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L65"5*&<&5$ (.C./. ? &/%,)%$/$! <$%&,)/% /% : &2/!"*C -/$%*"* )%,"05:2 )! $%)</032; &/%.
,)%$/$!=

Y$#(8 $#.#3%1 %182.'(-$; G' +%( %3$, &1,9' -"' /,33,G#(8M

L65"5*&<&5$ (.C.> 8N)'@7&$ <4#56#7 ;56 +5$<&$252* ;2$+<&5$*=. @< < )! &/%,)%$/$! /%
: &2/!"* -/$%*"* )%,"05:2C [:, -], ,9"% ,9"0" "+)!,! +@ ∈ [:, -] :%* += ∈ [:, -] ,9:, !:,)!<;

< (+@) = $2&
+∈[:,-]

< (+), < (+=) = #(/
+∈[:,-]

< (+).

A$ % !(%3 1'$23- ,( +,(-#(2,2$ /2(+-#,($; G' "%9' -"' C(-'1.')#%-' 9%32' -"',1'.

34#56#7 (.C.F 8J$<#67#%&)<# E),2# <4#56#7=. 7$88/!" ,9:, < )! &/%,)%$/$! /% [:, -] :%*
< (:) < < (-). >9"% </0 ":&9 ; ∈ ( < (:), < (-)) ,9"0" "+)!,! & ∈ (:, -) !$&9 ,9:, < (&) = ;.

(.F O&;;#6#$<&):&,&<-

A /2(+-#,( )'!(') #( % ('#8"0,1",,) ,/ % &,#(- & #$ $%#) -, 0' *)<<"0"%,):-2" %- & #/ -"'
/2(+-#,(

6(+) = < (+) − < (&)

+ − &
,

)'!(') #( % &2(+-21') ('#8"0,1",,) ,/ &, "%$ % 3#.#- %$ + → &. !"#$ 3#.#- #$ +%33') -"'
)'1#9%-#9' ,/ < %- &; G' )'(,-' #- 04 < ′(&). A /2(+-#,( -"%- #$ )#//'1'(-#%03' %- '9'14 &,#(-
,/ %( #(-'19%3 #$ $%#) -, 0' )#//'1'(-#%03' #( -"' #(-'19%36 C/ -"' )'1#9%-#9' #$ #-$'3/ +,(-#(2,2$;
-"'( -"' /2(+-#,( #$ $%#) -, 0' &/%,)%$/$!2; *)<<"0"%,):-2"6 A$ G#-" +,(-#(2,2$ /2(+-#,($;
G' "%9' %38'01%#+ 123'$ /,1 )#//'1'(-#%-#,(6



L6K6 \#//'1'(-#%0#3#-4 >J@

L65"5*&<&5$ (.F./ 8G2,#* ;56 %&;;#6#$<&)<&5$=. 7$88/!" ,9:, <, 6 :0" *)<<"0"%,):-2" :, &;
,9"% !/ :0" : <, ( < + 6), < 6. @< 6(&) %= I, ,9"% !/ )! </6. >9" *"0)5:,)5"! :0" 6)5"% -;

(: < )′(&) = :( < ′(&)),

( < + 6)′(&) = < ′(&) + 6′(&),

( < 6)′(&) = < ′(&)6(&) + < (&)6′(&),
(
<

6

)′
(&) = < ′(&)6(&) − < (&)6′(&)

6(&)=
.

OL6VP

F' +%( %3$, )#//'1'(-#%-' % +,.&,$#-#,(6

L65"5*&<&5$ (.F.> 834# +4)&$ 62,#=. @< < (+) )! *)<<"0"%,):-2" :, + = & :%* 6(;) )! *)<<"0.
"%,):-2" :, ; = < (&), ,9"% 6 ◦ < (+) )! *)<<"0"%,):-2" :, + = &I ,9" *"0)5:,)5" )!

6 ◦ < ′(&) = 6′( < (&)) < ′(&).

