)),
where Symm(F) is the symmetric algebra of F over Og, represents the additive group functor
G defined as follows:

G(Z) =Homp, (07 ®os F,Oz) for Z € (Sch/S)
with the obvious homomorphism
G(f) = f" : Homo,(Fz,0z) — Homo,, (Oz ®og F,Oz) = Homo,, (f*(Oz ®og F), f*Oz)
for f € Homg(Z', Z).
Similarly to Example 1.2, we have:

EXAMPLE 1.4. (cf. Example [.8.6) Gy,.5 = Specg(Os[T, T~1]) is a commutative group scheme
over S with the multiplicative group

Homg(Z,G,,5) =T1(Z,0z2)* for Z € (Sch/S5),
where the asterisk denotes the set of invertible elements, with the obvious homomorphism
" T(2,02)" = T(Z,04)"
for each f € Homg(Z', Z).
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More generally:

EXAMPLE 1.5. (cf. Example 1.8.7) Let n be a positive integer.
1
GLyp,s = Specg <Os [Tn’ ooy T, m]) ;
where T" = (Tj;) is the n x n-matrix with indeterminates 7Tj; as entries, is a relatively affine
S-group scheme representing the multiplicative group functor
Homg(Z,GL,, 5) = GL,(I'(Z,0z)),  for Z € (Sch/S),

the set of n x n-matrices with entries in I'(Z, Oy), with obvious homomorphisms corresponding
to S-morphisms. Clearly, G,, s = GL1 5.

Even more generally, we have (cf. EGA [1, Chapter I, revised, Proposition (9.6.4)]):

EXAMPLE 1.6. (cf. Example 1.8.8) Let £ be a locally free Og-module of finite rank (cf.
Definition 5.3). The group multiplicative functor G' defined by

G(Z) = Autp,(Oz ®og4 E) for Z € (Sch/S)

with obvious homomorphisms corresponding to S-morphisms is represented by a relatively affine
group S-scheme GL(E). Example 1.5 is a special case with

GL, s = GL(OZ").

ExAMPLE 1.7. For a positive integer n and a scheme S, the “multiplicative group of n-th
roots of unity” p, s is the multiplicative group scheme over S defined by

pins(Z2) ={C € T(2,02)" | (" =1}, VZ € (Sch/S)

with obvious homomorphisms corresponding to S-morphisms Z’ — Z. It is represented by the
S-scheme

fin,s = Specg(Oslt]/(t" —1)).

EXAMPLE 1.8. Let S be a scheme of prime characteristic p (that is, p = 0 in Og, e.g.,
S = Spec(k) for a field k of characteristic p > 0). «, g is an additive group scheme over S

defined by

op5(Z) ={£€T(Z,02) | " =0},  VZ e (Sch/S)
with obvious homomorphisms corresponding to S-morphisms Z' — Z. It is represented by the
S-scheme

ap,s = Specg(Os|t]/(t7)).
For v > 2, we can define oy g similarly.

ExaMpPLE 1.9. The relative Picard functor in Example 1.8.12 is the commutative group
functor
Picy/g: (Sch/S)® — (Groups)
defined by
Picy/s(Z) = Coker[p™: Pic(Z) — Pic(X xg Z)] for each S-scheme ¢: Z — S

and the homomorphism f*: Picx;s(Z) — Picx/g(Z’) induced by the inverse image by each
S-morphism f: Z' — Z. The “sheafified” version of the relative Picard functor Picy,s when
representable thus gives rise to a commutative group scheme over S called the relative Picard
scheme of X/S. The reader is again referred to FGA [2, exposés 232, 236] as well as Kleiman’s
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account on the interesting history (before and after FGA [2]) in FAG [3, Chapter 9]. See also
Bosch, Litkebohmert and Raynaud [25].

S = Spec(k), with a field k. Murre [77] on the criterion of representability of commutative
group functors over fields.

Lie(PiCX/k) = Hl(X, Ox)

Mumford [73]

ExXAMPLE 1.10. X scheme over S. G: (Sch/S)° — (Groups) defined by

G(Z) = Auty(X xg Z), for Z € (Sch/S)

and an obvious homomorphism G(Z) — G(Z') induced by the base extension by each S-
morphism f: Z' — Z. FGA [2, exposés 195, 221].

The automorphism group scheme Autg(X) over S if representable.

X =P%, Autg(PY) = PGLy 41,5 (cf. Mumford [72, Chapter 0, §5, p.20])

P =Projs(Os[Xo, ..., Xn]) =P7 xS, PGLnpt1,9 = PGLyt12 XS
PGL;,+1 = PGL,,117 open subset of Proj(Z[Aqo, ..., Ann]) with det(A4;;) # 0.

Matsusaka

S = Spec(k) with a field k. Matsumura-Oort [70] on the criterion of representability of
group functors over fields generalizing the commutative case dealt with by Murre [77].

Lie(Auty (X)) = H°(X, ©x) the tangent space of Auty(X) at idx.

