



































































































































































































































2. COMPARISON OF ALGEBRAIC WITH ANALYTIC COHOMOLOGY 287

analytic functions on X and Y at x and y and the formal completions of these rings are related
by:

Now f;, is an isomorphism by assumption. If a € Ox ,, write a = b/c, b,c € Oy, using the fact
that f is birational. Then

f2, isomorphism = 3a’ € (Oyan)y with b =c- d’
= be Oy,y Ne- (/’)\y,y.
But for any ideal a C Oy, a = OyyNa- @yvy, so b€ c-Oyy,ie., ac Oyy. O
O

COROLLARY 2.13 (Projective case of Riemann’s Existence Theorem). Let X be a complex
projective variety’. Let Y be a compact topological space and

7Y — (X in the classical topology)

a covering map (since Y s compact, this amounts merely to requiring that 7 is a local homeo-
morphism). Then there is a unique scheme Y and étale proper morphism 7:Y — X such that
there exists a homeomorphism p:

T

(X in the classical topology).

Q

Y

(Y in the classical topology)

A

PRrROOF. Given 37, note first that since 7 is a local homeomorphism we can put a unique
analytic structure on it making 7 into a local analytic isomorphism. Let B = 7. (Og): this is a
sheaf of Ox an-algebras. Now every x € X has a neighborhood U such that 77 1(U) = disjoint
union of [ copies of U; hence By = @221 Ox an as a sheaf of algebras. In particular, B is a
coherent analytic sheaf of Ox an-modules. Recall that we can identify sheaves of Ox an-modules
with sheaves of Opn an-modules, (0) outside X and killed by multiplication by Zx. Therefore by
the fundamental GAGA Theorem 2.8, B = B, for some algebraic coherent sheaf of Ox-modules
B. Multiplication in B defines an Ox an-module homomorphism

p: B®oy.,., B— B,
hence by the GAGA Theorem 2.8 again this is induced by some Ox-module homomorphism:
v: B Ro, B — B.

The associative law for p implies it for v and so this makes 9 into a sheaf of Ox-algebras.
The unit in B similarly gives a unit in 8. We now define Y = Spec x(98), with 7: ¥ — X the
canonical map (proper since B is coherent by Proposition 11.6.5). How are Y and Y related?
We have

5The theorem is true in fact for any variety X and finite-sheeted covering 7*: Y* — X but this is harder, cf.
SGA4 [7, Theorem 4.3, Exposé 11], where Artin deduces the general case from Grauert-Remmert [40]; or SGA1
[4, Exposé XII, Théoréme 5.1, p. 332], where Grothendieck deduces it from Hironaka’s resolution theorems [55].
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i) a continuous map ¢: Y — (closed points of X)
ii) a map backwards covering (:

¢*: B — (sheaf of continuous C-valued functions on Y')
such that Vz € Y and Vi€ B,
¢ fz) = F(¢(x)),
defined as the composite
BU) — BU) — Oian(%_lU) — [continuous functions on 7 1U].
These induce a continuous map:
n: Y — (closed points of Y)

by
{f €Bew) | " flz) =0}

My ¢(@) " Be(a)

n(z) = point corresponding to maximal ideal

via the correspondence
7 1(¢(2)) S maximal ideals in B¢y /Me(z) - Be(a)-
Now n has the property

2.14. Vf € Oy (V), the composite map
V) -5 (closed points of V) 1. ¢
is a continuous function on n~ (V') (in the classical topology).

But a basis for open sets in the classical topology on Y is given by finite intersections of the
sets:

V' Zariski open, f € Oy (V), let
Wie={x €V |z closed and |f(x)| < €}.

Because of (2.14), n='(Wy,) is open in Y, ie., 7 is a continuous map from Y to (Y in the
classical topology). Now in fact 7 is bijective too. In fact, if U C X is a classical open so that
71 (U) = (disjoint union of n copies of U) and B|y = @221 Ox an|u, then for all z € U,

l
B./m, - B, = PC
i=1

and the correspondence between points of 7=!(z) and maximal ideals of B,/m, - B, given by
y+— {f| f(y) = 0} is bijective. On the other hand, since B, = B, ®0, , (Ox,an)z, it follows that
B./m, B, =B, /m, -B,. Thus 7 is a continuous bijective map from a compact space Y to (Y
in the classical topology). Thus 7 is a homeomorphism. Finally B, is a free (Ox an)z-module,
hence it follows that B, is a free Ox ;-module: Hence 7: Y — X is a flat morphism. And the
scheme-theoretic fibre is:
7Y (x) = Spec B, /m, - B,
& Spec B, /m, - B,
l
2 Spec @ C = [ reduced points.
i=1

Thus 7 is étale.
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As for the uniqueness of Y, it is a consequence of the stronger result: say

Y1 Y,

>
X

are two étale proper morphisms. Then any map continuous in the classical topology:

(Y7 in the classical topology) 4, (Y3 in the classical topology)

with 3 0 f = 71 is a morphism. To see this, note that m; are local analytic isomorphisms, hence
f is analytic, hence by Corollary 2.11, f is a morphism. O

This Corollary 2.13 implies profound connections between topology and field theory. To
explain these, we must first define the algebraic fundamental group ﬂ?lg(X ) for any normal
noetherian scheme X% We have seen in §V.6 that morphisms:

Y — X

Y normal irreducible

7 proper, surjective, 7! (z) finite for all z,
7 generically smooth

are uniquely determined by the function field extension R(Y) D R(X), which is necessarily
separable; and that conversely, given any finite separable K O R(X), we obtain such a 7 by
setting Y = the normalization of X in K. In particular, suppose we start with a morphism:

Y — X
(b) Y connected
7 proper and étale.

Then Y is smooth over a normal X, hence is normal by Proposition V.5.5. Being connected,
Y is also irreducible. Thus Y = normalization of X in R(Y). Now choose a specific separable
algebraic closure R(X) of R(X) and let

G = Gal(R(X)/R(X)), the Galois group

> lim Aut(K/R(X))
K

where R(X) ¢ K € R(X), K normal over R(X) with [K : R(X)] < +o0.

6Normality is not necessary and noetherian can be weakened. For a discussion of the results below in more
general case, see SGA1 [4, Exposés V and XII].
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As usual, GG, being an inverse limit of finite groups, has a natural structure of compact, totally
disconnected topological group. One checks easily” that there is an intermediate field:

R(X) c R(X) c R(X)

such that for all K C R(X), finite over R(X):

< K C R(X).

the normalization Yy of X ———
in K is étale over X

—~——

Note that because of its defining property, R(X) is invariant under all automorphisms of R(X),
i.e., it is normal over R(X) and its Galois group over R(X) is a quotient G/N of G. By Galois
theory, the closed subgroups of finite index in G are in one-to-one correncepondence with the

subfields K C R(X) finite over R(X). So the closed subgroups of finite index in G/N are in

one-to-one correspondence with the subfields K C R(X) finite over R(X), hence with the set
of schemes Yy étale over X. It is therefore reasonable to call G/N the algebraic fundamental
group of X, or 78(X):

~——

(2.15) 8 (X) = Gal(R(X)/R(X)).

Next in the complex projective case again choose a universal covering space ) of X in the
classical topology. Then the topological fundamental group is:

m1°P(X) = group of homeomorphisms of Q over X,

and its subgroups of finite index are in one-to-one correspondence with the compact covering
spaces Y dominated by :

0O—Y X ,
which give, by algebraization (Corollary 2.13), connected normal complete varieties Y, étale over
X. This must simply force a connection between the two groups and, in fact, it implies this:

"This follows from two simple facts:

a) K1 C K», Yk, étale over X = Yk, étale over X,
b) Yk, and Yk, étale over X = Yk, .k, étale over X.

To prove (a), note that we have a diagram
Yk, — Y, — X.

Now Yk, étale over X = Qy, /x = (0) = Qv /vy, = (0) = Yk, étale over Yk, by Criterion 4.1 for
smoothness in §V.4. In particular, Yk, is flat over Yk, hence if y» € Yk, has images y; and x in Yx, and X,
then O, is flat over O,,, hence m, - Oy, N Oy, = m, - Oy,. Thus

Oy, /Mg - Oy, C Oy, /my - Oy, = product of separable field extensions of k(x)

hence Oy, /mz - Oy, is also a product of separable field extensions of k(z). This shows Qy, ,x ® k(y1) = (0),
hence by Nakayama’s lemma, QYKI/X = (0) near yi1, hence by Criterion 4.1 for smoothness in §V.4, Yk, is étale
over X at yi1.

To prove (b), note that Yx, Xx Yk, will be étale over X, hence normal. We get a morphism

[
Yr, ks — Yr, Xx YK,

and if Z = component of Y, Xx Yk, containing Image ¢, then ¢: Yk, .x, — Z is birational. Since Z is normal
and the fibres of ¢ are finite, ¢ is an isomorphism by Zariski’s Main Theorem in §V.6.
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THEOREM 2.16. Let X be a normal subvariety of P¢. and let
TP(X) = yinw?p(X)/H, over all H C ©i°(X) of finite index
H
= “pro-finite completion” of FEOP(X).

~t
Then 7"

up to an inner automorphism.

(X) and w?lg(X ) are isomorphic as topological groups, the isomorphism being canonical

PROOF. Choose a sequence {H,} of normal subgroups of 7T11:Op of finite index, with H,4+1 C
H,, such that for any H of finite index, H, C H for some v. Let WEOP/H,, = G, and let H,
define Y,, — X. Then

~t .
P =2lmG,
im

v

and G, = group of homeomorphisms of 57,, over X.

Algebraize }N/',, to a scheme Y, étale over X by Corollary 2.13. Then the map 57,,+1 — 57,, comes
from a morphism Y, — Y, and we get a tower of function field extensions:

c— R(Y,41) «— R(Y,) «— -+ «— R(X).

Note that

AUtIR(X) (R(Yl/)) = AutX(YI/) = AUtX(?V) = Gu
and since #G,, = degree of the covering (Y, — X) = [R(Y,) : R(X)], this shows that R(Y,) is
a normal extension of R(X). The fact that Y, = Yg(y,) is étale over X shows that R(Y,) is

P

isomorphic to a subfield of R(X). Now choose an R(X)-isomorphism:

—~—

¢ | JRY) — R(X).
v=1

It is easy to see that ¢ is surjective by going backwards from an étale Yx — X to a topological
covering Yx — X and dominating this by 2. So we get the sought for isomorphism:
;T\:tlop (] E&l Gl/
12

= lim Gal(R(Y;)/R(X))

v

=~ Gal(R(X)/R(X))

~ alg
_7'['1 .

The only choice here is of ¢ and varying ¢ changes the above isomorphism by an inner auto-
morphism. O
As a final topic I would like to discuss Grothendieck’s formal analog of Serre’s fundamental
theorem. His result is this:
Let R = noetherian ring, complete in the topology
defined by the powers of an ideal I.
Let X — Spec R be a proper morphism.