C- #$ ,/-'( 2$'/23 -, 0' %03' -, +,.&%1' -"' $#Q'$ ,/ -G, /2(+-#,($ <, 6 ('%1 % &,#(- &
G#-",2- 0'#(8 -,, $&'+#!+6 !"' -)6 J %() 2),,2" / (,-%-#,($ %1' ,/-'( 2$') /,1 -"#$ &21&,$'6

!"!#$%$&# (.F./' !"' (,-%-#,(

< (+) = J(6(+)) ('%1 -, &

.'%($ -"%- -"'1' '*#$-$ %( ' %() %( ε > I $2+" -"%-

| < (+)| < '6(+) &1,9#)') |+ − &| < ε,

G"'1'%$

< (+) = /(6(+)) ('%1 -, &

.'%($ -"%-

3#.
+→&

| < (+)|
6(+)

= I.

E,1 '*%.&3'; % /2(+-#,( < #$ )#//'1'(-#%03' %- & #/ %() ,(34 #/ -"'1' '*#$-$ % (2.0'1 4
/,1 G"#+"

< (+) = < (&) + 4(+ − &) + /(|+ − &|).

]/ +,21$'; 4 = < ′(&). !"#$ #.&3#'$ -"%- % /2(+-#,( -"%- #$ )#//'1'(-#%03' %- % &,#(- #$ %3$,
+,(-#(2,2$ %- -"%- &,#(-6 !"' +,(9'1$' $-%-'.'(- #$ /%3$'M A /2(+-#,( .%4 0' +,(-#(2,2$
%- % &,#(- G#-",2- 0'#(8 )#//'1'(-#%03': /,1 '*%.&3'; < (+) = |+| #$ +,(-#(2,2$ %- I 02- (,-
)#//'1'(-#%03'6



>J= A&&'()#* L6 L%$#+ A(%34$#$

(.H P&94#6@Q6%#6 O#6&E)<&E#* )$% 3)-,56R* 34#56#7
C/ -"' !1$- )'1#9%-#9' ,/ /2(+-#,(; < ′, #$ %3$, )#//'1'(-#%03'; -"'( G' $%4 -"%- < #$ -G#+'
)#//'1'(-#%03'6 !"' $'+,() )'1#9%-#9' #$ )'(,-') 04 < ′′. C()2+-#9'34; #/ -"' E-" )'1#9%-#9' #$
)#//'1'(-#%03'; -"'( G' $%4 -"%- < #$ (E + @) -#.'$ )#//'1'(-#%03'6 !"' E-" )'1#9%-#9' ,/ <
#$ )'(,-') 04 < [E]. E,1 % /2(+-#,( -"%- "%$ % )'1#9%-#9'$; -"'1' #$ % &,34(,.#%3 -"%- %81''$
G#-" < -, ,1)'1 % − @ %- % &,#(-6

34#56#7 (.H./ 83)-,56R* 34#56#7=. 7$88/!" ,9:, < 9:! % *"0)5:,)5"! )% :% )%,"05:2
[:, -]. @< +, & ∈ (:, -), ,9"%

< (+) =
%−@∑

1=I

< [ 1 ](&)(+ − &) 1

1 ! + K%(+), OL6>P

B9"0"
K%(+) = J(|+ − &|%).

E,1.23% OL6>P #$ +%33') >:;2/0L! </03$2: B),9 0"3:)%*"0 ,"036 !"'1' %1' .%(4 )#//'1'(-
/,1.23^ /,1 -"' 0"3:)%*"0 ,"03 K%. ](' /1,. G"#+" %33 -"' ,-"'1$ +%( 0' )'1#9') #$ 8#9'(
04

K%(+) = @

(% − @)!

+∫

&

< [%](,)(+ − ,)%−@*,. OL6WP

!"' % = @ +%$' ,/ !%43,1_$ -"',1'. #$ -"' .'%( 9%32' -"',1'.6

34#56#7 (.H.> 8N#)$ E),2# <4#56#7=. 7$88/!" ,9:, < )! &/%,)%$/$! /% [:, -] :%* *)<.
<"0"%,):-2" /% (:, -). >9"% ,9"0" "+)!,! : & ∈ (:, -) !$&9 ,9:,

< (-) − < (:) = < ′(&)(- − :).