THEOREM 1.11 (Cartier [27]). Any group scheme G of finite type over a field k of charac-
teristic 0 is smooth, hence, in particular, reduced.

PROOF. We reproduce the proof in [74, Chapter I11, §11, Theorem, p.101]. Denote by e € G
the image of the identity morphism e: Spec(k) — G. Obviously e is a k-rational point, that is,
k(e) = k. For simplicity, we denote

0= Oe,G’y m=meqG-

By what we saw in §V .4, it suffices to show that O is a regular local ring, since the argument works
for the base extension G Xgpec i Speck to the algebraic closure k and the translation by Spec(k)-
valued points of GG are isomorphisms sending e to the other closed points of G' Xgpeck Spec k.

Choose 21, ...,T, € m so that their images form a k-basis of m/m?2. Thus we obtain a con-
tinuous surjective k-algebra homomorphism from the formal power series ring to the completion
of O: R

[0 k[[tl,...,tn“ —>O, a(ti) = Tj.
As we show immediately after this proof (cf. Proposition-Definition 1.12), the map
Dery,(0) — Homy(m/m? k) = T, &

sending a local vector field D € Deri(O) at e to the tangent vector of G at e sending f € m to
(Df)(e) is surjective. Hence we can choose Dy, ..., D, € Dery(O) such that

Di(x) = 6.

The D;’s obviously induce derivations of the completion O so that we get the Taylor expansion
map (k is of characteristic 0!)

B: 0 —Kk[[t1,... tn]

e 3 DL DR

V1 oo Vn
il | b tn"s
Vl,eesUn 1 n:
v; >0
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which is a continuous k-algebra homomorphism. [ is surjective since 8(x;) = t; mod (t1,...,t,)%
Consequently, o « is a surjective k-algebra homomorphism of k[[t1,...,t,]] onto itself, hence
is an automorphism. Thus « is injective as well so that

~ ~

a: k[[t1,...,ty]] — O,
and O is regular, hence so is O. O

In general, let G be a scheme over a field k£, and e a k-rational point of G. Denote by
Der(Og) the space of global k-derivations of Og into itself, that is, the space of vector fields
on G.

Introduce the k-algebra of “dual numbers”
A = K[6]/(6%) = k @ ké.

Then the vector fields D € Dery(O¢g) are in one-to-one correspondence with the A-algebra
automorphisms

D: OG(X)kALOC;@kA
inducing the identity automorphism modulo § by

D(a+b8) = a+ ((Da) +b)s,  a,be Og.
Likewise, the tangent vectors ¢t € Dery(Oe,q, k) of G at e are in one-to-one correspondence with
the A-algebra homomorphisms
t: Oec O A — A
inducing the canonical surjection O, ¢ — k& mod m, ¢ by

t(a+bd) = a(e) + (t(a) + b(e))d, a,be 0.
PROPOSITION-DEFINITION 1.12. Let G be a group scheme over a field k. A wvector field
D € Deri(Og) is said to be left invariant if

Og —2—— 0q

“*J/ J/“*
184D

Ocx,¢ —— Oax,a
is a commutative diagram. The k-vector space Lie(G) of left invariant vector fields on G is called
the Lie algebra of G. We have a natural isomorphism of k-vector spaces
Lie(G) — T, -
PRrROOF. Let
D: Og @i A — Oc @1 A

be the the A-algebra automorphism corresponding to a vector field D € Derg(Og). Then the
left invariance of D is equivalent to the commutativity of the following diagram

G x5, G x5, Spec A — 24 & %, G x4 Spec A

(*) uxlAl ‘/uxl/\

G X}, SpecA ———— G X}, Spec A,
D

where we use the same symbol D for the (Spec A)-automorphism G x; Spec A — G x, Spec A
induced by D: Og @1 A — Og @y, A, etc.
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If we denote
D =p oD: G xy Spec A i G xj Spec A 25 G,
then the commutativity of the diagram (x) is equivalent to
D'z -y,l)=z-D'(y,1), Ve,y € G(Z), Vile (SpecA)(Z) (Z-valued points)
for any k-scheme Z, or equivalently,
D'(x,1) =z - D'(e,1), Ve e G(Z), Vle (SpecA)(2)

for any k-scheme Z. If we denote

t=pm oDo (e,15): Spec A — G X Spec A L.a X Spec A 25 G,
then D is the right multiplication by ¢ € G(Spec A). Thus the A-valued points t of G are in

one-to-one correspondence with the automorphisms D of G xj Spec A over Spec A such that the
diagram (x) commutes by the correspondence

proDo(e 1) =t.
Thus the left invariant vector fields D € Derg(Og) are in one-to-one correspondence with the
tangent vectors
t e Derk(oe,g, k‘) = Te,G-
O

REMARK. When S = Spec(k) with a field k& of characteristic p > 0, the additive group
scheme

apr,s = Spec(k[t] /("))
is not reduced with only one point! If n is divisible by p, the “multiplicative group of roots of
unity” pi, g is not reduced either. Indeed, if n = p” x n’ with n’ not divisible by p, then

pin,s = Spec(k[t]/(t" — 1)) = Spec(k[t]/(t" — 1)),
DEFINITION 1.13. An S-morphism f: H — G is a homomorphism of group schemes over S
if the map
f(Z): HZ) — G(Z), VZ € (Sch/S)
is a group homomorphism. The kernel Ker(f) is then defined as the group functor
Ker(f)(Z) = Ker(f(2): H(Z) — G(Z)),  ¥Z € (Sch/S)
with obvious homomorphisms corresponding to S-morphisms 2/ — Z.