Consider the schemes:
X = X Xgpec R Spec R/I™
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ie.,
XO C . C Xn C e C X
SpecR/I ¢ c SpecR/I™t ¢ -ee-- c  SpecR

Define: a formal coherent sheaf F on X is a set of coherent sheaves F,, on X,, plus isomor-
phisms:
Fn-1 = Fn ®ox, Ox,_,-
Note that every coherent F on X induces a formal Fg,, by letting

ffor,n = f®(9x OXn-
Then:

THEOREM 2.17 (Grothendieck). (Fundamental “GFGA”® comparison theorem)

i) For every coherent algebraic F on X and every i,

H' (X, F) = lim H(X,,, Fp)

where Fp, = F ®oy Ox,,-
ii) The categories of formal and algebraic coherent sheaves are equivalent, i.e., every formal
F' is isomorphic to Fior, some F, and

Homo, (F,G) = Formal Homo . (Ftor, Gtor)-

The result for H? is essentially due to Zariski, whose famous [108] proving this and apply-
ing it to prove the connectedness theorem (see (V.6.3) Fundamental theorem of “holomorphic
functions”) started this whole development. A complete proof of Theorem 2.17 can be found in
EGA [1, Chapter 3, §§4 and 5].° Here we will prove only the special case:

R complete local, I = maximal ideal, k = R/I

X projective over Spec R
(which suffices for most applications). If X is projective over Spec R, we can embed X in P
for some m, and extend all sheaves from X to Py by (0): thus it suffices to prove Theorem 2.17
for X =P

Before beginning the proof, we need elementary results on the category of coherent formal
sheaves. For details, we refer the reader to EGA [1, Chapter 0, §7 and Chapter 1, §10]; however
none of these facts are very difficult and the reader should be able to supply proofs.

2.18. If A is a noetherian ring, complete in its I-adic topology and U, = Spec A/I"*1, then
there is an equivalence of categories between:

a) sets of coherent sheaves F,, on U, plus isomorphism
Fn-1 = Fn oy, Ou,_,
b) finitely generated A-modules M
given by:
M =lm '(Uy, F,)

n

Fp = M/I" M.

8Short for “géométrie formelle et géométrie algébrique”.
9(Added in publication) Illusie’s account in FAG [3, Chapter 8] “provides an introduction, explaining the
proofs of the key theorems, discussing typical applications, and updating when necessary.”
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In particular, Category (a) is abelian: [but kernel is not the usual sheaf-theoretic kernel
because My C Mo does not imply My /I" 1My C My /T M.

2.19. Given A as above, and f € A, then
Ap =lm Ap/I" - Ay = lim(A/I"A)

n n

1s flat over A.

COROLLARY 2.20. The category of coherent formal sheaves {F,} on a scheme X, proper
over Spec R (R as above) is abelian with

Coker[{Fn} — {Gn}] = {Coker(F, — Gn)}n=o,1...
but
Ker[{Fn} — {Gn}] = {Hn}
where for each affine U C X:
Hn(U) = H(U) /T H(U)
H(U) = Ker |lim 7, (U) — lim G, (U)

n n

PROOF OF COROLLARY 2.20. Applying (2.18) with A =lim Ox, (U) we construct kernels
of {Fnlu} — {Gnlu} for each affine U as described above. Use (2.19) to check that on each
distinguished open Uy C U, the restriction of the kernel on U is the kernel on Uy. O

2.21. If A is any ring and
0 — K, — L, — M, —0
are exact sequences of A-modules for each n > 0 fitting into an inverse system

0— Kpt1 — Lpy1 — Mpp1 —0

Ll

0—K,—L,— M, —0

and if for each n, the decreasing set of submodules Image(K, 1 — K,) of K, is stationary for
k large enough, then

0 —limK, — limL,, — lim M, — 0
p— p— p—
n n n

15 exact.

PROOF OF THEOREM 2.17. We now begin the proof of GFGA. To start off, say F = {F,}
is a coherent formal sheaf on P'%. Introduce

o0
erR = EB I"/I"1 . a finitely generated graded k-algebra
n=0
S = Spec(gr R) : an affine scheme of finite type over k
o
grF = @ I" - F, : a quasi-coherent sheaf on P}.
n=0

Note that gr F is in fact a sheaf of (@2, I"/I"™) ® Opm-modules and since

"/t ey Fo — 1" - Fy
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is surjective, gr F is finitely generated as a sheaf of (D, ,I1"/I ) ® Opr-modules. In other

words, we can form a coherent sheaf gr F on

Specg ((EB I"/I”+1> ® Opg) =P?.

n=0
Moreover,

Hi( gr]—' @H‘] Im-F,).

This same holds after twisting F by the standard invertible sheaf O(I), hence:
H(PY, gr (1) @Hq 1" F(l))-

But since gr R is a noetherian ring, the left hand side is (0) if I > Iy (for some lp) and ¢ > 1.
Thus:
HIPE, I - Fo(l)) = (0), if g =1, n>0, 1 > lo.

Now look at the exact sequences:
0—TI" F,(l) — Fp(l) — Fr-1(l) — 0.
It follows from the cohomology sequences by induction on n that:
HYPE, Fu(l)) = (0), if ¢ = 1,
and HY(P%, F, (1)) — HO(P%, F,_1(1)) surjective for all n > 0, 1 > lo.

The next step (like the third step of the GAGA Theorem 2.8) is that for some Iy {F,(l)} is
generated by its sections for all [ > [;: i.e., there is a set of surjections:

(2.22) Opt /T - Of — F (1) — 0

commuting with restriction from n+ 1 to n. To see this, take I3 > [y so that Fy(l) is generated
by its sections for [ > [;. This means there is a surjection:

(9]{;%1 — Fo(l) — 0.
By (2.21), this lifts successively to compatible surjections as in the third step of the GAGA

Theorem 2.8. In other words, we have a surjection of formal coherent sheaves:

(2.23) Opte (~Dtor — {Fu}-

Next, as in the fourth step of the GAGA Theorem 2.8, we prove
lim H O(Op}?n (/1 +t. Opr (1)) = (R-module of homogeneous forms of degree )

n

= H°(Opp (1))

This is obvious since Opn(l)/I ntl . Opn(l) is just the structure sheaf of PR , where R, =
R/I™' . R. Then the fifth step follows GAGA in Theorem 2.8 precisely: given {F,}, we take
the kernel of Corollary 2.20 and repeat the construction, obtaining a presentation:

OB (~1)tor 2> O (~lo)tor — {Fu} — 0.

By the fourth step, ¢ is given by a matrix of homogeneous forms, hence we can form the algebraic
coherent sheaf:

F = Coker [qﬁ (’)Pm( L) — O]{,YWI‘?{(—ZO)
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and it follows immediately that F, & F/I"T! . F ie., {F,} = Fior-
The rest of the proof follows that of GAGA in Theorem 2.8 precisely with H%(F,,) replaced
by lim HY(F/I"L . F), once one checks that

Fr— lim HY(F/I" - F)
_—
is a “cohomological §-functor” of coherent algebraic sheaves F, ie., if 0 = F - G —H — 0 is
exact, then one has a long exact sequence
0 —lim H*(F/I" - F) — lim H*(G/I" - G) — lim H(H/I" - 'H)

Ol HYF/T - F) — oo .
pam

n

But this follows by looking at the exact sequences:
0 — F/(FnI"-G) —G/I"-G— H/I"-H — 0.
By (2.21), the cohomology groups
lim H(F/(F 01" G))

n

lim H(G/I" - 0)

lim H YH/T - H)
fit into a long exact sequence (since for each n, the n-th terms of these limits are finitely generated
(R/I™ - R)-modules, hence are of finite length). But by the Artin-Rees lemma (Zariski-Samuel
[109, vol. 1T, Chapter VIII, §2, Theorem 4’, p. 255]), the sequence of subsheaves FNI" -G of F
is cofinal with the sequence of subsheaves I - F: in fact 3l such that for all n > [:

I"FcFnI"-g=1""(Fn1-gcr.r

Therefore

lim H(F/(F N 1" G)) = lim HY(F/I" - F).

O

COROLLARY 2.24. Every formal closed subscheme Yo, of X (i.e., the set of closed subschemes
Y, C X, such that Y,,—1 =Y, xx, Xn—1) is induced by a unique closed subscheme Y of X (i.e.,
Y, =Y xx X,).

COROLLARY 2.25. Every formal étale covering w: Yior — X (i.€., a set of coverings mp: Yy, —
X, plus isomorphisms Y,—1 =2 Y, Xx, Xn—1) is induced by a unique étale covering m:Y — X
(i.e., Yo 2Y xx X,,).

In fact, it turns out that an étale covering mg: Yo — Xg already defines uniquely the whole
formal covering, so that it follows that Wilg(Xo) = F?lg (X): See Corollary 5.9 below.'® Another
remarkable fact is that the GAGA and GFGA comparison theorems are closer than it would

10(Added in publication) See §5 for other applications of GFGA in connection with deformations (e.g.,
Theorem 5.5 on algebraization). See also Illusie’s account in FAG [3, Chapter 8].
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seem at first. In fact, if R is a complete discrete valuation ring with absolute value | |, note
that for A'R:

@HO(A%/[R+1)7 OA’”) :@(R/In-i_l)[Xl) s 7Xm]
n n
2 ring of “convergent power series” Z CaX®

where ¢, € R and |c,| — 0 as |a| — oco.

This is the basis of a connection between the above formal geometry and a so-called “rigid” or
“global” analytic geometry over the quotient field K of R. For an introduction to this, see Tate

[101] and | 77777].
[Exercise|,

(1) Let X be a normal irreducible noetherian scheme and let L D R(X) be a separable

Galois extension such that the normalization Y7, of X in L is étale over X. Let 7w: Y, —
X be the canonical morphism. Let G = Gal(L/R(X)). Then G acts on Y7, over X:
show that for all y € Y7, if z = 7(y), then:

a) G acts transitively on 771(z).

b) If Gy C G is the subgroup leaving y fixed, then G, acts naturally on k(y) leaving

k(z) fixed.
c¢) k(y) is Galois over k(z) and, via the action in (b),

G, = Gal(k(y) /k(x)).

——

[Hint: Let n = [L: R(X)]. Using the fact that L ®gx) L = L x---x L and that
Y7, X x Yr is normal, prove that Y7 xx Y7 = disjoint union of n copies of Y7. Prove
that if G acts on Y7, X x Y7 non-trivially on the first factor but trivially on the second,
then it permutes these components simply transitively.|

(2) Note that the first part of the GFGA theorem (Theorem 2.17) would be trivial if the
following were true:

X a scheme over Spec A

F a quasi-coherent sheaf of Ox-modules

B an A-algebra.
Then for all 4, the canonical map
H'(X,F)®4 B — H'(X Xspeca Spec B, F @4 B)

is an isomorphism. Show that if B is flat over A, this is correct.
(3) Using (2), deduce the more elementary form of GFGA:

f: Z — X proper, X noetherian

F a coherent sheaf of Ox-modules.
Then for all 4, and for all x € X,

lim R £, (F)o/ (mf - R fo(F)e) = im H (f 7 (2), F/m} - F).
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3. De Rham cohomology

As in §2 we wish to work in this section only with varieties X over C. For any such X, we
have the topological space (X in the classical topology) and for any group G, we can consider
the “constant sheaf GGx” on this:

GX(U):{

functions f: U — G, constant on each
connected component of U.

