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Fair division problems are concerned with fairly dividing
goods among parties
Parties can be entitled to different amounts

» For today, all parties are entitled to the same amount
“Fair” can take various meanings

» For today, a division is fair if each party receives > % of the

goods (according to them)

Parties can value different goods differently
(use %)
Goods can be divisible or indivisible
Privacy: splitting should occur without parties knowing other
parties’ preferences
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Cake Cutting

» There is a large piece of cake

» You and a sibling want to fairly divide the cake
» How do you do this?
» Have one person cut the cake
» And the other person choose what slice they want
» This is guaranteed to result in a fair division
(you only have yourself to blame)

» This is called the Divider-Chooser Method

» This problem is similar to splitting assets of failed
partnerships, ...
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v

Suppose a pizza is cut into 8 pieces

v

How can we fairly divide the pizza between two people?
If:

v

All cuts go through a common point (center)
nis a multiple of 4

nis at least 8

Angles between cuts are the same

vV vy vVvYy

v

The area of the grey slice equals the area of white slices
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» What if you have 2 siblings (3 people)?
» One method:
» Start moving a knife from one side of the cake
» First person to yell “stop” gets the slice of cake
» Use the divider-chooser method for the last two
> Perks:
> It's fair
» Generalizes to multiple people
» Problems?

» Doesn't lend itself well to other situations
» Doesn't allow parties to act rationally (timed event)
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Step 2: Albert, Beatrice and Clyde (privately) bid on their
valuation of each piece:

Shares

b1 p2 P3
Albert | 333% 333% 333%

Beatrice || 20%  40%  40%
Clyde || 40% 30%  30%

Rows will add up to 100%
Albert's row should be 33%%

Everybody has some piece of value > 33%%

v

v

v
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Cake Cutting

» Step 3: Each player declares which pieces they think are fair

Shares
p1 p2 P3 Bid
Albert || 332% 331% 331% | p1,p2.p3
Beatrice || 20%  40%  40% P2, P3
Clyde | 40%  30%  30% p1

» Step 4: Give each player a piece that they want

» Albert: pp, Beatrice: ps, Clyde: p; OR
> Albert: p3, Beatrice: py, Clyde: p;
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» Problems?
» We might not be able to distribute the pieces:

Shares
p1 p2 P3 Bid
Albert || 332% 331% 331% | p1,p2.p3
Beatrice || 40% 30%  30% p1
Clyde | 50%  25%  25% p1

v

Fact: if we can't distribute the pieces, there is a piece that
Albert wants that nobody else does

Give Albert p3

Step 5: Recombine p; and p»

> p1+ p is worth 70% > 662 to Beatrice
> p1 + p2 is worth 75% > 665 to Clyde

v

v

v

Step 6: Use divider-chooser method
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Lone Divider Method

Recap:
1. Divider cuts cake into three pieces

2. Parties declare which pieces they consider fair

3. 3.1 If possible, give each person a fair piece
3.2 Else, give divider a piece nobody else wants, recombine pieces,
and repeat

> Perks:
> It's fair
> It generalizes to n parties
> Allows step-by step approach

» Problems?
» |t's inefficient