Obviously, Ker(f) is a group scheme over S represented by the fibre product
Ker(f) —— S

I

H 4>f G,
where €g is the identity morphism for G.

ExAMPLE 1.14. If G is a commutative group scheme over S with the group law written
additively, the morphism nidg for any positive integer defined by

G(Z)> & nida(§) =nE =&+ - +E€G(Z),  VZ e (Sch/S)

n times
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is obviously a homomorphism of group schemes over S. Very often we denote ,,G = Ker(nidg).
For example
Hn, S = nGm,S-

There is an important homomorphism peculiar to characteristic p > 0.

DEFINITION 1.15. Let S be a scheme of prime characteristic p (that is, p = 0 in Og, e.g.,
S = Spec(k) with a field k of characteristic p > 0). As in Definition IV.3.1 denote by

¢pg: S — S

the morphism that is set-theoretically the identity map while ¢&(a) = a? for all open U C S
and for all a € I'(U, Og). For any S-group scheme 7: G — S, we have a commutative diagram

ote:

T s

e Q
—Q

_
_—
os

=

hence a homomorphism of S-group schemes called the Frobenius homomorphism
F: G — GP) =G5 .= (8, ¢s) x5 G,

where (5, ¢g) denotes the S-scheme ¢g: S — S. We define the iterated Frobenius homomor-
phism
F’ G — aq®) = qw’/s)

similarly.
ExAMPLE 1.16. We have
aps = Ker(F: Gg 5 — Ggp)s)

EXAMPLE 1.17. An S-group scheme 7: X — S is called an abelian scheme if 7 is smooth
and proper with geometric fibres connected. X turns out to be commutative (at lease when S
is noetherian). (cf. Mumford [72, Corollary 6.6, p.117])

When S = Spec(k) with a field k, an abelian scheme X over S is called an abelian variety
over k. Thus X is a geometrically connected group scheme proper and smooth over k. In this
case, the commutativity is shown in two different ways in Mumford [74, pp.41 and 44]. X is
also shown to be divisible, that is, nidx is surjective for any positive integer n.

When k = C, the set X(C) of C-valued points of an abelian variety X over C turns out to
be a complex torus.

EXAMPLE 1.18. An algebraic group G is a smooth group scheme of finite type over a field k.
An algebraic group G over k is affine if and only if it can be realized as a linear group, that is,
as a closed subgroup of a general linear group GL;, .

DEFINITION 1.19. Suppose ¢: H — G is a homomorphism of S-group schemes. A pair
(G/H, ) of an S-scheme G/H and an S-morphism 7: G — G/H is said to be the quotient of
G by H, if it is universal for all pairs (Y, f) of an S-scheme Y and an S-morphism f: G — Y
such that the following diagram commutes:

GxsH pgo(laxsd) a
p1l lf
G Y,
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that is, there exists a unique S-morphism f’: G/H — Y such that f = f'ox. If H is a normal
S-subgroup scheme of G with ¢ the canonical monomorphism so that H(Z) is a normal subgroup
of G(Z) for any Z € (Sch/S), then G/H inherits a unique structure of S-group scheme such
that 7: G — G/H is an S-homomorphism with Ker(7) = H. In this case G/H is called the
quotient group scheme.

The rest of this section is yet to be worked out. ‘

We certainly need conditions for the existence of G/H.

e FGA [2, exposé 212, Corollaries 7.3 and 7.4] shows the existence in the case where S
is the spectrum of an artinian ring (in particular, a field): Suppose G is of finite type
and flat over S and that H is an S-subgroup scheme of G with H flat over S. Then
G/H exists with 7: G — G/H flat and surjective. Moreover, the quotient is shown to
commute with base changes S’ — S.

e Demazure-Gabriel [34, Chapter III, §3] and SGA3 [6, exposés VI, and VIg| deal with
the quotient in terms of the “sheafification” of the contravariant functor

(Sch/S) > Z — G(Z)/H(Z) € (Sets).

e (cf. Borel [23, Chapter II, Theorem 6.8]) If G is an algebraic group over a field k¥ and H
is a closed algebraic subgroup over k, then G/H exists (Weil 1955 and Rosenlicht 1956)
and is a smooth quasi-projective (cf. Definition I1.5.8) algebraic variety over k (Chow
1957). See Raynaud [81] for the corresponding results in the case of more general base
schemes S.