It is a standard fact from algebraic topology (cf. for instance, Spanier [98, Chapter 6, §9]; or
Warner [104]) that if a topological space Y is nice enough — e.g., if it is a finite simplicial
complex — then the sheaf cohomology H*(Y, Gy ) and the singular cohomology computed by G-
valued cochains on all singular simplices of Y as in Part I [76, §5C] are canonically isomorphic.
One may call these the classical cohomology groups of Y. I would like in this part to indicate the
basic connection between these groups for G = C, and the coherent sheaf cohomology studied
above. This connection is given by the ideas of De Rham already mentioned in Part I [76, §5C].

We begin with a completely general definition: let f: X — Y be a morphism of schemes.
We have defined the Kéhler differentials {2x/y in Chapter V. We now go further and set:

k
Qlﬁ(/y Cif/\(Qx/y), i.e., the sheafification of the pre-sheaf

k
U~ /\ of the Ox (U)-module Qx/y (U).

One checks by the methods used above (e.g., ) that this is quasi-coherent and that

k
Q’%/Y(U) = /\ over Ox (U) of Qx,y(U) for U affine.
In effect, this means that for U affine in X lying over V affine in Y:
QQ/Y(U) =free Ox (U)-module on generators dg; A - -- A dg,
(9: € Ox(U)), modulo
a) d(gr +g1) A--- Ndgp = dgi A -+ Ndg + dgy A -+ A dgy
b) d(g1g1) A -+ Adg, = gidgy A -+ Adgy + grdgi A -+ A dgy,
c) dge A -+ ANdge, = sgn(e) - dgy A -+ Adgy (e =permutation)
d) dgi Adga A --- Ndgr, =0 if g1 = g2
d) dgy N---Ndgr =0 if g1 € Oy(V)
The derivation d: Ox — (lx/y extends to maps:
d: Q')f(/y — Q]?;%, (not Ox-linear)
given on affine U by:
d(fdgy N+ Ndgg) =df Ndgr A\ -+ Ndgk,  f,9; € Ox(U).

(Check that this is compatible with relations (a)-(e) on QF and Q*+! hence d is well-defined.)
It follows immediately from the definition that d* = 0, i.e.,

Dy jy: 0 — Ox i>Q§</Y i>Q§</Y A,
is a complex. Therefore as in §VIL.3 we may define the hypercohomology H'(X, Oy /Y) of this
complex, which is known as the De Rham cohomology Hj)p(X/Y) of X over Y. Grothendieck
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[41], putting together more subtly earlier ideas of Serre, Atiyah and Hodge with Hironaka’s
resolution theorems [55] has proven the very beautiful:

THEOREM 3.1 (De Rham comparison theorem). If X is a variety smooth (but not necessarily
proper) over C, then there is a canonical isomorphism:

Hir(X/C) = H'((X in the classical topology), Cx).

We will only prove this for projective X referring the reader to Grothendieck’s elegant paper
[41] for the general case. Combining Theorem 3.1 with the spectral sequence of hypercohomology
gives:

COROLLARY 3.2. There is a spectral sequence with

Efq = H(X, Qgg/c)

and d{* being induced by d: QP — QPTL abutting to HY((X in the classical topology),C). In
particular, if X is affine, then

{closed v-forms} ~ HY((X in the classical topology),C).

{exact v-forms}

To prove the theorem in the projective case, we must simply combine the GAGA comparison
theorem (Theorem 2.8) with the so-called Poincaré lemma on analytic differentials. First we
recall the basic facts about analytic differentials. If X is an n-dimensional complex manifold,
then the tangent bundle T’y has a structure of a rank n complex analytic vector bundle over X,
i.e.,

Tx ={(P,D)|PeX, D: (Oxan)p — C a derivation over C centered at P}

(cf. Part I [76, SS1A, 5C, 6B]). Thus if U C X is an open set with analytic coordinates z1, ..., zp,
then the inverse image of U in T’x has coordinates

(P7D) L — (ZI(P)v'-'7Zn(P)7D(Z1)7'-'7D(ZTL))
under which it is analytically isomorphic to U x C". We then define the sheaves Qggan of

holomorphic p-forms by:

P
Q% .n(U) = {holomorphic sections over U of the complex vector bundle /\(T}‘()}

(Here E* = Hom(FE, C) is the dual bundle.) Locally such a section w is written as usual by an
expression
w = Z Cil,...,ipdzil VANRIERIVAN dZip, Ciy,...ip S OX,an(U)a
1<y <+ <ip<n

and we get the first order differential operators:

. QP p+1
d: QX,an QX,an

given by
p+1 86. o~ .
Z Z k41 T1yeeesleyennybpt1
dw = (—1) + #dzl'l /\ /\dZip+1-
k

1<ip < <ipr1<n k=1

The map (w,n) = w A n makes B, U, into a skew-commutative algebra in which d is a
derivation.
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LEMMA 3.3 (Poincaré’s lemma). The sequence of sheaves:
d d d
0— OX,an - Q,lX,an QX an T X
is exact, except at the 0-th place where Ker(d: Ox an — Qkan) is the sheaf of constant functions
Cx.

For an elementary proof of this see Hartshorne [51, Remark after Proposition (7.1), p. 54].
(See also Wells [105, Chapter 11, §2, Example 2.13, p. 49] as well as the proof of the Delbeault
Lemma in Gunning-Rossi [48, Chapter I, §D, 3.Theorem, p. 27].) Now if X is a variety smooth
over C, an essential point to check is that the general functor F — F,, of §2 takes the Kéhler
p-forms QI_;c /C to the above-defined sheaf of holomorphic p-forms Q&an. This is virtually a
tautology but to tie things together properly, we can proceed like this. For the sake of this
argument, we write Q5 X alg for Kéhler differentials on the scheme X, parallel to QF X.an defined
above:

a) For all U C X affine, @, O X a1g(U) is the universal skew-commutative Ox (U)-algebra
with derivation (i.e., the free algebra on elements df, f € Ox(U), modulo the standard
identities); since @p Qfl;(’an(U ) is another skew-commutative algebra with derivation
over Ox (U) (via the inclusion Ox(U) C Oxan(U)), there is a unique collection of
maps:

Qg( alg(U) - Q,I;( an(U)
commuting with A and d.
b) From a general sheaf theory argument, such a collection of maps factors through a map
of sheaves of Ox an-modules (on X in the classical topology):

(i) . — B

c) If z1,..., 2, € my, induce a basis of mx,x/mXx, then we have:

(Qx a1g), @OXQ:’ Z;

hence
p ~ . .
(QX7alg)x = EB Ox,e - dziy N+ Ndz,,
1<i; < <ip<n
hence
p ~ . .
<QX alg> = EB (Oxan), dziy A=+ Ndz,.
’ 1<i1<-<ip<n
While z1, ..., z, are local analytic coordinates near z, so

(Q’)’Qan)m o EB (Oxan), dzig A=+ Ndz,

1<iy<-+<ip<n
too! So we have the following situation: with respect to the identity map
e: (X in the classical topology) — (X in the Zariski topology)

we have a map backwards from the De Rham complex (%, d) of the scheme X to the analytic
De Rham complex (€2 ,,,d) of the analytic manifold X. This induces:

a) a map of hypercohomology
H*(X in the Zariski topology, Q% /c) — H'(X in the classical topology, D an)

and
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b) a map of the spectral sequences abutting to these too:

algebraic EfY analytic F7?

| |
HY(X in the Zariski topology, Qf’;{/(c) HY(X in the classical topology, Qf’;(’an).

But by the GAGA comparison theorem (Theorem 2.8), the map on ET?’s is an isomorphism.
Now quite generally, if
EN — E¥
EYM — E”
are two spectral sequences, and
oPe: BRI —s qu
" BV — E”
are homomorphisms “compatible with the spectral sequences”, i.e., commuting with the d’s, tak-

ing F'(E¥) into F(E¥) and commuting with the isomorphisms of E£ with FP(EPTa)/Frti(Epta),
then it follows immediately that

@1 isomorphisms, all p, ¢ = ¢" isomorphisms, all v.

In our case, this means that the map in (a) is an isomorphism.

Now compute H”(X in the classical topology, Q'X,an) by the second spectral sequence of hy-
percohomology (cf. (VIL.3.11)). Since X in its classical topology is paracompact Hausdorff, we
get (cf. §VIL.1)

Ker <d: 04 — Qg;fl>

H? | X in the classical topology, sheaf = H"(X, Qx an)-

Image (d: Qi-t an)
By Poincaré’s lemma (Lemma 3.3), all but one of these sheaves are (0) and the spectral sequence
degenerates to an isomorphism:

H"(X in the classical topology, Cx) = H"(X in the classical topology, Q% .,)-

This proves Theorem 3.1 in the projective case.
In the projective case and more generally for any complete variety X, the spectral sequence
of Corollary 3.2:
EY = HY(X, Q?{/(C) = H"(X in the classical topology, C)

simplifies quite remarkably. In fact the Theory of Hodge implies:
Fact. I: All dP?’s are 0.
This implies that
HY(X, Q?(/(C) > EPY = pth graded piece: FP(HPT?)/FPTL(HPYY) of HPTI(X,C).

Note that HPT9(X,C) = HPT(X,Z) ® C, hence there is a natural complex conjugation x +— T
on HPT(X, C).

Fact. II: In HPT4(X,C), Fe4t1(HPt4) is a complement to the subspace FP(HP1Y).
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This implies that HPT9 splits canonically into a direct sum:

H”(X,C) EB HP

ptq=v
p,q>0

such that
a) HOP — FP,
b) FP(HPTI) = ®p’2p HP 4
Combining both facts,
HPY >~ H(X, QQ/C)
hence

(3.4) QB HI(X, Q% ).

prq=v

Fact. III: If we calculate H” (X, C) by C*° differential forms, then

set of cohomology classes representable by forms w
of type (p,q), i.e., in local coordinates z1,. .., 2y,
P,q ~
HP = w = Z ci17,,,,ip7j1,...7jqdzi1 Ao A dzip A dfjl FARRIRIVAN dzjq
1<ip < <ip<n
1<j1<...<jq<n
(See Kodaira-Morrow [64] or | 77777]).

4. Characteristic p phenomena

The theory of De Rham cohomology in characteristic p is still in its infancy'! and rather
than trying to discuss the situation at all generality, I would like instead to fix on one of the
really new features of characteristic p and discuss this: namely the Hasse- Witt matriz. To set
the stage, if X is a complete non-singular variety over a field k of characteristic p > 0, then the
De Rham groups

HY (X, Q)
are finite-dimensional k-vector spaces which usually behave quite like their counterparts in char-
acteristic 0 and are “reasonable” candidates for the cohomology of X with coefficients in k'2.

For instance, if X is a complete non-singular curve of genus g, then dim H!(Ox) = dim H(Q!) =
g, dim Hl(QX) = 2¢g in all characteristics. However the De Rham groups have a much richer
structure in characteristic p even in the case of curves. The simplest examples of this are the
cohomology operations:

F: H'(X,0x) — H"(X,0x),
X = any scheme in which p-Ox =0
given by

F({aiy, ..in}) ={aj, .}

11(Added in publication) There have been considerable advances, since the original manuscript was written.
See the footnote at the end of this section.

