AMCS 608
Problem set 10 due December 13, 2010
Dr. Epstein

Reading: There are many excellent references for this material;raéliespecially like
are Complex Analysis by Elias Stein and Rami Shakarckipmplex Analysis by Lars V.
Ahlfors, andConformal Mapping by Zeev Nehari. Conformal Mapping is an especially
good reference for material on harmonic functions.

Standard problem: The following problems should be done, but do not have to be
handed in.

1. This was done in class, but you should review it to be sure yaderstand the
basic properties of Mobius transformations. heb, ¢, d be complex numbers with

ad — bc # 0, and define
az+b
f(z) = . 1
@ cz+d @)
Maps of this type are called Mobius transformations. Tlaeeethree basic Mobius
transformations:

e Translationz — z 4+ a.

e Dilationsz — az.

e Inversionz — z7 1

Prove that every Mobius transformation is a compositiormaifps of these three
types. Lety C C be either a circle or a straight-line, and letbe a Mobius trans-
formation. Show thaf (y) is either a circle or a straight line.

2. Suppose that is a real valued harmonic function defined in the annius {z :
p < |z| < R}. Show that there exist bi-infinite sequences of real num{sgrdon}
so that ifz = re/?, then we have a locally uniformly convergent expansion:

u(z, 2) = ag+bo Iogr-l—z [(@nr" + a_nr ™) cognd) + (bpr " + b_nr ") sin(nd)|

n=1
| (2)
Herez = re?. Give a condition, in terms of this expansion, foto have a single
valued harmonic conjugate .



Homework assignment: The solutions to the following problems should be carefully
written up and handed in.

1. Themapj(z) =z+ % is very useful for studying flows. Fgr > 1, show that the
image undejj of the circle{z : |z| = p} is an ellipse with semi-axes= p + p~1,
andb=p — p~ L.

(@) What is the image db,(0)°?
(b) Is thej a one-to-one map on this set?
(c) What happens whem= 17

2. Recall that a continuous functiomdefined in a neighborhood @, (zp), satisfies
the mean value property if, for < r,

2r

1 . .
uam=§;/umeéﬂ%+e“m& 3)

0
Suppose thati is a continuous function defined in a connected donijrwhich
satisfies the mean value property. Show thastisfies the maximum principle: uf
attains a local interior maximum, thenis constant. Use this observation to show
thatu is actually harmonic. Hint: Being harmonic is a local prdpgeso it is enough

to considew on disks withD; (zg) C D.

3. Suppose thaD is a simply connected domain @ for which there is an 1-1, onto
analytic mapf : D — D1(0), which extends to be a 1-1, ont6!-map fromD
D1(0). Letg € CObD); in class we showed that

1 1—1f@)? f'(w)dw
uga_%/“muwwwwﬁium’ “)
D

solves Dirichlet’s problem iD,

{ Au=0inD, 5)

U [bp= g.
Give a geometric interpretation for the measure

_ f(w)dw

ds = (0 for w € bD, (6)
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which explains why itis real. If is a connected arc &D, then describe, in simple
geometric terms, the value of the integral:

1 f'(w)dw

2r ) if(w)
Y

(7)

4. In the following problems, even though one of the regi@sat bounded, the for-
mula of the previous problem can still be applied, explaitywh

(a) Show that the map — z2 carries the positive quadrant onto the upper half
plane. Find a formula for the bounded solution of the Dirgtldroblem in the
positive quadrant, with bounded continuous data specif@tahe union of
the positivex- andy-axes. Are there harmonic functions in this region, which
vanish on the boundary of the positive quadrant?

(b) Show that the map — €* carries the strilS = {z: 0 < Imz < =} 1-1,
onto the upper half plane. Find a formula for the solution tedblet problem
in S, where the data is a bounded functigre C°(bS). Note thatbS has two
connected components. What if km_, g(X) = M_, limy_, _c g(X+ix) =
M. both exist. For O< y < z, what is

Xli)rpoo ux +iy)? (8)

Hint: What is

_ T r sindda
lim / ——. 9)
o) (r cosd — a)2 +r2sirfd
5. The Dirichlet problem for the Laplace equation can beewloy conformal map-
ping.

(a) Forthe domain
Er={z:r <|z1 <1}, (10)

find a harmonic functiomw in E; so that
u(re?) = 1 andu(e?) = 0. (11)
(b) Forae (0,3) anda <b < 1—a, let
D={z: |z] <1land|z—a|] > b}. (12)
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Find a harmonic function in D so that
v(@+be?) =1ando(e?) = 0. (13)

(c) Compute
/|Vu|2dxdy and/le)lzdxdy. (14)
E, D

6. Suppose thdD; andD; are the complements of bounded regions, which are simply
connected inC U {oo}. For any¢ show that there is anique conformal mapf :
D1 — Dy, which satisfies

f(z) > ocoand f'(z) — re? asz — oo. (15)
Herer € (0, co). Prove thatf is uniquely determined by these conditions. Let
Dy =C\ {te? : t e [-2, 2]}. (16)

Find a conformal mag : Dy — Dy, satisfying (15) withp = 0.

7. Suppose that : D; — Dy is a conformal map, and th&¢ = (X (u, »), Y(u, v))
is a vector field defined iD», which satisfies

V-W=VxW=0. (17)

We can identifyW with a complex valued functioX + i Y. Show that the vector
field in D1 defined by the complex valued function

X2 +iY@2) = X(f@)+iY(f@)) T (2

satisfies (17) inD1. Show that if (X, Y) is tangent to the boundary d@,, then
(X,Y) is tangent to the boundary @f;.

8. Themapj(z) = z+ % is very useful for studying flows. Fgr > 1, show that the
image undeij of the circle{z : |z| = p} is an ellipse with semi-axes= p + p 1,
andb = p — p~1. Use this to find the flow past the ellipse

y 2

Ean =100y (5) + () =, (19

with velocity (1, 0) at infinity, and zero circulation. Find the flows with non-aer
circulation as well.



9. Suppose that is a non-constant, meromorphic function fr@ro C that satisfies
fz+1) =f@andf(z+1) = f(2). (19)
(a) Prove that for anyn,n € Z we also havef (z+ m + ni) = f(z). Such a

function is said to be doubly periodic.

(b) Show thatf must have poles, that is a doubly periodic, analytic fumcts
constant.

(c) Let R be the square with vertices D,i, 1+ i. We can suppose that the poles
and zeros off do not lie onbR. Show that

f'(2)
f(z)dz=0and dz=0 (20)
bz b{ f2)

(d) Show that the equatiofi(z) = 0 has at least two solutions, counted with
multiplicity, in R.