Action G x X — X in Definition 2.2.3.

ExaMPLE 1.20. PGL, 41 = GL,,+1 /Gy, where G,,, C GL, 41 is the normal subgroup scheme
of “invertible scalar matrices”.

THEOREM 1.21 (Chevally 1953). (See Rosenlicht [82, Theorem 16] and Chevalley [28]. A
“modern” proof can be found in Conrad [32].) A geometrically connected algebraic group G has
a geometrically connected closed affine normal subgroup L such that G/L is an abelian variety.
Such L is unique and contains all other geometrically connected closed affine subgroups of G.

THEOREM 1.22 (Chevalley). (cf. Demazure-Gabriel [34, Chapter I1I, §3.5] and SGA3 [6,
Vg, Theorem 11.17, p.408]) If G is an affine algebraic group and H is a closed normal algebraic
subgroup, then G/H is an affine algebraic group.

EXAMPLE 1.23. Borel subgroups (cf. Borel [23])
Classification of semi-simple (affine) algebraic groups (cf. Chevalley [30].)
Generalizations in SGA3 [6], Demazure-Gabriel [34].

2. Lang’s theorem

We can combine the geometric frobenius morphism (Definition IV.3.2) with ideas of smooth-
ness to give a very pretty result due to Lang [66].
THEOREM 2.1 (Lang). Let k =T, k = an algebraic closure of k.

a) Let G be a connected reduced group scheme of finite type over Speck and let G =
G XSpeck Speck. Then G will be regular (smooth over k) and irreducible.
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b) Let
fo = féeom: G —G

be the geometric frobenius morphism (cf. Definition 1V.3.2). Define a k-morphism
: G — G on closed points by

z— (z) =z - fo(z) ™
and in general by the composition:

— — — (1mx(tof, — — —
61 G2 G xg i G G G5 T

Then v is finite étale and surjective.
c) Moreover the group G(k) of k-rational points of G is finite and if we let each a € G(k)
act on G by right translation R,, then
1) Va e G(k), po R, =1
2) Va,y € G, ¥(x) = ¥(y) <= Ja € G(k) such that x = Ry(y).

PROOF. According to Theorem IV.2.4, G is reduced because F, is perfect. Therefore the set
of regular (smooth over k) points U C G is dense (cf. Jacobian criterion in Corollary V.4.2). But
if 2,y € G are any two closed points, right translation by =1 -y is an automorphism of G taking
xztoy. Soif x € U, then y € U too. Therefore U contains every closed point, hence U = G. But
then the components of G are disjoint. Now the identity point e = Image(e) is a k-rational point
of G, hence it is Gal(k/k)-invariant. Therefore the component G, of G containing e as well as
G\ G, are Gal-invariant open sets. By Theorem IV.2.3, this implies that G is disconnected too,
unless G = G,. This proves (a).

Next note that fg: G — G is a homomorphism of k-group schemes, i.e.,

commutes. This is because if you write G = G X Spec k Speck, then u equals p' x 1z where
1 G Xspeck G — G is multiplication for G; but by definition fg = ¢f, x 13 (if ¢ = p”) and for
any morphism ¢g: X — Y in characteristic p, ¢x 0 g = g o ¢x (cf. Definition IV.3.1). Then for
all closed points = € G, a € G(k)

Yo Ro(x) = ¢(z - a)
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and for all closed points z,y € G:
b(x) =p(y) <=z -falx) ' =y-faly) ™
=y ta=1fsy) " fa(x)

1.x:fG(y_1 ;1;)

vy
— y~ .z is Gal(k/k)-invariant
—ylr=acqGk)
< 1z = R,(y) for some a € G(k).
But now for any scheme X of finite type over k, X (k) is finite. The last result shows that the
two closed subsets of G XSpeck G, namely

U (Graph of R,) and the fibre product: G xgG

aeG(k) e / I e
g

have the same closed points. Therefore these sets are equal. This proves (c).
Now we come to the main point — (b). We prove first that v is étale using Criterion V.4.6:
Va € G closed, dip,: T ¢~ Ty is an isomorphism. We use:

z,

LEMMA 2.2. If X is a scheme over k = F, and X=X X Spec k SPecC k, then the k-morphism
fx = 5" X — X induces the zero map

PROOF OF LEMMA 2.2. We may as well assume X affine, say = SpecR. Then X =
Spec(R @ k) and fy is induced by the homomorphism

Rork — Rk

Zai®bir—>2ag®bi.

£% (d(z 4 ® b,~)> =d(> al o b)
=Y d@) @b+ Y al @ db;
—0.

Therefore

By Chapter V, this means that for all closed points of = € G,

is zero. To compute di, : T:cE — 1T W) G use the identification of T:cE with the set of k[e]-valued
points t: Speckle] — G of G with Image(t) = {x} (cf. §V.1). In terms of this identification, if
t €T, 5, then di),(t) is nothing but ¢ o t. Hence using the group law in the set of kle]-valued
points of G:

dip () =t - £ (£) 7.