12There are some cases where their dimension is larger than the expected n-th Betti number B,, and there
are also cases where the spectral sequence

HI(QP) = H"()

does not degenerate: cf. | 777, 777 777 | This is apparently connected with the presence of p-torsion on X. And

if X is affine instead of complete, these groups are not even finite-dimensional.
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on the cocycle level. Note that if X is a scheme over k, chark = p, so that H"(X,Ox) is a
k-vector space, then F' is not k-linear; in fact F(a-x) = oP - F(x), Va € k, z € H”(Ox). Such
a map we call p-linear. Expanded in terms of a basis of H”(Ox), F' is given by a matrix which
is called the v-th Hasse-Witt matirix of X. p-linear maps do not have eigenvalues; instead they
have the following canonical form:

LEMMA 4.1. Let k be an algebraically closed field of characteristic p, let V be a finite-
dimensional vector space over k and let T: V — V be a p-linear transformation. Then V has a
unique decomposition.:

V=V;aV,

where

a) T(V,) C V,, and T is nilpotent on V.
b) T (Vi) C Vi and Vs has a basis ey, ..., e, such that T(e;) = e;. Furthermore,

{eeVs|Te=¢e} = {Zmiei | m; € Z/pZ}.
PrOOF. Let Vy = ()2, ImageT” and V,, = )2, KerT". Since dimV < 4o0, Vs =
ImageT", V,, = Ker T" for v > 0. Now if v > 0:
reVinNV,—=—=T"2=0and e =T"y

— Ty =0

— Ty =0

= =0
and since dimV = dimKerT" + dimImageT", it follows that V = V; @& V,,. Then Ty, is
nilpotent and T'|y, is bijective. Now choose x € V; and take v minimal such that there is a
relation

Tz = apr + a1 T(2) + -+ + a1 T (z).
If ag = 0, then
T 'z =diz+- +a,_ T ?(2)
and v would not be minimal. Now try to solve the equation:
T()\0$ + -+ )\y_1TV_1(l‘)) =X+ -+ )\V_lTV_l($).

This leads to

)\5 1 a(]—)\(]
)\8—1—)\5 1 ar = M\

)\5_2 + )\Ilj—l . CLV_l - )\I/—l'
By substitution, we get:
v v—1 v—1 v—2
XNoitag  HA g ca) A g a = A =0

which has a non-zero solution. Solving backwards, we find A\,_o,..., Ag as required, hence an
x € Vs with Tx = . Now take a maximal independent set of solutions ey, ..., e; to the equation
Tex =z IfW => k-e;, then T: W — W is bijective, hence T': V5/W — V, /W is also bijective.
If W G Vi, the argument above then shows 3% € Vi/W such that 77 = 7. Lifting T to = € Vi,
we find

Txr = x+2)\iei.
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Let p; € k satisfy ,uf — i = Ai. Then €41 = x — ) pse; also lifts T but it satisfies Tej1 = €141.
This proves that e; span V. O

We can apply this decomposition in particular to H'(X,Ox) and we find the following
interpretations of the eigenvectors:

THEOREM 4.2. Let X be a complete variety over an algebraically closed field k of character-
istic p. Consider F acting on HY(X,Ox). Then:

a) There is a one-to-one correspondence between {aw € HY(Ox) | Fa = a} and pairs

(7, ¢):
vy e
X
7 étale, proper, To ¢ = w, ¢P = ly, such that Vo € X closed, #n (x) = p and ¢

permutes these points cyclically: we call this, for short, a p-cyclic étale convering!3.

b) If X is non-singular, there is an isomorphism:
{a € H'(Ox) | Fa =0} = {we H' Q) | w = df, some f € R(X)}.

PRrROOF. (a) Given a with Fa = «, represent a by a cocycle {f;;}. Then Fa is represented
by { fi’;} and since this is cohomologous to a:

fij =1 +9i— g
g; € Ox(Ui).
But then define a sheaf A of Ox-algebras by:
Alv, = Ox[til/(f:)
filts) =t —ti+ gi
and by the glueing:
ti =1; + fij
over U;NU;. Let Y, = Specx (A). Since (df;/dt;)(t;) = —1, Y, is étale over X. Since A is integral
and finitely generated over Ox, Y, is proper over X (cf. Corollary I1.6.7). Define ¢,: Yo — Y,
by
Gn(ti) =t + 1.
For all closed points z € Uj, let a be one solution of ¢ —t; + g;(z) = 0. Then 7~ !(x) consists of

the p points t; = a,a +1,...,a + p — 1 which are permuted cyclically by ¢.. Finally, and this
is where we use the completeness of X, note that Y, depends only on «:

if fz/] = fij + h; — hj
/ /! / /

and  fi; = (f;;)" + 9; — g;

is another solution to the above requirements, then
gz,' - 9; = z'/j - (fi,')p

= fij = Jij + hi = by — (hi = hy)"

= (gi + hi = bi) — (gj + hj — hY),
hence

g, =gi+hi —h +¢&, £ eI'(Ox).

13Compare the statement of (a) and the proof with provisionally, Exercise (5) after §II1.6, which treats
p-cyclic coverings for p # char k.
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Thus € € k, hence £ =n — n? for some n € k and we get an isomorphism

Ox[ti]/(fF — ti + gi) —— Ox[t}]/ ()P — ti + g})

i t;—(hi—i-?’]).

We leave it to the reader to check that (Yy, ¢a) = (Y3, ¢3) only if o = 3.

Conversely, suppose 7: Y — X and ¢: Y — Y are a p-cyclic étale covering. By Proposition
I1.6.5, Y = Spec y A, A a coherent sheaf of Ox-algebras.

Now 7 étale = w flat = A, is a flat O, x-module. Now a finitely presented flat module
over a local ring is free (cf. Bourbaki [26, Chapter II, §3.2]), hence A, is a free O, x-module.
In fact

Ax/mx,X A = P(Oﬂfl(x)) = @ k(y)
yen—1(z)

so A, is free of rank p, and the function 1 € A,, since it is not in m, x - A, may be taken as
a part of a basis. Moreover, ¢ induces an automorphism ¢*: A — A in terms of which we can
characterize the subsheaf Ox C A:

Ox(U)={fcAU) | ¢"f = [}
In fact for all closed points x € X, we get an inclusion:

Om,X /rngv,X(—> Ax/mm,X . -Ax
| I
k(a:) F(wal(x))
|
®y€ﬂ*1(x) k(y)

and clearly k(z) is characterized as the set of ¢*-invariant functions in @, ¢ -1, k(y). Soif U
is affine and f € A(U) is ¢*-invariant, then

(+) fe () 10x(U)+myx - AU).

zelU
closed

But if U is small enough, A|y has a free basis:

P
Alr = Oxly @Z(’)X|U - €;

1=2

and if we expand f = fi1 + > 0, fi - €;, then (%) means that fi(z) = 0,2 < i <p, Vz €U
closed. By the Nullstellensatz, f; = 0, hence f € Ox(U). Let x € X be a closed point and let
7 Hz) = {y, dy,..., " Ly}. We can find a function e, € A, such that e,(y) = 1, ex(¢'y) =0
1<i<p-—1. Then
o Tre, = Z‘Z’:—Ol(gbi)*ex satisfies ¢*(Tre;) = Tre, and has value 1 at all points of 7~ (x),
hence is invertible in A,.

e Set
p—1

—1 _' 7 *
fx:Trex’iZ:;Z'(¢) €.
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A small calculation shows that ¢*(f;) = fr + 1 and f.(¢'y) = i. Let g = f» — f£. Then
¢*9x = gz, hence g, € O, x. Define a homomorphism

)\x: Ox,X[t:c]/(tg: — g+ g:c) — -A:c

ot fa-

Note that since f, has distinct values at all points ¢'y, f. generates

p—1

Aw/my x - Ar = P k(o)
i=0
hence by Nakayama’s lemma, A, is surjective. But as A, is a homomorphism of free O, x-
modules of rank p, it must be injective too. Now A\, extends to an isomorphism in some

neighborhood of x and covering X by such neighborhoods, we conclude that X has a covering
{U;} such that

Aly, =2 Ox|u, [ti] /(8] — ti + gi),  9i € Ox(Uy).
Over U; NUj, ¢*(t; — t;) =t; — t;, hence t; =t; + fij, fij € Ox(U;NUj). Then
fig = 15 = (ti = t5) = (ti = £5)"
= 9i — 95,
so a = {fi;} is a cohomology class in Ox such that F'a = a. This completes the proof of (a).
(b) Given a with Fa = 0, represent a by a cocycle {f;;}. Then
fh=9i—g;
gi € Ox(U;)
hence dg; = dg; on U; NUj. Therefore the dg;’s define a global section w,, of Q% of the form df,
feR(X). If
fi; = fij +hi = hj
(fi/j)p = gz,' - 9;
is another solution to the above requirements, then
g9 — g5 = (fi;)
_ 4P p_pp
= (i + 1) — (95 +35)
hence
gi=githi+§  £eT(0x)=k
Thus dg; = dg; and w, depends only on «. Conversely, if we are given w € F(Q}X), w = df,

f € R(X), the first step is to show that for all z € X, w = df, for some f, € O, x too. We use
the following important lemma:

LEMMA 4.3. Let X be a non-singular n-dimensional variety over an algebraically closed field
k, and assume 3z1,...,z, € T'(Ox) such that

Oy = P Ox - dai.
1=1

Consider Ox as a sheaf of Of’)’(-modules: Ox 1is a free Of’)’(-module with basis consisting of
monomials [, 2z, 0 <a <p-—1.
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Another way to view this is to consider the pair Y = (X, Og() consisting of the topological
space X and the sheaf of rings (’)g(: this is a scheme too, in fact it is isomorphic to X as scheme
— but not as scheme over k — via:

identity : X —F vy
p-th power: Ox —— Of = Oy.
Thus Y is in fact an irreducible regular scheme, ant it is of finite type over k, i.e., a non-singular
k-variety. Now
identity : X — = X

inclusion: Oy = Og( — Ox

induces a k-morphism
T X — Y

which is easily seen to be bijective and proper. Thus m,Ox is a coherent Oy-module, and we
are asserting that it is free with basis []\—; 2{", 0 < «a; <p— 1.

i=1%i >
PROOF OF LEMMA 4.3. To check that [] 2" generate m,Ox, it suffices to prove that for all
closed points z € Y, [] 2 generate (m.O0x)g/myy - (1:Ox )y over k. But identifying O, y with
Oﬁ,X, myy = {fP| f € my x}: write this mg’}x. Then

(W*OX)m/mx,Y (M Ox ) = Om,X/mEj]X <Oy x.
Let a; = z(x) and y; = z; — a;. Then yi,...,y, generate m, x and 6I,X = Elly1,--.,ynl] by
Proposition V.3.8. Thus

(m0x)a/May - (mOx)a Z Elly1, ... ynll /(W 42)

and the latter has a basis given by the monomials [[y*, 0 < a; < p — 1, hence by []z",
0<a; <p-—-1
But now suppose there was a relation over U C X:

Z b 2%=0, co € Ox(T) not all zero.
a=(a1,...,0n)

O0<a;<p—1

Then for some closed point = € U, ¢, (z) # 0 for some «, hence there would be relation over k:

Z ca(x)P - 2%=0
a=(a1,...,0n)

0<a;<p—-1

in (W*éx)m /mgy (F*éx)m. But the above proof showed that the z® were k-independent in

~

(W*(b\X)x/mm,Y - (m:Ox) - 0

To return to the proof of Theorem 4.2, let x € X, f € R(X) and suppose df € (Q})(/k)w
Write f = g/hP, g,h € O, x, and by Lemma 4.3 expand:

g= Z b2, {z1,...,2,} a generator of m, x.

a=(a1,..,n)
0<a;<p—1
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Then

3

hence

Z Payzt - zlo”_l coezgm =hP by, b€ O x.

