AMCS 608
Problem set 2 due September 22, 2008
Dr. Epstein

Reading: References for this material aPeinciples of Mathematical Analysis, by Wal-
ter Rudin, The Way of Analysis by Robert StrichartzElementary Classical Analysis, by

Jerrold MarsdenCalculus on Manifolds by Michael Spivak, andlinear Algebra, by Peter
Lax.

Standard problems. The following problems should be done, but do not have to be
handed in.

1. Suppose that x, > is a sequence of real numbers with

lim X, = L. (1)

n—oo

If we defineX, = =24 then limh, o Xn = L as well. Find an example of
non-convergent sequeneex, > such that< X, > is convergent.

2. Show that the two definitions of closed set are equivalardubsetC of a metric
space(X, d) contains all of its limit points if and only if its compleme@f is an
open set.

3. Let(X, d) be a metric space anl: X — R a continuous function. Prove that
f710)={xe X: f(x)=0} 2)
is a closed set.
4. Show that the only path connected subseft® afe rays and intervals.

5. LetU c R" be connected, anfl : U — N, a continuous function. Show thdtis
constant.



Homework assignment: The solutions to the following problems should be carefully
written up and handed in.

1. AsubsetSof R"is connected if it cannot be written as a union:
S=UnNnSu((vny (3)

whereU andV are disjoint, open subsets &f', with non-empty intersection with
S. Show that an open subset®f is path connected if and only if it is connected.

2. Letf : R" — R be a uniformly continuous function. Show that there are tzorts
C4, Cy so that

| f(X)| < C1+ CalIX]. (4)

Produce an example to show that the converse is false.

3. (@ IfAc R"isclosed ank ¢ A, then prove that there is a numtger> 0 so
that||y — x|| > d, forally € A.

(b) If Ais closed,B is compact, andh N B = ¢, then prove that there isch> 0
so that|x — y|| > d, forall x € Aandy € B.

(c) Find two closed, non-compact subsétsB ¢ R? so that the previous state-
ment is false.

4. Prove that the sdix : ||[x — a|| < r} is an open subset &&" by considering the
function f : R" — R defined byf (x) = || x — al.

5. To define the metric on the circ® we identify it with the subset dR? :
S ={(xy): X*+y* =1}, (5)

and use the metric induced from the embedding:

d((x1, y1), (X2, y2)) = \/(Xl —X2)2 + (Y1 — ¥2)2. (6)

Let f : S* — R be a continuous function. Show that there is a p@igty) € S} SO
that

f(X,y) = f(=x, =y). (7)

6. Letf :[0,1] — [0, 1] be a continuous function. Show thithas a fixed point, that
is, anx so thatf (x) = x. Is this still true if[0, 1] is replaced by, 1]?
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7. Suppose that there is a const@rgo thatf : [0, 1] — R satisfies the estimate:
100 - f(y)l <Clx -y )
Show thatf is constant.

8. Define the functions

f(x):lOifx¢@ g(X)ZIOifxgz@ )

lifx e Q % if X = g in lowest terms.

Prove thatf is not Riemann integrable ovgd, 1], but thatg is. What is

1
/g(x)dx? (20)
0
9. Suppose thdCop, C4, ..., Cy_1, Cn} are real constants such that
C, C Ch-1 Cn
R L | (11)

Show that the equatioBg + C1X + - - - + Ch_1X""1 + Cyx" = 0 has a solution in
(0, 1). Is this still true if the coefficient$C; } are allowed to take complex values?