But if O, is the 0 tangent vector at y, i.e.,
Spec kle] — Speck — G with image y,
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then Lemma 2.2 showed that fx () = Og(,), hence
dl/)x(t) =1t- Ofx(x)*la vVt € TL)(.

The map ¢ +— t - Og, () is then an inverse to di); so di, is an isomorphism.

Next, f is surjective. In fact for all closed points a € G we can introduce a new morphism
(@) given on closed points by:

P (z)=z-a-fx(z)"h.
The same argument given for v also shows that () is étale. Therefore (%) is flat and by
, Image(1)(*)) is open. Therefore
Image() N Image(¥\) # 0,
i.e., 3 closed points by, by € G such that
by fx (b))t =boa-fx(b) "t

Then one calculates immediately that (b5 Lob) =a.

Finally v is finite: by , 3 a non-empty open U C G such that resv: v~ 'U — U
is finite. But if L, is left translation by a, then for all closed points a € G, consider the
commutative diagram:

It follows that res) is finite from L, (1 ~'U) to La(Rg(q)-1(U)) too. Since G is covered by the

open sets L, (1 ~1U), ¢ is everywhere finite. O
For example, applied to A,lﬁ, the theorem gives the Artin-Schreier homomorphism:
Al 1
Y Ar — Ac
(@) =z —af

Kert = F, C Ap.
On GL;(k), v is the homomorphism
U(x) = '™
Kery = F; C GLy(k),
while on GLy(k), 1 is given by:
" a b _(a b\ [a” VT -
c d “\c d c? dl
1 ad? —bc?  —ab? 4 ba?
(ad —bc)? \ cd? —dc? —cb?+ dal

Lang invented this theorem because of its remarkable application to homogeneous spaces for G
over k. We need another definition to explain this:

DEFINITION 2.3. Let f: G — S plus (u,¢€,t) be a group scheme and let p: X — S be any
scheme over S. Then an action of G on X is an S-morphism:

0:Gxg X — X

such that the following diagrams commute:
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a) (“associativity”)

(GXsG)XSXle>GXsX

| x
GXS(GXSX)TGXSX
GXO

b) (“identity acts by identity”)

SXSX&%}XSX

oL e

X—X

COROLLARY 2.4. Let G be a connected reduced group scheme of finite type over k =1, and
let X be a scheme of finite type over k on which G acts via o. Let 3 be a set of subschemes of
X=X X Spec k Speck such that:

a)VZ € %, a € G closed, o0(a,Z) € ¥ and V71,7, € ¥, Ja € G closed such that
O'((I)(Zl)f ZQI_

b) if f}glth: X — X is the frobenius automorphism (cf. Definition 1V.3.2), then VZ € X,
faith(7) e 3.

Then X contains at least one subscheme Z of the form Z' Xgpec i, Spec k, Z' a subscheme of X.
PROOF. Start with any Z € ¥ and combine (a) and (b) to write
£ (7) = 0(a)(Z), a € G closed.
By Lang’s theorem (Theorem 2.1),
at=b-f5(b)"", beq closed.
Now on closed points, féoom = fgmh, so we deduce
£ (2) = o (£25700) (0 (571 (2)),
hence since o is defined over k:
£ (0(b71)(2)) = o(FF "0 (T (2))
=o(b"H(2).

Therefore o(b~!)(Z) € ¥ and is invariant under Gal(k/k). So by Theorem 1V.2.9, o(b=1)(Z) =
Z' Xspeck Spec k for some subscheme Z’ of X. O

COROLLARY 2.5. Let G, X be as above. Assume the group of closed points of G acts tran-
sitively on the set of closed points of X. Then X (k) # ().

ProoOF. Apply Corollary 2.4 with ¥ = the closed points of X. U

If X is a smooth quadric hypersurface in P}, or a smooth cubie curve in IP’%, it can be shown
that such a G always exists, hence X has a k-rational point! For some conics in ]P’i, the next
corollary tells us more:

15(a) is short for the automorphism of X:

X = Speck xspecfy stpeCEYLY.
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COROLLARY 2.6. Let Y be a scheme of finite type over k such that
Y = IP’% over k.
Then
Y = P} over k.

Proor. Take the X in Corollary 2.4 to be Y Xgpecr Pi. Let X be the set of graphs of k-
isomorphisms from IP’% toY. Let G = GL,, 41 and let G act on X by acting trivially on Y and
acting in the usual fashion on P} (one should check that this action is a morphism). Recall that
every k-automorphism of IP’% is induced by the action of some g € GL,,;1(k) = the closed points

of G (, Example 1.1.10): this shows that the closed points of G act transitively on

[ is a k-isomorphism of P} and Y (compare ) O
REMARK. See Proposition IV.3.5 and Corollary VIIIL.1.8 for P! over finite fields.