Expanding b; by Lemma 4.3, and equating coefficients of z%, it follows that cb, € AP - Og y if
g > 0. Since this is true for all [ = 1,...,n, it follows:

g:CI()(],,,,70)+hp'fxa fgg S O:(:,X-
Therefore
df = d(g/h’) = df.

Now we can find a covering {U;} of X and f; € Ox(U;) such that w = df;. Then in U; NUj;,
d(fi—f;) =0, hence f; — f; = gfj, gi; € O(U;NU;j) (prove this either by Lemma 4.3 again, or by
field theory since d: R(X)/R(X)? — Q}X/k is injective and O, NR(X)? = OF by the normality
of X). Then {g;;} defines « € H'(Ox) such that Fo = 0. This completes the proof of Theorem
4.2. U

The astonishing thing about (b) is that any f € [R(X) \ k] must have poles and in charac-
teristic 0,

f ¢ Oux = df & (Qpp)a-

In fact, if f has an I-fold pole along an irreducible divisor D, then df has an (I + 1)-fold pole
along D. But in characteristic p, if p | [ then the expected pole of df may sometimes disappear!
Nonetheless, this is relatively rare phenomenon even in characteristic p.

For instance, in char # 2, consider a hyperelliptic curve C. This is defined to be the
normalization of P! in a quadratic field extension k(X,+/f(X)). Explicitly, if we take f(X) to
be a polynomial with no multiple roots and assume its degree is odd: say 2n + 1, then C is
covered by two affine pieces:

Cy = Speck[X,Y]/(Y? - f(X))

Cy = Speck[X,Y]/(Y? — g(X))
where
X=1/X
Y =y/x"H!
g(X) = (X)**2. f(1/X).
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Then consider w = dX/Y:
On Cy:2YdY = f/(X)-dX, so
w=dX/Y =2dY/f(X) and since Y, f'(X)
have no common zeroes, w has no poles.
On Cy: 2YdY = ¢/(X) - dX, and one checks
w=—(X)""1dX/Y = —2(X)""'dY /¢'(X) and since
37, g’()? ) have no common zeroes, w has no poles.
But now say
f(X)=h(X)P+X.
Then f/(X) =1, so w = d(2Y) is exact!
The area of characteristic p De Rham theory is far from being completely understood.

For further developments, see Serre [90, p.24] (from which our theorem has been taken),
Grothendieck [42] and Monsky [71, p.451]'.

5. Deformation theory

We want to study here some questions of a completely new type: given an artin local ring
R, with maximal ideal M, residue field k = R/M and some other ideal I such that I - M = (0),
we get
Spec R D Spec R/I D Speck.
Then

a) Suppose X is a scheme smooth and of finite type over R/I. How many schemes X5
are there, smooth and of finite type over R, such that X = Xy Xgpec g Spec R/17

X2 D Xl

1 1
Spec R > SpecR/I

Such an X9 we call a deformation of X1 over R.
b) Suppose Xs, Yo are two schemes smooth and of finite type over R, and let X; =
X9 Xspecr Spec R/I, Y1 = Y5 Xgpecr Spec R/I. Suppose fi: X1 — Yj is an R/I-
morphism. How many R-morphisms fs: Xo — Y5 are there lifting f;?
In fact the methods that we use to study these questions can be extended to the case where the
X’s and Y'’s are merely flat over R or R/I (this is another reason why flat is such an important
concept). (For this, see ) We can state the results in the smooth case as follows:
In case (a), let Xo = X1 Xgpec r/7 SPeck. As in §V.3, let

Ox, = Hom(Qﬁfo/kv Ox,)

~

= sheaf of k-derivations from Oy, to Ox,

be the tangent sheaf to Xy. Then

a;) In order that at lease one Xy exist, it is necessary and sufficient that a canonically
defined obstruction a € H*(Xy,Ox,) @ I vanishes. (a will be denoted by obstr(X;)
below.)

14(Add in publication) There have been considerable developments since the manuscript was written. See,
for instance, Chambert-Lior [47], Astérisque volumes [45], [46] on “p-adic cohomology” related to “crystalline
cohomology” initiated by Grothendieck [42].
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a;;) If one Xy exists, consider the set of pairs (X3, ¢), with X as above and ¢: X3 =,
X2 Xgpec R Spec R/ an isomorphism, modulo the equivalence relation

(Xo,¢) ~ (X5,¢') if Jan R-isomorphism Xo % X}

such that

Yx1g/r ,
X9 Xgpec R Spec R/1 X% Xspec R Spec R/1

\X/

1

commutes.

Denote this set Def(X;/R): then Def(X;/R) is a principal homogeneous space over

the group H'(Xy,Ox,) @ I: i.e., the group acts freely and transitively on the set.
a;ii) Given two smooth schemes X7 and Y7 over R/I and a morphism over R/I:

X, w

the obstructions to deforming X; and Y; are connected by having the same image in
H*(Xo, [*Oy,) @y I

obstr(X1) € H*(Xo,0x,) @i [ i

. H2(Xo, f{Oy,) @k I

obstr(Y;) € H2(Yo,Oyy) @1 °
where fo = f ®@g/r k: Xo — Yy and dfy: ©x, — fjOy, is the differential of fo.

In case (b), let Xo = X1 Xgpec r/1Speck, Yo = Y1 Xgpec g/rSpeck and let fi induce fo: Xo —
Yy. We have:

b;) In order that at least one lifting f5 exist, it is necessary and sufficient that a canonically
defined obstruction a € H'(Xy, fiOy,) @y I vanishes.

bii) If one lifting fo exists, denote the set of all lifts by Lift(f;/R). Then Lift(f1/R) is a
principal homogeneous space over the group H°(Xy, f3Oy,) @k 1.

biii) The action of H'(Xy,Ox,) @k I on Def(X;/R) is a special case of the obstructions
in (i): namely, if X5, X} are two deformations of X; over R, then the element of
H'(Xy,0x,) ®; I by which they differ is the obstruction to lifting 1y, : X; — X; to a
morphism from X5 to XJ.

biy) Given three schemes and two morphisms:

x, Ly 2 oz,
the obstructions to lifting compose as follows: if
o = (obstruction for f1) € H'(Xy, f;Oy,)
8 = (obstruction for g1) € H'(Yp, g502,)
v = (obstruction of g o f1) € H'(Xo, (g0 © f0)"©z,)
then

v = dgo(e) + f5(B)
where dgo: Oy, — g50z, is the differential of go.
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Note, in particular, what these say in the affine case!®

Affine a) If X is affine, 3! deformation Xs of X7 smooth over R.
Affine b) If X and Y| are affine, then every f; lifts to some fo: Xo — Yo and if Xy = Spec Ay,
Yy = Spec By then these liftings are a principal homogeneous space under:

['(Xo, f3Oy,) @k I = Dery(By, Ag) @y 1.

If one is interested only in the existence of a lifting in (b), then the smoothness of Xy is
irrelevant and one can prove:

Lifting Property for smooth morphisms: : If X5, Y5 are of finite type over R, Y5
smooth and X affine, then any f1: X7 — Y7 lifts to an fo: Xo — Y5.

Variants of this lifing property have been used by Grothendiek to characterize smooth mor-
phisms (cf. “formal smoothness” in Criterion V.4.10, EGA [1, Chapter IV, §17] and SGA1 [4,
Exposé III]). Our method of proof will be to analyze the deformation problem in an even more
local case and then to analyze the patching problem via Cech cocycles. In fact if Z is smooth
over Spec R, then we know that locally Z is isomorphic to U where

U = (Spec R'[X1,..., Xnpl/(f1,---, f1),

1
Spec R/

where in R'[ X1, ..., X4

afz _ /
1§di,ejt§l<8Xn+j> -h =g, some h € R'[X].

Let’s call such U special smooth affine schemes over R’.

STEP. I: If X is a special smooth affine over R/I, then 3 a deformation X, of X; over R
which is again a special smooth affine.

Proor. Write Xy = (Spec(R/I)[X]/(f)), as above, with det-h = g. Simply choose any
polynomials f;, h' with coefficients in 2 which reduce mod I to f;, h. Let Xo = (Spec R[X]/(f")),
where ¢’ = det -h’. O

STEP. II: If X5 is any affine over R (not even necessarily smooth) and Y5 is a special
smooth affine over R, then any f1: X7 — Yj lifts to an fo: Xo — Y5.

PROOF. If Xy = Spec As and Y5 = (Spec R[X]/(f))
a homomorphism ¢s indicated by the dotted arrow.

g 38 above, then the problem is to define

| l

¢
Aa/I - Ay +—— (R/D)[X]y/(f)-
If we choose any element a; € Ay which reduce mod I to ¢1(X;), then we get a homomorphism

¢o: R[X]y — Ay

151t is a theorem that for any noetherian scheme X, X affine <= X,cq affine (EGA [1, Chapter 1, (5.1.10)]).
Hence in our case, X» affine <= X, affine <= X, affine. We will not ‘ The last line is illegible. ‘
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by setting ¢5(X;) = a; (since ¢5(g) mod I - A equals ¢1(g) which is a unit; hence ¢5(g) is a
unit in Ay). However ¢4(f;) = fi(a) may not be zero. But we may alter a; to a; + da; provided
daj € I - As. Then since I? = (0), ¢4(fi) changes to

n+l
ofi
fila+ da) )+ Z f
N . ‘ - Jf;i ' . dfi
ote that since da; € I-Ap and I-M = (0), 5X (a) - da; depends only on the image of X (a)
J

Ofi
8AXVn-I-j

in k[X]. Multiplying the adjoint matrix to < ) by h, we obtain an (I x [)-matrix
1<4,5<1

(hij) € E[X] such that

j=1
Now set
da; =0, 1<j<n
l
Sapsj = "N hjof 1<j<l
q=1
Then:
l E?f l
fila+da) = fila) = Y 5= —(a) > hialy
n+j n+J q=1
l
= )_1 Z fq( iq
q=1
=0.
Therefore if we define ¢o by ¢2(X;) = a; + da;, we are through. O

STEP. III: Suppose X5 and Y5 are affines over R, Xo = SpecAs, Yo = SpecBy. Ag =
Ao /M - Ay, By = By/M - By. Let fo: Xo — Y5 be a morphism and let f; = resx, fo. Then
Lift(f1/R) is a principal homogeneous space over

Dery(By, I - As).
PrROOF. We are given a homomorphism ¢;: By — A; and we wish to study
L ={¢2: By — Ay | ¢po mod I = ¢1}
which we assume is non-empty. If ¢o, ¢, € L, then ¢, — ¢ factors via D:

Ph—¢
By 2 Ay
U

Bo/M By -2 51 A,

[
By

One checks immediately that D is a derivation. And conversely for any such derivation D,
€L = ¢+ D€ L. O
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STEP. IV: Globalize Step III: Let X5, Y5 be two schemes of finite type over R. Let fo: Xo —
Y2 be a morphism, and let f; = resx, fo. Then Lift(f;/R) is a principal homogeneous space
over

[ (Xo, Hom(f5 2y, i, I - Ox)).
(Note that I - Oy is really an Ox,-module).