(.I J$<#96)<&5$
!"' #(9'1$' ,&'1%-#,( -, )#//'1'(-#%-#,( #$ #(-'81%-#,(6 S2&&,$' -"%- < #$ % 0,2()') /2(+-#,(
)'!(') ,( % !(#-' #(-'19%3 [:, -]. A( #(+1'%$#(8 $'D2'(+' M = {: = +I < +@ < · · · <
+( = -} )'!('$ % 8:0,),)/% ,/ -"' #(-'19%36 !"' .'$" $#Q' ,/ -"' &%1-#-#,( #$ )'!(') -, 0'

|M| = .%*{|+) − +)−@| : ) = @, . . . , (}.
!, '%+" &%1-#-#,( G' %$$,+#%-' -G, %&&1,*#.%-#,($ ,/ -"' %1'% 2()'1 -"' 81%&" ,/ < ; 04 -"'
123'$

N ( <, M) =
(∑

1=@
$2&

+∈[+ 1−@,+ 1 ]
< (+)(+ 1 − + 1−@),

4( <, M) =
(∑

1=@
#(/

+∈[+ 1−@,+ 1 ]
< (+)(+ 1 − + 1−@).

OL6[P



L6V6 C(-'81%-#,( >JJ

!"'$' %1' +%33') -"' $88"0 :%* 2/B"0 K)"3:%% !$3!6 ]0$'19' -"%- /,1 %(4 &%1-#-#,( M G'
"%9' -"' '$-#.%-'

N ( <, M) ≥ 4( <, M). OL6@IP

C/ M %() M ′ %1' &%1-#-#,($ G#-" -"' &1,&'1-4 -"%- '9'14 &,#(- #( M #$ %3$, % &,#(- #( M ′,
-"'( G' $%4 -"%- M ′ #$ % 0"!%"3"%, ,/ M %() G1#-' M < M ′. C/ M@ %() M= %1' -G, &%1-#-#,($;
-"'(; 04 2$#(8 -"' 2(#,( ,/ -"' &,#(-$ #( -"' -G, 2()'134#(8 $'-$; G' +%( )'!(' % ('G
&%1-#-#,( MJ G#-" -"' &1,&'1-4 -"%-

M@ < MJ %() M= < MJ.

A &%1-#-#,( G#-" -"#$ &1,&'1-4 #$ +%33') % &/33/% 0"!%"3"%, ,/ M@ %() M=. E1,. -"' )'!N
(#-#,($ #- #$ +3'%1 -"%- #/ M < M ′, -"'(

N ( <, M) ≥ N ( <, M ′) %() 4( <, M) ≤ 4( <, M ′). OL6@@P

!"!#$%$&# (.I./' A 0,2()') /2(+-#,( < )'!(') ,( %( #(-'19%3 [:, -] #$ K)"3:%% )%,"60:-2"
#/

#(/
M
N ( <, M) = $2&

M
4( <, M).

C( -"#$ +%$' G' )'(,-' -"' +,..,( 9%32'; +%33') -"' K)"3:%% )%,"60:2; 04

-∫

:

< (+) *+ .

7,$- `(#+'a /2(+-#,($ %1' b#'.%(( #(-'81%03'6 E,1 '*%.&3' G' "%9' -"' /,33,G#(8
0%$#+ 1'$23-6

34#56#7 (.I./. 7$88/!" ,9:, < )! : 8)"&"B)!" &/%,)%$/$! <$%&,)/% *"!%"* /% [:, -]. >9"%
< )! K)"3:%% )%,"60:-2" :%*

-∫

:

< (+) *+ = 3#.
(→∞

(∑

1=@
< (: + 1

(
(- − :))

- − :

(
.