3. Belyi’s three point theorem
(Added in publication)

The following result is due to Belyi [21], [22]:

THEOREM 3.1 (Belyi’s three point theorem). Let C' be an irreducible curve proper smooth
curve over C. Then C is defined over the field Q of algebraic numbers (that is, C' = Cy X Spec(@)
Spec(C) for some Cy over Q) if and only if it can be represented as a covering of the projective
line IP’(lc branched only at 0, 1, co.

Let C and C' be irreducible curves proper and smooth over an algebraically closed field k,
and f: C — (' a finite surjective separable morphism. The ramification locus of f is the finite
set of closed points of C' at which f is not étale, and coincides with Supp(Q¢ /cr) by Definition
V.3.1 and Criterion V.4.1.

A(f) = f(Supp(Qc/cr))
is called the branch locus of f.

REMARK. (Added in Publication) This result is closely related to “dessins d’enfants” intro-
duced by Grothendieck [43]. See, for instance, Luminy Proceedings [44].

PROOF OF THE “ONLY IF” PART OF THEOREM 3.1. We show that if C is an irreducible
curve proper and smooth over Q, then there exists a finite surjective morphism f: C' — ]P’}@ such
that A(f)(Q) € {0, 1, 00}.

Since the function field R(C) is an extension of Q of transcendence degree 1, choose fy €
R(C) \ Q, which gives a finite surjective morphism

fo: C — ]P’}@.

Without loss of generality, we may assume A(fo)(Q) C P1(Q) contains ooc.
We now show the existence of a non-constant polynomial g(t) € Q[t] such that the composite
morphism

go fo: C’LP}@LP}@
satisfies A(g o fo)(Q) C P}(Q) by induction on
o) =" > (kr):Q-1).

yeA(f0)(Q)



3. BELYI’'S THREE

POINT THEOREM 205

There is nothing to prove if §(fy) = 0. If 6(fo) > 0, choose y; € A(fo)(Q) with [k(y1) : Q] > 1.
Let g1(t) be the minimal polynomial over Q of y;. We have 6(g1 o fo) < d(fo), since g1(y1) = 0.

Thus it suffices to show the following:

LEMMA 3.2 (Belyi). If f1: ]P’}@ — ]P’}@ s a fini
then there exists a finite surjective morphism

te surjective morphism with A(f1)(Q) C PHQ),

.l 1

such that A(ho f1)(Q) C {0,1,00}.

THE FIRST PROOF OF LEMMA 3.2. We prove the existence of h(t) € Q[t] by induction on

the cardinality #A(f1)(Q).

If #A(f1)(Q) < 3, we choose h to be a linear fractional transformation with coefficients in

Q that sends A(f1)(Q) to {0,1,00}.

If #A(f1)(Q) > 3, we may choose a suitable linear fractional transformation with coefficients

in Q and assume that

n

A 0,1, ——
(fl)(@) ) { ) 7m+nvoo}
for positive integers m, n. Let
(m + n)m+n
h(t) = "1 -t)" eQ[t
() = (1 — )" € Q.
which gives a morphism h: Pb — Pb with
h(0) =0
h(1)=0
h(—2—)=1.
m+n

Thus we have #A(ho f1)(Q) < #A(f1)(Q).

O

THE SECOND PROOF OF LEMMA 3.2. By linear fractional transformation with coefficients

in Q we may assume

A(f)@Q) = {A1, -

A, 00} € PHQ)

with Ay,..., )\, € Z such that
0:>\1<>\2<"'</\m ng()\g,...,/\n):l.
Denote the Vandermonde determinant by
1 1 1
A1 Ao An
w=WO,... ) = | A A3 A [=TTow =)
S : 3>l
APt At

Similarly, denote the Vandermonde determinant

w; = (—1)n_iW()\1, ‘e ,)/\\Z', ‘e

foreach i =1,...,n by

) = (=DM TG = s

§>1
Jii
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where )/\\Z means A; deleted. It is easy to check that

n

Z ws N w
t—X  ITim (= N)

Let r; = w;/ ged(wy, ..., wy) € Z and

Note that Y ;7 = 0. Since

W) ~~ 1 w/ged(wi,... ,wp)
h(t) ; t=Xx Il —-N)

the ramification locus of h: ]P’(b — ]P’(%2 is contained in {\i,...,\,,o0}, while A(R)(Q) C
{0,1,00}. We see that

Then the composite

1 fipl b opl
]P’@ —— ]P’@ — P@
has the property A(ho f1)(Q) C {0,1,00}. O

O

PROOF OF THE “IF” PART OF THEOREM 3.1. We show that if ¢': C' — P{. is a finite cov-
ering with A(g)(C) C {0,1, 00}, then there exists a curve Cp over Q such that C' = Cy Xgpec(0)
Spec(C) = (Co)c-

We basically follow the arguments in notes provided by Carlos Simpson.