ProOOF. Take affine coverings {U,}, {Va} of X2 and Y5 such that fo(U,) C V,. If Uy =
Spec Aga), V., = Spec Béa), fl(a) =resy, f1, then as in Step III,

Lift( fl(a)/ R) = principal homogeneous space under Derk(B(()a), I Aéa))
I

1

B(()a) /k"
|

1

B /k ®

I
I'(U,, Hom(fO*Q%,o/k, I-0x,)).

HOmBéa) (Q I- Aéa))

Hom (o) (9 B AL 1. A

AL

Therefore on the one hand, one can “add” a morphism fo: Xo — Y5 and a global section D of
Hom( fg Q%,O Ik I-Ox,) by adding them locally on the U,’s and noting that the “sums” agree on
overlaps U, N Ug. Again given two lifts fa, f3, their “difference” fo — fj defines locally on the
Uy ’s a section D, of Hom(ng%,o/k, I-Ox,), hence a global section D.
Note that if Y} is smooth over k, Q%/O Jk is locally free with dual Oy, hence
Hom(f{;Q%/o/k,f) = Oy, ®oy, F for any sheaf F;
and if X is flat over R, then I-Ox, = I ®;,Ox,. Thus case (b;;) of our main result is proven! [

STEP. V: Proof of case (bj): viz. construction of the obstruction to lifting f1: X; — Y;.16

PROOF. Choose affine open coverings {U,}, {V,} of X5, Y5 such that
° fl(Ua) C Va

e V,, is a special smooth affine.
Then by Step II, there exists a lift fz(a): Uy — V,, of resy, fi1. By Step III, res f2(a): U.NUg —
Vo NV3 and res fQ(B ). Uy NUg — V, N V3 differ by an element

Dog € I'(Uy N Ug, f3 Oy, @ I).
But on U, NUg N U, we may write somewhat loosely:

Dog + Dg, = [res fz(a) — res f2(5)] + [res 2(ﬁ) — res 2(7)]

(Check the proof in Step III to see that this does make sense.) Thus
{Daﬁ} € Zl({Ua}y fék@Yo Ok I)'

Now if the lifts f2(a) are changed, this can only be done by adding to them elements E, €
I'(Uq, fiOy, ®p I) and then D,g is changed to Dyg + Eo — Eg. Moreover, if the covering {U, }

L6Note that we use, in fact, only that Y2 is smooth over R and that the same proof gives the Lifting Property
for smooth morphisms.
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is refined and one restricts the lifts f2a), then the cocycle we get is just the refinement of D,g.
Thus we have a well-defined element of H!(Xj, 5Oy, ®x I). Moreover it is zero if and only if
for some coverings {U,}, {Va}, Dag is homologous to zero, i.e.,

Dag =FE,— Eﬁ, E, € P(Ua, fg@yo R I)

Then changing fQ(O‘) by E, as in Step 111, we get fz(a)’s, lifting f1 such that on U,NUg, fza) — “éﬁ) is

represented by the zero derivation, i.e., the f;a)’s agree on overlaps and give an f lifting f;. U
The assertion (biy) is a simple calculation that we leave to the reader.
STEP. VI: Proof of (a;) and (bj;) simultaneously.

PROOF. Suppose we are given X smooth over Spec R/I and at least one deformation Xo
of X; over R exists. If Xy, X} are any two deformations, we can apply the construction of
Step V to the lifting of 1x,: X; — X; to an R-morphism Xy — X/, getting an obstruction in
H'(X(,0x,) @ I. This gives us a map:

Def(X1/R) x Def(X,/R) — H(Xo,0x,) @k I
which we write:
(X, X') — X — X'
The functorial property (bs,) proves that:
(%) (X -XN+ (X' -X")=(X-X").

Moreover, X — X' =0 = X = X’: because if 1x,: X; — X; lifts to an R-morphism f: Xy —
X}, f is automatically an isomorphism in view of the easy:

LEMMA 5.1. Let A and B be R-algebras, B flat over R. If ¢: A — B is an R-homomorphism
such that

¢: AJI-A= B/I-B
is an isomorphism, then ¢ is an isomorphism.

(Proof left to the reader.)

If we now show that V deformation X, and Vo € H'(Xy,© Xo) @k I, 3 a deformation X}
with X} — X9 = «, we will have proven that Def(X;/R) is a principal homogeneous space over
H'(Xo,0x,) ® I as required. To construct X5, represent a by a Cech cocycle {D;;}, for any
open covering {U;} of Xy, where

Dij S F(UZ‘ N Uj,@XO Rk I).
As in Step IV, we then have an automrophism of U; N U; (as a subscheme of X»):
1U¢0Uj + Diji U, N Uj — U; N Uj.

X) is obtained by glueing together the subschemes U; of X3 by these new automorphisms
between U; NU; regarded as part of U; and U; NU; regarded as part of U;. The cocycle condition
D;; + Dj; = D, guarantees that these glueings are consistent and one checks easily that for this
X}, X} — X is indeed a. O

STEP. VII: Proof of (a;): viz. construction of the obstruction to deforming X; over R.
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PRrROOF. Starting with X7, take a special affine covering {U; 1} of X;. By Step I, U; ; deforms
to a special affine U; o over R. This gives us two deformations of the affine scheme U; 1 N Uj
over R, viz. the open subschemes

jUi2 C Uz
,'Uj,g C Uj72.
By Step VI, these must be isomorphic so choose
¢ij: jUia — iUja.

If we try to glue the schemes Uj; o together by these isomorphisms, consistency requires that the
following commutes:

iUj2 NiUj2
iUi2 N U2 iUk2 N iU 2.
res ;i

But, in general, (res ¢;;) o (res bir) L o (res ¢jx) will be an automorphism of ;U;2 N 1 Uj 2 given
by a derivation D;;;, € I'(U; N U; N Uy, O©x, @ I). One checks easily (1) that D;j;;, is a 2-
cocycle, (2) that altering the ¢;;’s adds to the D;j, a 2-coboundary, and conversely that any
D;;;, cohomologous to Dy, in H?({U;},0x, @ I) is obtained by altering the ¢;;’s, and (3) that
refining the covering {U;} replaces D;;i, by the refined 2-cocycle. Thus {D;;;} defines an element
a € H*(Xy,0x, @ I) depending only on X1, and o = 0 if and only if X, exists. O

STEP. VIII Proof of (a).

ProoOF. Given X1, Y] and f, take special affine coverings {U; 1}, {Vi1} of X; and Y] such
that f(U;1) C Vi1. Deform U;; (resp. Vi) to Ui (resp. V;2) over R. By Step II, lift f to
fi: Ui2 — Vi 2. Consider the diagram:

res f;
iUipg ——— ;Vi2

¢i]i wi]i
res f;

iUj2 ——— iVja.

It need not commute, so let
(ves fj) o ¢ij = 1bij o (ves fi) + Fij
where F;; € T'(U; N Uj, f3Oy, @ I). It is a simple calculation to check now that if the ¢;;’s
define a 2-cocycle D;jj, representing obstr(X) and the 1);;’s similarly define E;j, then
dfo(Dijr) — fo Eijk = Fij — Fi, + Fjp,.
O

This completes the proof of the main results of infinitesimal deformation theory. We get
some important corollaries:

COROLLARY 5.2. Let R be an artin local ring with mazimal ideal M and residue field k and
let I C R be any ideal contained in M. If Xy is a scheme smooth of finite type over Spec R/I
such that H*(Xo,0x,) = (0) — e.g., if dim Xq = 1 — then a deformation X3 of X1 over R
exists.
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PROOF. Filter I as follows: I > MI > M?I > --- > MYI = (0). Then deform X;
successively as follows:

! ] !
SpecR/I < SpecR/MIc cSpec R/M'Ic -+~ C SpecR

using case (a;) of each stage to show that Xfl) can be deformed to a Xf”l). Set Xo = Xfu). g

COROLLARY 5.3. Let R be an artin local ring with residue field k and let X be a scheme
smooth'" of finite type over R. Let Xg = X XSpec R Opeck and let

fo: Yo — X

be an étale morphism. Then there exists a unique deformation Y of Yy over R such that fy lifts
tof:Y — X.

PRrROOF. Let M be the maximal ideal of R. Deform Y| successively as follows:

Yb C Yi C C }/2_1
fol fll flfll

Xo C X1 C C X1 C C X
Speck < Spec(R/M?)c cSpec(R/MY)c -+ C SpecR

where X; 1 = X Xgpec g Spec(R/M'). Because fj is étale, dfy: Oy, — fiOx, is an isomorphism.
Therefore at each stage, the existence of the deformation X; of X;_; gurantees by (ajji) the
existence of a deformation Y, of ¥;_;. Then choose any Y, and ask whether f;_; lifts. We get
an obstruction a:

H'(Yo, Oy,) @k (M' /M) —;O> H' (Yo, f§0x,) @k (M' /M),

Then alter the deformation Y, by df; 1(a), giving a new deformation Y;. By functoriality (biy),
fiz1 lifts to f;: Y7 — X; and by injectivity of dfy this is the only deformation for which this is
S0. (]

The most exciting applications of deformation theory, however, are those cases when one can
construct deformations not only over artin local rings, but over complete local rings. If the ring
R is actually an integral domain, then one has constructed, by taking fibre product, a scheme
over the quotient field K of R as well. A powerful tool for extending constructions to this case
is Grothendieck’s GFGA Theorem (Theorem 2.17). This is applied as follows:

DEFINITION 5.4. Let R be a complete local noetherian ring with maximal ideal M. Then a
formal scheme X over R is a system of schemes and morphisms:

X, X, X, s
Spec(R/M) — Spec(R/M?) — - -+ — Spec(R/M"™ 1) — -+ Spec R

1TA more careful proof shows that the smoothness of X is not really needed here and that Corollary 5.3 is
true for any X of finite type over R. It is even true for comparing étale coverings of X and X,eq, any noetherian
scheme X (cf. SGA1 [4, Exposé I, Théoréme 8.3, p. 14]).
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where Xy, 1 = Xy Xgpec(r/mmt1)Spec(R/M™). X is flat over R if each X, is flat over Spec(R/M"+1),
If X is a scheme over Spec R, the associated formal scheme X is the system of schemes
X = X XspecR Spec(R/M"*1) together with the obvious morphisms X,, — X, 41.