!"' &1,,/ ,/ -"#$ -"',1'. #$ (,- )#/!+23- %() 1'3#'$ &1#.%1#34 ,( -"' 2(#/,1. +,(-#(2#-4
,/ % +,(-#(2,2$ /2(+-#,( ,( % +3,$'); 0,2()') #(-'19%3 %() OL6@@P6 !"' $2.$ %&&'%1#(8 #(
-"#$ -"',1'. %1' +%33') 0)69, K)"3:%% !$3!; 0'+%2$' -"' /2(+-#,( #$ '9%32%-') %- -"' 1#8"-
'()&,#(- ,/ '%+" #(-'19%36 !"' 2"<, K)"3:%% !$3! %1' ,0-%#(') 04 '9%32%-#(8 %- -"' 3'/-
'()&,#(-$6 !"' /,1.23% /,1 -"' #(-'81%3 ",3)$ /,1 %(4 b#'.%(( #(-'81%03' /2(+-#,( 02- #$
.,1' )#/!+23- -, &1,9' #( -"#$ 8'('1%3#-46 !"' #(-'81%3 #$ % 3#('%1 .%& /1,. #(-'81%03'
/2(+-#,($ -, -"' 1'%3 (2.0'1$6



>JK A&&'()#* L6 L%$#+ A(%34$#$

34#56#7 (.I.>. 7$88/!" ,9:, < :%* 6 :0" K)"3:%% )%,"60:-2" <$%&,)/%!= >9"% < + 6 :%*
< 6 :0" )%,"60:-2" :! B"22= @< & ∈ #, ,9"%

-∫

:

( < (+) + 6(+)) *+ =
-∫

:

< (+) *+ +
-∫

:

6(+) *+ :%*

-∫

:

& < (+) *+ = &

-∫

:

< (+) *+ .

34#56#7 (.I.C. 7$88/!" ,9:, < )! K)"3:%% )%,"60:-2" /% [:, -] :%* ,9:, & ∈ [:, -]. >9"%
< )! K)"3:%% )%,"60:-2" /% [:, &] :%* [&, -]; 3/0"/5"0C

-∫

:

< (+) *+ =
&∫

:

< (+) *+ +
-∫

&

< (+) *+ . OL6@=P

!"'1' #$ %3$, % .'%( 9%32' -"',1'. /,1 -"' #(-'81%3; $#.#3%1 -, !"',1'. L6T6=6

34#56#7 (.I.F. 7$88/!" ,9:, < )! : &/%,)%$/$! <$%&,)/% :%*w )! : %/%%"6:,)5" )%,"60:-2"
<$%&,)/%= >9"0" "+)!,! : 8/)%, & ∈ (:, -) !/ ,9:,

-∫

:

< (+)w(+) *+ = < (&)

-∫

:

w(+) *+ .

!"' .'%( -"',1'. &1,9#)'$ % )#//'1'(- /,1.23% /,1 -"' 1'.%#()'1 -'1. #( !%43,1_$ -"'N
,1'.6

D565,,)6- (.I./. 7$88/!" ,9:, < 9:! %.*"0)5:,)5"! /% :% )%,"05:2 [:, -] :%* +, & :0" 8/)%,!
)% (:, -). >9"% ,9"0" "+)!,! : %$3-"0 *, -",B""% + :%* &, !/ ,9:,

< (+) =
%−@∑

1=I

< [ 1 ](&)(+ − &) 1

1 ! + < [%](*)(+ − &)%

%! . OL6@JP

7,$- '3'.'(-%14 .'-",)$ /,1 +%3+23%-#(8 #(-'81%3$ +,.' /1,. -"' /2()%.'(-%3 -"',N
1'. ,/ +%3+232$6 !, $-%-' -"#$ 1'$23- G' ('') -, -"#(5 ,/ -"' #(-'81%3 #( % )#//'1'(- G%46 A$
)'$+1#0') &1'9#,2$34; -"' #(-'81%3 %$$,+#%-'$ % (2.0'1 -, % /2(+-#,( )'!(') ,( % !*') #(N
-'19%36 S2&&,$' #($-'%) -"%- < #$ )'!(') %() b#'.%(( #(-'81%03' ,( [:, -]. !"',1'. L6V6J
$-%-'$ -"%-; /,1 '%+" + ∈ [:, -], < #$ b#'.%(( #(-'81%03' ,( [:, +]. !"' ('G #)'% #$ -, 2$'
-"' #(-'81%3 -, )'!(' % ('G <$%&,)/% ,( [:, -] 04 $'--#(8

F(+) =
+∫

:

< (;) *;.

