AMCS 608 Problem Set 1
due September 22, 2009
Dr. Epstein

Reading: References for this material aeinciples of Mathematical Analysis, by Wal-
ter Rudin,Elementary Classical Analysis, by Jerrold MarsderCalculus on Manifolds by
Michael SpivakLinear Algebra, by Peter Lax.

Standard problems. The following problems should be done, but do not have to be
handed in.

1. LetV be areal vector space, prove that every basid/ftvas the same number of
elements (that is difd is well defined).

2. LetA:R™ — R" be alinear transformation; show that

(@) ImA and keA are subspaces &" andR™ respectively.
(b) Show thafR™/kerA is a vector space.
(c) Show thafR™/kerA is isomorphic to ImA.

3. Let< x, > be a bounded sequence of real numbers. Show that there srasimy
sequences of positive integetsp; >, < gj > so that

lim supx, = lim xp, and |rl]l‘ﬂcl>£lfxn = lim xg;. (1)

n— oo J—o00 J—o0
4. Suppose that/, V are subspaces &", and(-, -) is an inner product oR". Define
Vi={xeR": (x,0) =0forallv € V}. (2)

(a) Show thaiv ' is a subspace.
(b) Show thaR" ~ V @ V-, hence dinV+ =n — dimV.
(c) Show that iftW c V+, then dimW < dimV+.

Homework assignment: The solutions to the following problems should be carefully
written up and handed in.

1. LetV be a finite dimensiondk-vector space anl’ the space of linear functions
onV. Give an algebraic proof that divi = dimV'.
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2. Let .
(X, y) = D Xjyj 3)
j=1
be the standard inner product BA. If A : R" — R" is a linear transform, then the
transpose ofA with respect to this inner producA!, is defined by the condition
(AX, y) = (x, Aly). 4)
Let B = (bjj) be a positive definite symmetric matrix, thabjgs = bjj, and
n
Z bijxixj > 0, S)
ij=1
with equality if and only ifx = O.

(&) Show that
(X, y) = Z bij Xi i (6)

ij=1
defines another inner product &f.
(b) We can define a different notion of transpo&é by the requirement that

(AX,y) = (x, Aly) (7)

How is AT related toA!?

(c) Show directly thatAx = y is solvable if and only ify is (-, -)-orthogonal to
the kerAT.

3. Let?; be the space of polynomials of degree at mo$idt p, q € %», define
1
(p.) = [ POOGLOA ®)
0

(a) Prove that this defines an inner production
(b) Fork =0, 1, 2, show that/x(p) = a)'f p(0) define elements o,
(c) Fork =0, 1, 2 find elementsy € %, so that

t(p) = (P, Ak)- (9)
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(d) If pis a polynomial of degree 3 is it true that
tk(p) = (P, Ak ? (10)

4. Foreachp € [0, o0) we define a function oR" by

Np(x) = {Z X |p} : (11)
j=1

For p = oo we let:
Noo (X) = max{|X|, ..., |Xnl}. (12)
(@) Show that lim_, oo Np(X) = Noo(X).
(b) Forp = 1,2, 00 andn = 2 draw the unit balls{x : Np(x) < 1} on a single
graph.
(c) Show, fom = 2, thatN%(x) doesnot define a norm ofk2. Draw the unit ball.

(d) For each find constants\,, By so that, forx € R" we have
AnNoo (X) = N1(X) = BnNoo(X). (13)
5. AsetA C Risnot connected if there exist disjoint open sBtsV such that

@UNA£PandVNA#D
(b) ACUUV.

What are the connected subset$@fYou must prove your answer.

6. Suppose that is a differentiable function o0, oo). Show that

N+1 N n+1

N
>t = / fodx — > / f/(x)(n 4+ 1 — x)dx. (14)
n=1

1 n:1 n
Use this formula to prove that there is a non-zero constast that

N q 1
Zﬁ =logN +7 + O(3). (15)

n=1

Is y positive or negative?