THEOREM 5.5. Let R be a complete local noetherian ring and let X = {X,} be a formal
scheme flat over R. If X is smooth and projective over k = R/M, and if H*(Xo,Ox,) = (0),
then there exists a scheme X smooth and proper over R such that:

xX=X.
PROOF. Since X is projective over k, there exists a very ample invertible sheaf Ly on Xj.
By ‘ Ex. 77777 Veronese. .. ‘, L2 is very ample for all n > 1; by Theorem VIL.8.1, H'(LZ) = (0)

if n > 0. So we may replace Lo by L2 and assume that H'(Ly) = (0) too. The first step is to
“lift” Ly to a sequence of invertible sheaves £,, on X,, such that

Ly =Ly ®0Xn+1 Ox,,, all n > 0.

To do this, recall that the isomorphism classes of invertible sheaves on any scheme X are
classified by H'(X,O%). Therefore to construct the £,,’s inductively, it will suffice to show that
the natural map:
H'(X,,0%,) — H'(X,-1,0%,_,)
(given by restriction of functions from X, to X,_1) is surjective. But consider the map of
sheaves:
exp: M" - Ox, — OXx,
ar— 1+ a.
Since M"-M™ = 0 in Oy, , this map is a homomorphism from M™-Ox,, in its additive structure
to O% in its multiplicative structure, and the image is obviously Ker (O}n — O}Wl), ie., we
get an exact sequence:

0— M"-Ox, =5 0% — O%  — L
But now the flatness of X,, over R/M™*! implies that for any ideal a € R/M" T,
a ®p/pn+t Ox, — a-Ox,
is an isomorphism. Apply this with a = M™/M"*1:
M"-Ox, = (M"/M"™) @p/pmr Ox,
= (M"/M™™) @pn (R/M) @pjpmn Ox,,)
= (M"/M™) @ Ox,
=~ 0%, if v, = dimy, M /M
Therefore we get an exact sequence18:
0— 0y — 0y, — 0%, , —1
hence an exact cohomology sequence:
HY0% ) — H (0%, ) — H*(Ox,)"".
|
(0)

18Note that all X,, are topologically the same space, hence this exact sequence makes sense as a sequence of
sheaves of abelian groups on Xj.
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This proves that the sheaves £,, exist.

The second step is to lift the projective embedding of Xy. Let sg,...,sy be a basis of
I'(Xo, Lo), so that (Lo, sg, - .., sn) defines a projective embedding of X in ]P’kN, as in the theory
of [77777]. 1 claim that for each n there are sections s(()"),...,sg\?) of £, such that via the
isomorphism:

En—l = ﬁn ®0Xn OXn,1 = En/Mn . ﬁn:

™) To see this, use the exact sequence:

Sgn_l) i

= image of s
00— M"- Ly, — Ly — Ly —0
and note that because £, is flat over R/M™*! too,
M"™- Ly, = (M"/M™™) @p st Ln
= (M™ /M"Y @y ((R/M) @pjagnir L)
> (M™/M™) @y, Lo,

hence we get an exact cohomology sequence:

HO(L,) —— HO(Lpoy) —2 HY(Lo)".
I
(0)

(n) inductively on n. Now for each n, (ﬁn,s((]"), . ,35\7)) defines a

This allows us to define s,
morphism

On: Xpn — Pé\}fg/MnH)
such that the diagram:

Xn_l e ]P)é\}f%/Mn)

| !

X —— Plajpmey

commutes. I claim that ¢, is a closed immersion for each n. Topologically it is closed and
injective because topologically ¢, = ¢g and ¢q is by assumption a closed immersion. As for
structure sheaves, ¢;, lies in a diagram:

0 (Mn/Mn-‘rl) Sk Opllj N OPN N OPN ——0

(R/Mn+1) (R/M™)

lan ®e5 j{fbfl l -1

0 —— (M"/M") @, Ox, — Ox, —— Ox,,_, —— 0.

Since ¢ is surjective, this shows ¢} _; surjective = ¢, surjective. So by induction, all the ¢,
are closed immersions.

Finally, let ¢, induce an isomorphism of X, with the closed subscheme Y, C IP’% Mty

Then the sequence of coherent sheaves {Oy, } is a formal coherent sheaf on P¥ in the sense of
§2 above. By the GFGA theorem (Theorem 2.17), there is a coherent sheaf F on P¥ such that

Oy, = F @p (R/M"™)

for every n. Moreover since {Oy;, } is a quotient of the formal sheaf {OPN » }, F is quotient
(R/M™T2)

of Opn, i.e., F = Oy for some closed subscheme Y C PV. Therefore since:

X, 2V, 2 Y Xgpec  Spec(R/M™),
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it follows that ¥ = X. O

COROLLARY 5.6. Let R be a complete local noetherian ring and let X = {X,} be a formal
scheme flat over R. If Xq is a smooth complete curve, then X = X for some X smooth and
proper over R.

PROOF. By ‘ Exercise 2, §4D |, Xj is projective over k and because dim Xg = 1, H?(Ox,) =
(0). O

COROLLARY 5.7. (Severi'® -Grothendieck) Let R be a complete local noetherian ring and
let Xo be a smooth complete curve over k = R/M. Then Xy has a deformation over R, i.e.,
there exists a scheme X, smooth and proper over R such that Xo = X Xgpec R Speck.

Proor. Corollaries 5.2 and 5.6. O

An important supplementary remark here is that if for simplicity X is geometrically irre-
ducible (also said to be absolutely irreducible), i.e., XoXgpec xSpeck is irreducible (k = algebraic
closure of k), then H'(Ox) is a free R-module such that

H'(Ox) @R k2= H'(Ox,)
H'(Ox) ®@r K = H'(Ox,)
(K = quotient field of R, X;, = X Xgpec g Spec K).
Since the genus of a curve Y over k is nothing but dimy H'(Oy), this shows that genus(X,) =
genus(Xy). The proof in outline is this:

a) Xo XSpeck Spec k irreducible and X, smooth over k implies k algebraically closed in
R(X), hence k algebraically closed in H%(Ox,). Thus

k= HY(Ox,).
b) Show that there are exact sequences

0—— M"-0Ox, — Ox,, —— Ox,,_, —— 0.

Un,
oy,

¢) Show by induction on n that if g = dimy H'(Ox,), then R/M"*! =5 HO(Oy,) and
H'(Ox,) is a free (R/M™1)-module of rank g such that

d) Apply GFGA (Theorem 2.17) to prove that H'(Ox) is a free R-module of rank g such
that H'(Ox, ) = HY(Ox)/M"+ - HY(Ox) for all n.
e) Apply using the flatness of K over R to prove that

H'(Ox,) = H'(Ox) ®r K.

Corollary 5.7 is especially interesting when k is a perfect field of characteristic p and R is the
Witt vectors over k (see, for instance, Mumford [73]), in which case one summarizes Corollary
5.7 by saying: “non-singular curves can be lifted from characteristic p to characteristic 0”. On
the other hand, Serre [92]?" has found non-singular projective varieties X, over algebraically

9\odulo translating Italian style geometry into the theory of schemes, a rigorous proof of this is contained
in Severi [95, Anhang]. This approach was worked out by Popp [80].
20(Added in Publication) See also Illusie’s account in FAG [3, Chapter §].
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closed fields k of characteristic p such that for every complete local characteristic 0 domain R
with R/M = k, no such X exists: such an X is called a non-liftable variety!
One can strengthen the application of deformation theory to coverings in the same way:

THEOREM 5.8. Let R be a complete local noetherian ring with residue field k and let X be a
scheme smooth®*' and proper over R. Let Xo = X Xspec R Speck and let

fo: Yo — Xo
be a finite étale morphism. Then there exists a unique finite étale morphism
Yy —X
such that fo is obtained from f by fibre product Xspec r Speck.

Proor. By Corollary 5.3 we can lift fy: Yy — Xy to a unique formal finite étale scheme
F:Y — X, ie, Y ={Y,}, F = {f,} where f,: Y, — X, is finite and étale, where X, =
X Xspec g Spec R/M™ ! and the diagram:

Y, —— Yan

fnJ{ j{f’fﬂrl

Xn — Xn+1

commutes (the inclusion Y, — Y11 being part of the definition of a formal scheme )). If
Ay = fn+(Oy,), then

Specy, (An) =Y,
= n+1 XXn+1 Xn

=~ Spean (.An_H ®OX7L+1 OXn)

hence A, = A, ®0x, ., Ox,. Therefore {A,} is a coherent formal sheaf on X, hence by
Theorem 2.17 there is a unique coherent sheaf A on X such that A, = A ®o, Ox, for all n.
Using the fact that

HOII]OX (-A Koy -’47 -A) & Formal HOIIl(QX (-Afor ®ox Afory -Afor)

and similar facts with A® A® A, we see immediately that A is a sheaf of commutative algebras.
Let Y = Specx (A), and let f: Y — X be the canonical morphism. f is obviously proper and
finite to one. Moreover since for all z € Xy, A, is a free O, x,-module, it follows immediately
that A, is a free O, x-module, i.e., f is flat at 2. And fo étale implies Qy )/ x ®oy k(z) = (0),
hence (Qy/x). = (0) by Nakayama’s lemma. Therefore by Criterion V.4.1, f is étale at x. Since
this holds for all x, f is étale in an open set U C X, with U D Xy. But X proper over Spec R
implies that every such open set U equals X. Thus f is étale. Finally if f’': Specy A" — X is
another such lifting with A{, = Ag, then by Theorem 2.17 there is a unique isomorphism

On: An LAIH

of Ox, -algebras inducing the identity Ag =, Aj. Then these ¢, patch together into a formal
isomorphism Ag,, =, Af,,» which comes by Theorem 2.17 from a unique algebraic isomorphism

o A A O

21 As mentioned above, Corollary 5.3 is actually true without assuming smoothness and hence since smooth-
ness is not used in proving this result from Corollary 5.3, it is unnecessary here too.
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COROLLARY 5.9. In the situation of Theorem 5.8, there is an isomorphism of pro-finite
groups:
T #(Xo) < i E(X)

canonical up to inner automorphism.

Proor. If f: Y — X is any connected covering, i.e., f finite and étale, then by fibre
product xx X, we get a covering fo: Yo — Xy. Note that Y} is connected (if not, we could
lift its connected components separately by Theorem 5.8, hence find a disconnected covering
Y — X lifting fo, thus contradicting the uniqueness in the theorem). By Theorem 5.8 every
connected covering fo: Yy — X, up to isomorphism, arises in this way. Moreover, if R(Y) is
Galois over R(X), then we get a homomorphism:

Gal(R(Y)/R(X)) =5 Aut(Y/X) — Aut(Yo/Xo) == Gal(R(Ys)/R(Xo))

which is easily seen to be an isomorphism, e.g., by ‘ Ex. 1, §6A7777 ‘ Now fix separable algebraic

closures R(X)* of R(X) and R(X()* of R(Xp), and let R(X) C R(X)*, R(Xo) C R(Xp)* be the
maximal subfields such that normalization in finitely generated subfields of these is étale over

X or over Xy. Now write R(X) as an increasing union of finite Galois extensions L,, of R(X);
we get a tower of coverings Y7, = normalization of X in L,; let Z, = Y7, xx Xq (this is a
tower of connected coverings of Xj); choose inductively in n isomorphisms:

R(Z,) = K, C R(Xp).