Here is what we are going to do: We construct a “deformation” f: X — S of C parametrized
by an irreducible affine smooth variety S over Q. Then the fibre over a Q-rational point sg € S
turns out to be Cy we are looking for.

Since C' is projective (cf. Proposition V.5.11), we have a closed immersion C' < ]P)g . In
view of the covering ¢': C' — IP’}C and the Segre embedding (cf. Example 1.8.11 and Proposition
I1.1.2), we have closed immersions

C — P Xgpee(c) P& — PRV L

Using an idea similar to that in the proof of Proposition IV.1.4, we have a subring R C C
generated over Q by the coefficients of the finite number of homogeneous equations defining C'
as well as Pg X Spec(C) IP’(lc in IP’(%N *1 and a scheme X of finite type over R with closed immersions

X < PR Xspec(r) PR — PR
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such that the base extension by Spec(C) — Spec(R) gives rise to
C — P Xgpee(c) P& — PEVT

S = Spec(R) is an integral scheme of finite type over Q. Replacing S by a suitable non-empty
affine open subset, we may assume S to be smooth over Q. Moreover, S is endowed with a
fixed C-valued point Spec(C) — S. Denote the structure morphism of X by f: X — S. By
construction, we have a factorization

f:x-LpPy—S
with f and g projective. Moreover, the base extension by Spec(C) — S gives rise to
C = Xc <, Pt — Spec(C).
We now show the following;:

LEMMA 3.3. There exists a non-empty affine open subset Sy C S such that the restriction
f: Xo = f7(80) 5 P§, — So
to Sy satisfies the following conditions:
i) Xy is integral.

i) f: Xo — So is surjective and smooth of relative dimension 1.
i) g: Xo — IP%O is étale outside {0,1,00} x So. We may further assume

f(Xo\ ({0, 1,00} x Sp)) = So.

Proor oF LEMMA 3.3.

Proof of (i): Let K be the function field of S so that K is the field of fractions of R and
is a subfield of C. The fibre of f over the generic point ng of S is f~(ns) = Xx, whose base
extension by Spec(C) — Spec(K) gives rise to the original curve C' = X¢. Hence X is integral.

Let X = |J; X; be the irreducible decomposition with the generic point n; of X; for each 1.
Let U;’s be mutually disjoint neighborhoods of 1;. Since Xy = f~!(ng) is irreducible, at most
one U; intersects f~1(ng). If none of the n;’s were in f~!(ng), then for each i we would have

f(ni) # ms so that ns ¢ f(n;) and f~(ns) 0 f~'(f(m)) = 0. Since closed f~(f(n;)) contains
X;, we would have f~'(ng) N X; = ) for all i, a contradiction. Thus there exists exactly one i

such that n; € f~!(ns). Hence f~1(ns) C X; and ns ¢ f(X\X;). By Chevalley’s Nullstellensatz
(cf. Theorem I1.2.9) f(X \ X;) is constructible. Thus there exists an open neighborhood Sy of
ns with So N f(X \ X;) = 0. Hence f~1(Sy) N (X \ X;) = 0 so that f~1(Sy) C X; is irreducible.
Obviously, we may replace Sy by a non-empty affine open subset.

Let us replace S and X by this Sy and f~1(Sp), respectively so that we may now assume X
to be irreducible.

We next show that there exists a non-empty affine open subset Spec(R;) C S = Spec(R) for
some t € R such that f~!(Spec(R;)) is reduced. Indeed, let X = J, Spec(4;) be a finite affine
open covering. Since Xx = f~1(ng) is reduced, 4; @ K is reduced for all i. Obviously, there
exists a non-zero divisor t; € R such that A; ®p Ry, is reduced. Letting t = [], ¢;, we see that
X xg Spec(R;) = f~!(Spec(Ry)) is reduced.

Proof of (ii): Let us replace S and X by Spec(R;) and f~1(Spec(R;)) in (i), respectively
so that we may assume X to be integral with the generic point nx of X mapped by f to ng.

Since X¢ = C'is smooth of relative dimension 1 over C, so is X g smooth of relative dimension
1 over K. By what we saw in §V.3, the stalks of Qy /g at points = € f~1(ns) are locally free
of rank 1. Thus we find an open neighborhood U of f~!(ng) such that f: U — S is smooth of
relative dimension 1. Since f is projective, f(X \ U) is closed and does not contain ng. Hence
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Sp =S8\ f(X \U) is an open neighborhood of ng such that f=1(Sp) — Sp is smooth of relative
dimension 1.

Replacing S and X by this Sy and f~!(Sp), respectively, we may thus assume f: X — S to
be smooth of relative dimension 1.

Proof of (iii): The base extension of g: X — P by Spec(C) — Sis ¢: C = X¢ — Pf,
which is étale outside {0,1,00}. Hence the base extension

gk X = f1(ns) — Pk

by Spec(K) — S is étale outside {0,1,00}. By what we say in §V.3, we have

Supp(Qx/p1) N f~H(1s) € {0,1,00} x {ns}-
Denote
E=g"({0,1,00} x 5)

D = the closure of (Supp(QX/Pé) \E) .