!"#$ /2(+-#,( #$ +%33') -"' )%*"!%)," )%,"60:2 ,1 %(-#N)'1#9%-#9' ,/ <. C( -"#$ +,(-'*- G' ,/-'(
1'/'1 -,

∫ -
: < (+) *+ %$ -"' *"!%)," )%,"60:2 ,/ <.



L6>6 C.&1,&'1 C(-'81%3$ >JT

34#56#7 (.I.H 834# M2$%)7#$<), <4#56#7 5; +),+2,2*=. @< < )! : &/%,)%$/$! <$%&,)/%
/% [:, -] ,9"% F )! *)<<"0"%,):-2" :%* F ′ = <. @< < )! *)<<"0"%,):-2" :%* < ′ )! K)"3:%%
)%,"60:-2" ,9"%

-∫

:

< ′(+)*+ = < (-) − < (:).

!"'1' %1' -G, /21-"'1 0%$#+$ -,,3$ ('')') -, +,.&2-' %() .%(#&23%-' #(-'81%3$6 !"'
!1$- #$ +%33') )%,"60:,)/% -; 8:0,!; #- #$ % +,($'D2'(+' ,/ -"' &1,)2+- 123' /,1 )'1#9%-#9'$:
$'' X1,&,$#-#,( L6K6@6

L65"5*&<&5$ (.I./ 8J$<#96)<&5$ :- ")6<*=. @< <, 6 ∈ !@([:, -]) ,9"%
-∫

:

< ′(+)6(+) *+ = < (-)6(-) − < (:)6(:) −
-∫

:

< (+)6′(+) *+ .

!"' ,-"'1 /,1.23% /,33,G$ /1,. -"' +"%#( 123'; X1,&,$#-#,( L6K6=6

L65"5*&<&5$ (.I.> 8D4)$9# 5; E)6&):,#=. 4", 6 -" : 3/%/,/%" )%&0":!)%6C *)<<"0"%,):-2"
<$%&,)/% *"!%"* [:, -] B),9 6(:) = &, 6(-) = * :%* 2", < -" : K)"3:%% )%,"60:-2" <$%&,)/%
/% [&, *]. >9" </22/B)%6 </03$2: 9/2*!O

6(-)∫

6(:)

< (;) *; =
-∫

:

< (6(+))6′(+) *+ .

(.K J7"65"#6 J$<#96),*
C( -"' &1'9#,2$ $'+-#,( G' )'!(') -"' b#'.%(( #(-'81%3 /,1 -/$%*"* /2(+-#,($ ,( -/$%*"*
#(-'19%3$6 C( %&&3#+%-#,($ 0,-" ,/ -"'$' 1'$-1#+-#,($ ('') -, 0' 1'.,9')6 !"#$ 3'%)$ -,
9%1#,2$ (,-#,($ ,/ )380/8"0 )%,"60:2!6 !"' $#.&3'$- $#-2%-#,( #$ -"%- ,/ % /2(+-#,( < )'!(')
,( [I,∞) %() #(-'81%03' ,( [I, K] /,1 '9'14 K > I.F' $%4 -"%- -"' #.&1,&'1 #(-'81%3;

∞∫

I

< (+) *+

'*#$-$ #/ -"' 3#.#-;

3#.
K→∞

K∫

I

< (+) *+, OL6@KP

'*#$-$6 C( -"#$ +%$' -"' #.&1,&'1 #(-'81%3 #$ 8#9'( 04 -"' 3#.#-#(8 9%32'6 L4 %(%3,84 G#-"
-"' -"',14 ,/ #(!(#-' $'1#'$; -"'1' %1' -G, )#$-#(+- $#-2%-#,($ #( G"#+" -"' #.&1,&'1 #(-'81%3
'*#$-$6 C/ -"' #.&1,&'1 #(-'81%3 ,/ | < | '*#$-$; -"'( G' $%4 -"%- < #$ :-!/2$,"2; )%,"60:-2" ,(
[I,∞).



>JV A&&'()#* L6 L%$#+ A(%34$#$

()*+,-" (.K./' !"' /2(+-#,( (@+ +=)−@ #$ %0$,32-'34 #(-'81%03' ,( [I,∞). C()'') G' $''
-"%- #/ K < K′, -"'(

I ≤
K′∫

I

*+

@+ +=
−

K∫

I

*+

@+ +=
=

K′∫

K

*+

@+ +=

≤
K′∫

K

*+

+=

≤ @

K
.