—_——

It follows readily that |J K, = R(Xp), and that
1 '8(X) = lim Gal(L, /R(X))
~ lim Gal(K., /R(Xo))
= ﬂ?lg(Xo).
O
This result can be used to partially compute 7y of liftable characteristic p varieties in terms of

w1 of varieties over C, hence in terms of classical topology. This method is due to Grothendieck
and illustrates very beautifully the Kroneckerian idea of §IV.1: Let

k = algebraically closed field of characteristic p,

R = complete local domain of characteristic 0 with R/M = k,
K = quotient field of R,
K = algebraic closure of K.

Choose an isomorphism (embedding?):
K

I

C.

Let
X = scheme proper and smooth over R,
Xo = X Xspec R Speck : we assume this is irreducible,
X, = X Xspecr Spec K,

Xy =X XspecR Spec K : we assume this is irreducible,

)E‘n = X Xgpec r SpecC.
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THEOREM 5.10. There is a surjective homomorphism

alg alg
m o (Xy) = w0 (Xo)
canonical up to inner automorphism, and hence, firing an isomorphism K ~ C, a surjective
homomorphism.:

TP (X)) — 73 (Xo).

Proor. By Theorem 2.16 and Corollary 5.9, it suffices to compare ﬂi‘lg(yn) and F?lg(X )

Let © D R(X,) be an algebraic closure. Note that
) RX)=R(X,)
ii) R(X,) = R(X,)) @k K is algebraic over R(X,), hence €2 is an algebraic closure of R(X,)
too.

Thus we may consider the maximal subfields of 2 such that the normalization of any of the
schemes X, X, and 777 is étale. Note that:

iii) L C Q finite over R(X), normalization of X in L étale over X = normalization of
X, in L étale over X,

iv) Ko C K finite over K, normalization of X, in R(X,)) ®r Ko is X; Xspec k Spec Ko
which is étale over X,.

Thus we get a diagram

where

Q1 /R(X,;) = maximal extension étale over X,
01 /R(X;) = maximal extension étale over X,
Q9 /R(X;) = maximal extension étale over X
i.e.,
8(X,) = Gal(Q /R(X,,
T (Xy) = Gal(/R(X,))
78 (X) = Gal(Qy/R(X,
Since

v) Gal(R(X,)/R(X,)) = Gal(K/K),
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we get homomorphisms:

11— 778(X,) — 7¥8(X,) — Gal(K/K) — 1
o
1 (X)

To finish the proof of Theorem 5.10, we must show that ¢ is surjective. A small consideration
of this diagram of fields shows that this amounts to saying:
vi) Qo @k K — Q is injective; or equivalently (cf. §IV.2) K is algebraically closed in Q.

If this is not true, then suppose L C K is finite over K and L C Qy. Let S be the inte-
gral closure of R in L. Then X Xgpec g SpecS is smooth over Spec.S, hence is normal; since
R(X Xgpecr SpecS) = R(X) @k L, X Xspecr Spec S is the normalization of X in R(X) ®x L.
Now f: SpecS — Spec R is certainly not étale unless R = S: because if [M] € SpecR is the
closed point, then (a) by Hensel’s lemma (Lemma IV.6.1), f~1([M]) = one point, so (b) if f is
étale, the closed subscheme f~!([M]) is isomorphic to Speck, hence (c) by , f s
a closed immersion, i.e., R — S is surjective. But then neither can g: X X Spec R SpecS — X be
étale because I claim there is a section s:

X

[):

Spec R

hence g étale implies by base change via s that f is étale. To construct s, just take a closed
point x € Xy, let @y,...,a, be generators of m, x, in the regular local ring O, x,, lift these to
ai,...,a, € my x and set Z = Spec (Oy x/(a1,...,a,)). By Hensel’s lemma (Lemma IV.6.1), Z
is finite over R, hence is isomorphic to a closed subscheme of X. Since the projection Z — Spec R
is immediately seen to be étale, Z — Spec R is an isomorphism, hence there is a unique s with
7 = Image(s). O

At this point we can put together Parts I and IT to deduce the following famous result of
Grothendieck.

COROLLARY 5.11. Let k be an algebraically closed field of characteristic p and let X be a non-
singular complete curve over k. Let g = dimy, H'(Ox), the genus of X. Then Jay, . .. yag,b1, ... by €
alg . .
7y (X)) satisfying:
(%) arbray oyt agbgag_ll);1 =e
and generating a dense subgroup: equivalently W?lg(X ) is a quotient of the pro-finite completion
of the free group on the a;’s and b;’s modulo a normal subgroup containing at least (x).

ProOF. Lift X to a scheme Y over the ring of Witt vectors W (k), and via an isomorphism
of C with (embedding into C of?) the algebraic closure of the quotient field of W (k) (see, for
instance, Mumford [73]), let Y induce a curve Z over C. Note that g = dimc H'(Oy) by the

topology (cf. ) that 7T§Op of such a surface is free on a;’s and b;’s modulo the one relation
(x). Thus everything follows from Theorem 5.10. U

What is the kernel of W?lg(yn) — W?lg(Xo)(f A complete structure theorem is not known,
even for curves, but the following two things have been discovered:
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a) Grothendieck has shown that the kernel is contained in the closed normal subgroup
generated by the p-Sylow subgroups: i.e., if H is finite such that p { #H and ﬂi‘lg(yn) —
H is a continuous map, then this map factors through ﬂiﬂg (Xo).
b) If you abelianize the situation, and look at the p-part of these groups, the kernel tends
to be quite large. In fact
lg ~ 1 lg] ~ 2
™y 8 (Xp)/ [W?g,ﬂ?g} = H Z;? x Ty
primes [

while
ni®(Xo)/ |}, wi'®| = [ 280 x 23 < T,
I#p
where 0 < r < g and Ty, T, are finite groups, (0) in the case of curves (compare
(6.77777) (a)|). In fact, Shafarevitch [97] has shown for curves that the maximal
pro-p-nilpotent quotient of ﬂi‘lg (Xo) is a free pro-p-group on r generators.

Going back now to general deformation theory, it is clear that the really powerful applications
are in situations where one can apply the basic set-up: R — R/I (I - M = (0)) inductively and
get statements over general artin rings and via GFGA (Theorem 2.17) to complete local ring.
In the two cases examined above, we could do this by proving that there were no obstructions.
However even if obstructions may be present, one can seek to build up inductively a mazimal
deformation of the original variety X(/k. This is the point of view of moduli, which we want to
sketch briefly.

Start with an arbitrary scheme Xy over k. Then for all artin local rings R with residue field
k, define

the set of triples (X, ¢, ), where
m: X — Spec R is a flat morphism

and ¢: X Xgpec g Speck =, Xpis a
k-isomorphism, modulo (X, ¢, 7) ~ (X', ¢/, 7')

Def(Xo/R) _ ) if 3 an R-isomorphism %: X =+ X’ such that
o X Xgpec R Speck i X' Xspec r Speck
the deformations \ /
¢ @
of Xy over R X,
commutes.
Note that

R +— Def(Xy/R)

is a covariant functor for all homomorphisms f: R — R’ inducing the identities on the residue
fields. In fact, if (X, ¢, 7) € Def(Xo/R), let

X" = X Xgpecr Spec R
7/ = projection of X’ onto Spec R’

¢’ = the composition:

~ ¢
X' Xgpec v Speck = (X Xspec r Spec R') Xgpec g7 Speck = X Xgpec g Speck — Xj.

Then (X', ¢/, 7’) € Def(Xo/R’) depends only on the equivalence class of (X, ¢, 7) and on f. One
says that X’/R’ is the deformation obtained from X/R by the base change f. What one wants
to do next is to build up inductively the biggest possible deformation of Xy so that any other is
obtained from it by base change! More precisely, suppose that R is a complete noetherian local
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ring with maximal ideal 9t and residue field R/9t = k. Then we get a sequence of artin local
rings R, = R/9M" L. Then, by definition, a formal deformation X of Xo over R is a sequence
of deformations X,, and closed immersions ¢,:

j{n ¢7L ] ! ¢1 j{o

SpecR +—— -+ «—— SpecR,, «—— SpecR,,_1 +—— -+ +——— Speck

where ¢, induces an isomorphism:
Xn—l — Xn XSpec Ry SPeC Rn—l'

Note that if S is artin local with residue field k, B — S is a homomorphism inducing identity on
residue fields and X'/ is a formal deformation, we can define a real deformation X Xgpec mSpec S
by base change, since R — S factors through R,, if n is large enough. Then a formal deformation
X /R is said to be versal or semi-universal if:

(1) every deformation Y of X over S is isomorphic to the one obtained by base change
X Xgpecm Opec S for a suitable a: R — S, and

(2) if the maximal ideal N C S satisfies N? = (0), then one asks that there be only one «
for which (1) holds.

(2") X /M is universal if o is always unique. It is clear that a universal deformation is unique
if it exists, and it is not hard to prove that a versal one is also unique, but only up to
a non-canonical isomorphism.

A theorem of Grothendieck and Schlessinger [85] asserts the following:

a) If Xy is smooth and proper over k, then a versal deformation X /R exists and there is
a canonical isomorphism:

chark =0: Homy(9M/IM?, k)

~ 77l
chark =p: Homk(mt/(gjt2+(p))7k.) }—H (X0,0x,).

b) If H%(Xy,Ox,) = (0), then X' /R is universal.
c) If H?(X(,0x,) = (0), then

chark =0: R E[[ty,...,tn)], n=dimH(Xo,0Ox,)
chark = p, k perfect : R =W (k)[[t1,...,t,]], n=dimH'(Xq,Ox,).

A further development of these ideas leads us to the global problem of moduli. Starting with
any Xo smooth and proper over k, suppose you drop the restriction that R be an artin local
ring and for any pair (R,m), R a ring, m C R a maximal ideal such that R/m = k you define
Def(Xy/R) to be the pairs (X, ¢) as before, but now X is assumed smooth and proper over
Spec R. If moreover you isolate the main qualitative properties that X and its deformations
have, it is natural to cut loose from the base point [m] € Spec R and consider instead functors
like:

set of smooth proper morphisms f: X — S such that
Mp(S) =< all the fibres f~1(s) of f have property P, ,
modulo f ~ f’ if 3 an S-isomorphism ¢g: X —— X’
where S is any scheme and P is some property of schemes X over fields k. Provided that P

satisfies: [if X/k has P and k&’ D k, then X Xgpeck Speck’ has PJ, then Myp is a functor in S,
ie., given g: S’ — S and X/S € Mp(s), then X xg 5" € Mp(9’).
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For instance, take P(X/k) to mean
dimX =1
H(X,0x) =k
dimy H'(X,0x) = g;
then 9Mp is the usual moduli functor for curves of genus g. The “problem of moduli” is just the
question of describing Mp as explicitly as possible and in particular asking how far it deviates
from a representable functor. The best case, in other words, would be that as functors in S,

Mp (S) = Hom(S, Mp) for some scheme Mp which would then be called the moduli space. For
an introduction to these questions, see Mumford et al. [72].
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