
AMCS 608
Problem set 10 due December 13, 2010

Dr. Epstein

Reading: There are many excellent references for this material; several I especially like
areComplex Analysis by Elias Stein and Rami Shakarchi,Complex Analysis by Lars V.
Ahlfors, andConformal Mapping by Zeev Nehari. Conformal Mapping is an especially
good reference for material on harmonic functions.

Standard problem: The following problems should be done, but do not have to be
handed in.

1. This was done in class, but you should review it to be sure you understand the
basic properties of Möbius transformations. Leta, b, c, d be complex numbers with
ad − bc 6= 0, and define

f (z) =
az + b

cz + d
. (1)

Maps of this type are called Möbius transformations. Thereare three basic Möbius
transformations:

• Translationsz 7→ z + a.

• Dilationsz 7→ az.

• Inversionz 7→ z−1.

Prove that every Möbius transformation is a composition ofmaps of these three
types. Letγ ⊂ C be either a circle or a straight-line, and letf be a Möbius trans-
formation. Show thatf (γ ) is either a circle or a straight line.

2. Suppose thatu is a real valued harmonic function defined in the annulusA = {z :

ρ < |z| < R}. Show that there exist bi-infinite sequences of real numbers{an, bn}

so that ifz = reiθ , then we have a locally uniformly convergent expansion:

u(z, z̄) = a0+b0 logr+

∞∑

n=1

[
(anrn + a−nr−n) cos(nθ) + (bnrn + b−nr−n) sin(nθ)

]

(2)
Herez = reiθ . Give a condition, in terms of this expansion, foru to have a single
valued harmonic conjugate inA.
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Homework assignment: The solutions to the following problems should be carefully
written up and handed in.

1. The mapj (z) = z + 1
z is very useful for studying flows. Forρ > 1, show that the

image underj of the circle{z : |z| = ρ} is an ellipse with semi-axesa = ρ + ρ−1,

andb = ρ − ρ−1.

(a) What is the image ofDρ(0)c?

(b) Is the j a one-to-one map on this set?

(c) What happens whenρ = 1?

2. Recall that a continuous function,u defined in a neighborhood ofDr (z0), satisfies
the mean value property if, forρ < r,

u(z0) =
1

2π

2π∫

0

u(z0 + ρeiθ , z̄0 + e−iθ )dθ. (3)

Suppose thatu is a continuous function defined in a connected domainD, which
satisfies the mean value property. Show thatu satisfies the maximum principle: ifu
attains a local interior maximum, thenu is constant. Use this observation to show
thatu is actually harmonic. Hint: Being harmonic is a local property, so it is enough
to consideru on disks withDr (z0) ⊂ D.

3. Suppose thatD is a simply connected domain inC for which there is an 1-1, onto
analytic map f : D → D1(0), which extends to be a 1-1, onto,C1-map fromD
D1(0). Let g ∈ C0(bD); in class we showed that

u(z, z̄) =
1

2π

∫

bD

g(w)
1 − | f (z)|2

| f (w) − f (z)|2
·

f ′(w)dw

i f (w)
, (4)

solves Dirichlet’s problem inD,

{
1u = 0 in D,

u ↾bD= g.
(5)

Give a geometric interpretation for the measure

ds =
f ′(w)dw

i f (w)
for w ∈ bD, (6)
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which explains why it is real. Ifγ is a connected arc ofbD, then describe, in simple
geometric terms, the value of the integral:

1

2π

∫

γ

f ′(w)dw

i f (w)
. (7)

4. In the following problems, even though one of the regions is not bounded, the for-
mula of the previous problem can still be applied, explain why.

(a) Show that the mapz 7→ z2 carries the positive quadrant onto the upper half
plane. Find a formula for the bounded solution of the Dirichlet problem in the
positive quadrant, with bounded continuous data specified along the union of
the positivex- andy-axes. Are there harmonic functions in this region, which
vanish on the boundary of the positive quadrant?

(b) Show that the mapz 7→ ez carries the stripS = {z : 0 < Im z < π} 1-1,
onto the upper half plane. Find a formula for the solution to Dirichlet problem
in S, where the data is a bounded functiong ∈ C0(bS). Note thatbS has two
connected components. What if limx→−∞ g(x) = M−, limx→−∞ g(x+iπ) =

M+ both exist. For 0< y < π, what is

lim
x→−∞

u(x + iy)? (8)

Hint: What is

lim
r→0+

∞∫

0

r sinθda

(r cosθ − a)2 + r2 sin2 θ
. (9)

5. The Dirichlet problem for the Laplace equation can be solved by conformal map-
ping.

(a) For the domain
Er = {z : r < |z| < 1}, (10)

find a harmonic functionu in Er so that

u(reiθ ) = 1 andu(eiθ ) = 0. (11)

(b) Fora ∈ (0, 1
2) anda < b < 1 − a, let

D = {z : |z| < 1 and|z − a| > b}. (12)
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Find a harmonic functionv in D so that

v(a + beiθ ) = 1 andv(eiθ ) = 0. (13)

(c) Compute ∫

Er

|∇u|2dxdy and
∫

D

|∇v |2dxdy. (14)

6. Suppose thatD1 andD2 are the complements of bounded regions, which are simply
connected inC ∪ {∞}. For anyφ show that there is aunique conformal mapf :

D1 → D2, which satisfies

f (z) → ∞ and f ′(z) → reiφ asz → ∞. (15)

Herer ∈ (0, ∞). Prove thatf is uniquely determined by these conditions. Let

Dθ = C \ {teiθ : t ∈ [−2, 2]}. (16)

Find a conformal mapf : Dθ → D0, satisfying (15) withφ = 0.

7. Suppose thatf : D1 → D2 is a conformal map, and thatW = (X (u, v), Y (u, v))

is a vector field defined inD2, which satisfies

∇ · W = ∇ × W = 0. (17)

We can identifyW with a complex valued functionX + iY. Show that the vector
field in D1 defined by the complex valued function

X̃(z) + i Ỹ (z) = (X ( f (z)) + iY ( f (z))) f ′(z)

satisfies (17) inD1. Show that if(X, Y ) is tangent to the boundary ofD2, then
(X̃, Ỹ ) is tangent to the boundary ofD1.

8. The mapj (z) = z + 1
z is very useful for studying flows. Forρ > 1, show that the

image underj of the circle{z : |z| = ρ} is an ellipse with semi-axesa = ρ + ρ−1,

andb = ρ − ρ−1. Use this to find the flow past the ellipse

Ea,b = {(x, y) :
(x

a

)2
+

( y

b

)2
= 1}, (18)

with velocity (1, 0) at infinity, and zero circulation. Find the flows with non-zero
circulation as well.
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9. Suppose thatf is a non-constant, meromorphic function fromC to C that satisfies

f (z + 1) = f (z) and f (z + i) = f (z). (19)

(a) Prove that for anym, n ∈ Z we also havef (z + m + ni) = f (z). Such a
function is said to be doubly periodic.

(b) Show that f must have poles, that is a doubly periodic, analytic function is
constant.

(c) Let R be the square with vertices 0, 1, i, 1 + i. We can suppose that the poles
and zeros off do not lie onbR. Show that

∫

bR

f (z)dz = 0 and
∫

bR

f ′(z)

f (z)
dz = 0 (20)

(d) Show that the equationf (z) = 0 has at least two solutions, counted with
multiplicity, in R.
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