Thus ng ¢ f(D \ E), which is constructible again by Chevalley’s Nullstellensatz. Hence ng ¢

f(D\ E) = f(D), and there exists an open affine neighborhood of ng such that Sy N f(D) = 0.
Consequently, f~1(Sy) N D = () so that g: f~(Sy) — IP}gO is étale outside {0,1, 00} x Sp, and
g: f71(S0) \ E — P,
is étale.
We may thus replace S and X by this Sy and f~1(Sp), respectively. If f(X \ E) # S, then
since f(X \ E) contains ng and is constructible again by Chevalley’s Nullstellensatz, there exists

an affine open neighborhood Sy of ng such that for Xog = f~1(Sp), we have f(Xo\ E) = Sp.
Thus we are in the situation as in Figure VI.1. O

To continue the proof of the “if” part of Theorem 3.1, we denote Xy and Sy obtained in
Lemma 3.3 by X and S, respectively.

Choose a closed point sy € S. Obviously, we have k(sg) = Q. Thus Cy = f~!(sg) is an
irreducible projective smooth curve over Q. We now show

C =y XSpec(D) Spec(C) as algebraic curves,
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which would finish the proof of the “if” part of Theorem 3.1.

The base change by Spec(C) — Spec(Q) of what we obtained in Lemma 3.3 gives rise to
fe: Xe 25 PE Xspeo(c) Sc — Sc.
We also have two C-valued points of Sc:
to: Spec(C) — Sc  induced by k(sg) = Q — C
t1: Spec(C) — S¢  induced by k(ng) = K — C
so that
(fe) " (to) = Co Xgpee(m) SPeC(C)
(fe) () = C.

As we explain later in §VIII.2, let us consider the associated complex analytic spaces and holo-
morphic maps. For simplicity, we denote

M =Xg", T=5g PYC)= ()™, »=ft" ¢=g"
Thus we have
o M S PHC)x T — T,

where M and T are connected complex manifolds, ¢: M — T is a proper smooth holomorphic
map of relative dimension 1, ¢): M — P!(C)x T is a finite covering unramified outside {0, 1, 0o} x
T. We can regard ty and t; as points of 1" so that

v~ (to) = (CO X Spec(Q) SpeC(C))an
o (t) = Cn,
LEMMA 3.4. For any pair of points t,t' € T, one has
e Ht) = o H(t) as complex manifolds.
As a consequence of this lemma, one has
(Co X gpeey SP(C))™ = 971 (t0) = 7! (1) = O™
In view of a GAGA result given as Corollary VIII.2.11 later, we have

Coxsp ec(@) Spec(C) = as algebraic curves.

Proor orF LEMMA 3.4. For simplicity, denote
P° =PYC)\ {0,1, 00}, M° =1 (P°xT)
so that the restriction of ¥ to M° induces a finite surjective unramifield covering
o M° — P° x T.
For each t € T, let
Vo o M) N M° — P° x {t} = P°

be the restriction of ¢° to the fibre over t.
We claim that for any pair of points ¢,t' € T, there exists a homeomorphism

h:o ') N M° — o7 () N M°
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such that the diagram

o ) N M —— s Ny A M
W\) po i/f/

is commutative.
Before proving this claim, let us continue the proof of Lemma 3.4. Since 17 and vy, are finite
unramifield coverings of P°, they are local analytic isomorphisms. Hence

h:p tt)N M = o) n M°
is necessarily an analytic isomorphism. Examining h on a disjoint open disc at each point of the
finite ramification loci =1 (¢)\ (971 (£)NM°) and 1 (') \ (¢~ 1 (t')NM°®), we see by the Riemann
Extension Theorem that h extends to a unique analytic isomorphism h: ¢~ 1(t) = @ 71(¢).
It remains to prove the above claim. Since T is path-connected, it suffices to show the claim
for ¢ in a contractible open neighborhood (e.g., open ball) U of t. Denote by ¢f;: ¢~ (U)NM° —
P° x U the restriction of 1°. Thus we have a commutative diagram

@~ (t) N M°C e N (U) N M°

| o

PP P x [} s PO U

The finite surjective unramified covering ¢y, corresponds, in terms of the fundamental groups,
to a subgroup
Wl((p_l(U) N MO) C 7T1(PO X U)
of finite index. The restriction of this covering to the covering 1y along the fibre corresponds to
a subgroup
m1(e () N M°) C 7 (P°).
Since U is assumed to be contractible, the restriction to the fibre induces isomorphisms

Wl((p(U)ﬂMo) C 7T1(PO><U)
m(pH(t) N M°) < m(P°),
hence a commutative diagram

homeo
(¢71() N M®) x U~ o~ (U) N M

]

4. Fulton’s proof of connectedness of 9, ‘No manuscript






