
AMCS 608 Problem Set 1
due September 22, 2009

Dr. Epstein

Reading: References for this material arePrinciples of Mathematical Analysis, by Wal-
ter Rudin,Elementary Classical Analysis, by Jerrold Marsden,Calculus on Manifolds by
Michael Spivak,Linear Algebra, by Peter Lax.

Standard problems: The following problems should be done, but do not have to be
handed in.

1. Let V be a real vector space, prove that every basis forV has the same number of
elements (that is dimV is well defined).

2. Let A : R
m → R

n be a linear transformation; show that

(a) Im A and kerA are subspaces ofR
n andR

m respectively.

(b) Show thatRm/kerA is a vector space.

(c) Show thatRm/kerA is isomorphic to ImA.

3. Let< xn > be a bounded sequence of real numbers. Show that there are increasing
sequences of positive integers< p j >, < q j > so that

lim sup
n→∞

xn = lim
j→∞

x p j and lim inf
n→∞

xn = lim
j→∞

xq j . (1)

4. Suppose thatW, V are subspaces ofR
n, and〈·, ·〉 is an inner product onRn. Define

V ⊥ = {x ∈ R
n : 〈x, v〉 = 0 for all v ∈ V }. (2)

(a) Show thatV ⊥ is a subspace.

(b) Show thatRn ≃ V ⊕ V ⊥, hence dimV ⊥ = n − dimV .

(c) Show that ifW ⊂ V ⊥, then dimW ≤ dimV ⊥.

Homework assignment: The solutions to the following problems should be carefully
written up and handed in.

1. Let V be a finite dimensionalR-vector space andV ′ the space of linear functions
on V . Give an algebraic proof that dimV = dimV ′.
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2. Let

〈x, y〉 =

n
∑

j=1

x j y j (3)

be the standard inner product onR
n. If A : R

n → R
n is a linear transform, then the

transpose ofA with respect to this inner product,At , is defined by the condition

〈Ax, y〉 = 〈x, At y〉. (4)

Let B = (bi j ) be a positive definite symmetric matrix, that isbi j = b j i , and

n
∑

i, j=1

bi j xi x j ≥ 0, (5)

with equality if and only ifx = 0.

(a) Show that

(x, y) =

n
∑

i, j=1

bi j xi y j (6)

defines another inner product onR
n .

(b) We can define a different notion of transpose,A† by the requirement that

(Ax, y) = (x, A†y) (7)

How is A† related toAt?

(c) Show directly thatAx = y is solvable if and only ify is (·, ·)-orthogonal to
the kerA†.

3. LetP2 be the space of polynomials of degree at most 2. For p, q ∈ P2, define

〈p, q〉 =

1
∫

0

p(x)q(x)dx . (8)

(a) Prove that this defines an inner product onP2.

(b) Fork = 0, 1, 2, show thatℓk(p) = ∂k
x p(0) define elements ofP′

2.

(c) Fork = 0, 1, 2 find elementsqk ∈ P2 so that

ℓk(p) = 〈p, qk〉. (9)
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(d) If p is a polynomial of degree 3 is it true that

ℓk(p) = 〈p, qk〉? (10)

4. For eachp ∈ [0, ∞) we define a function onRn by

Np(x) =





n
∑

j=1

|x j |
p





1
p

. (11)

For p = ∞ we let:
N∞(x) = max{|x1|, . . . , |xn|}. (12)

(a) Show that limp→∞ Np(x) = N∞(x).

(b) For p = 1, 2, ∞ andn = 2 draw the unit balls,{x : Np(x) ≤ 1} on a single
graph.

(c) Show, forn = 2, thatN 1
2
(x) doesnot define a norm onR2. Draw the unit ball.

(d) For eachn find constantsAn, Bn so that, forx ∈ R
n we have

An N∞(x) ≤ N1(x) ≤ Bn N∞(x). (13)

5. A setA ⊂ R is not connected if there exist disjoint open setsU, V such that

(a) U ∩ A 6= ∅ andV ∩ A 6= ∅

(b) A ⊂ U ∪ V .

What are the connected subsets ofR? You must prove your answer.

6. Suppose thatf is a differentiable function on(0, ∞). Show that

N
∑

n=1

f (n) =

N+1
∫

1

f (x)dx −

N
∑

n=1

n+1
∫

n

f ′(x)(n + 1 − x)dx . (14)

Use this formula to prove that there is a non-zero constantγ so that

N
∑

n=1

1

n
= log N + γ + O(

1

N
). (15)

Is γ positive or negative?
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