OL6@TP

!"#$ $",G$ -"%-

3#.
K→∞

K∫

I

*+

@+ +=

'*#$-$6

()*+,-" (.K.>' !"' /2(+-#,( $#( +
+ #$ % 0,2()') +,(-#(2,2$ /2(+-#,(: #- #$ #(-'81%03' ,(

[I,∞) 02- (,- %0$,32-'34 #(-'81%03'6 !"' #(-'81%3 ,/ $#( ++ ,9'1 %(4 !(#-' #(-'19%3 #$ !(#-'6
Y$#(8 #(-'81%-#,( 04 &%1-$; G' !() -"%-

K∫

@

$#( +*+

+
= +,$ +

+

∣∣∣∣
K

@

−
K∫

@

+,$ +*+

+=
.

Y$#(8 -"#$ /,1.23% %() -"' &1'9#,2$ '*%.&3'; #- #$ (,- )#/!+23- -, $",G -"%-

3#.
K→∞

K∫

I

$#( +*+

+

'*#$-$6 ]( -"' ,-"'1 "%() 0'+%2$'

K∫

@

*+

+
= 3,8 K,

#- #$ (,- )#/!+23- -, $",G -"%-
K∫

I

| $#( +|*+
+

81,G$ 3#5' 3,8 K %() -"'1'/,1' )#9'18'$ %$ K -'() -, #(!(#-46



L6>6 C.&1,&'1 C(-'81%3$ >J>

!"'1' %1' $#.#3%1 )'!(#-#,($ /,1 -"' #.&1,&'1 #(-'81%3$
I∫

−∞

< (+) *+ %()

∞∫

−∞

< (+) *+ .

!"' ,(34 $.%33 $20-3'-4 #$ -"%- G' $%4 -"%- -"' #.&1,&'1 #(-'81%3 '*#$-$ #( -"' $'+,() +%$'
,(34 G"'( 0,-" -"' #.&1,&'1 #(-'81%3$;

I∫

−∞

< (+) *+ %()

∞∫

I

< (+) *+,

'*#$- $'&%1%-'346 S#.#3%1 )'!(#-#,($ %&&34 -, /2(+-#,($ )'!(') ,( 0,2()') #(-'19%3$ (:, -)
-"%- %1' #(-'81%03' ,( %(4 $20#(-'19%3 [&, *]. F' $%4 -"%- -"' #.&1,&'1 #(-'81%3

-∫

:

< (+) *+

'*#$-$ #/ -"' 3#.#-$

3#.
&→:+

"∫

&

< (+) *+ %() 3#.
&→-−

&∫

"

< (+) *+

0,-" '*#$-6 c'1' " #$ %(4 &,#(- #( (:, -); -"' '*#$-'(+' ,1 (,('*#$-'(+' ,/ -"'$' 3#.#-$ #$
+3'%134 #()'&'()'(- ,/ G"#+" O!*')P &,#(- G' 2$'6 L'+%2$' #.&1,&'1 #(-'81%3$ %1' )'!(')
04 3#.#-$ ,/ &1,&'1 #(-'81%3$; -"'4 "%9' -"' $%.' 3#('%1#-4 &1,&'1-#'$ %$ #(-'81%3$6 E,1 '*N
%.&3';

L65"5*&<&5$ (.K./. 7$88/!" ,9:, < :%* 6 :0" )380/8"02; )%,"60:-2" /% [I,∞). >9"% < + 6
)! :! B"22 :%* ∞∫

I

( < (+) + 6(+)) *+ =
∞∫

I

< (+) *+ +
∞∫

I

6(+) *+,

</0 : ∈ #, : < )! )380/8"02; )%,"60:-2" :%*

∞∫

I

: < (+) *+ = :

∞∫

I

< (+) *+ .

!"' !(%3 +%$' -"%- 1'D2#1'$ +,($#)'1%-#,( #$ -"%- ,/ % /2(+-#,( < )'!(') ,( % &2(+-21')
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