AMCS 608
Problem set 4 due October 14, 2010
Dr. Epstein

Reading: References for this material aeinciples of Mathematical Analysis, by Wal-
ter Rudin, The Way of Analysis by Robert StrichartzElementary Classical Analysis, by
Jerrold MarsdenCalculus on Manifolds, by Michael Spivak, antlinear Algebra, by Peter

Lax.
Standard Problem Solution does not have to be handed in:

1. Suppose that (x, y), defined in[0, 1] x [0, 1], has partial derivatives if0, 1) x
(0, 1). If oy f(x, y) = O throughout0, 1) x (O, 1), show that there is a differentiable
functiong(x) so thatf (x, y) = g(x). How is ox f (x, y) related tog'(x)?

2. Definef : R> - Rby

2 \2 .
Xy if (%, y) # (0,0)

fx,y) = _ 1)
0 if(x,y)=1(0,0).

(@) Show thaby f (0, y) = —y andoy f (x, 0) = Xx.
(b) Show thabyoy f (0, 0) andoydx f (0, 0) exist but are not equal.
(c) Explain why this does not contradict the theorem provedass.

3. As noted in class, we can think of théh derivative of a functionf as aj-linear
function, DI f (X)(v1, . . ., vj). Suppose that is a j-times differentiable, real val-
ued function inB, (a). Show that

dif
y (x+tu)\t =Dl X),...,0). (2)

Use this to show that if is three times differentiable, then

N of
f() = f(y) +Z§7<x)<xj —yp+
j:

2 Z ax,ax 00X — ¥ (% — Yk) + O(lIx — yII®).  (3)



4. Letf : R?> - R be continuously differentiable. Show thétis not one-to-one.
Hint: If, for example,ox f (X, y) is not zero, then show that the mé&p: (X, y) —
(f(x,y),y) is locally one-to-one and onto.

Homework assignment: The solutions to the following problems should be carefully
written up and handed in.

1. Let(x,y) be an inner product oR". We define a functiorF : R" x R" — R, by
F(X,y) = (X, y). Show thatF is differentiable and compute F (x, y)(a, b).

2. Suppose thdl ¢ R" is an open convex set, arfd: U — R™ is a continuously
differentiable function. Show that foq, Xxo € U,

1
f(xa) — (xo) = / DF (tx1 + (1 — H)xa)(xa — x)dlt. %)
0

Use this to show that in any compact subett U, and for anye > 0, there is a
0 > 0 sothatifxq, Xxo € K and||xy — X2|| < 4, then

| f(x1) — f(x2) — Df (X)) (X1 — X2)|I < €llXy — X2 (5)

3. Letg be a continuously differentiable function on the unit a@rid R?, which satis-
fies: g(1, 0) = g(0, 1) = 0 andg(—x) = —g(x). Define

f(x)[ Ixllg (%) for x £ ©,0) ©
0, for x = (0, 0)

(a) Show that for each fixexl € R?, the functiont — f (tx) is differentiable.
(b) Prove thatf (x) is not differentiable a0, 0) unlessg = 0.

4. LetU c R" be an open set anfl : U — R" a continuously differentiable map,
such that, at any every poirte U, detDf (x) # 0. Show thatf (U) is an open set.

5. Show that iff (x, y) is a continuous function ifD, 1] x [0, 1], for which oy f (X, y)
exists and is continuous (®, 1) x [0, 1], then

1
g(x) = / f(x, y)dy )
0

2



is a continuous function ok € [0, 1], which is a differentiable function ok
(0, 1). Moreover:

1
g(x) = / ot (x, y)dy ®)
0

Define a map fron®? to itself by setting
F (X, y) = (sinx cosy + siny coSx, COSX COSY — Sinx siny). (9)

Does there exist a poirikg, Yo) such thatF is locally invertible in a neighborhood
of F(Xo, Yo). YOu must prove your answer.

. Suppose thdt is a continuously differentiable function defined in a néigthood
of (0, 0, 0) such that~ (0, 0, 0) = 0, and each of the partial derivatives

I:X (Oa Oa O)a Fy(oa O: O)a FZ(Oa O: O)

is non-zero. Show that there are differentiable functidie$ined in a neighborhood
of (0, 0),
z=1f(xX,y), x=9(Y,2, and y=h(z x),

solvingF(x, y, z) = 0; that is

F,y, (X, y) = F(x,h(x, 2),2) = F(9(y, 2),y,2) =0. (10)

Show that 5 20 oh
T, (11)

0X 0y 0z

at any point ofS = {(x,y,2) : F(X,y,2) = 0}, sufficiently close to(0, O, 0).
Explain this geometrically.



