
AMCS 608
Problem set 4 due October 13, 2009

Dr. Epstein

Reading: References for this material arePrinciples of Mathematical Analysis, by Wal-
ter Rudin,The Way of Analysis by Robert Strichartz,Elementary Classical Analysis, by
Jerrold Marsden,Calculus on Manifolds, by Michael Spivak, andLinear Algebra, by Peter
Lax.
Standard Problem Solution does not have to be handed in: Suppose thatU ⊂ R

n is an
open convex set, andf : U → R

m is a continuously differentiable function.

1. Show that forx1, x2 ∈ U,

f (x1) − f (x2) =

1∫

0

D f (t x1 + (1 − t)x2)(x1 − x2)dt . (1)

2. Use this to show that in any compact subsetK ⊂ U, and for anyǫ > 0, there is a
δ > 0 so that ifx1, x2 ∈ K and‖x1 − x2‖ < δ, then

‖ f (x1) − f (x2) − D f (x1)(x1 − x2)‖ ≤ ǫ‖x1 − x2‖. (2)

Homework assignment: The solutions to the following problems should be carefully
written up and handed in.

1. Let f : R
2 → R be continuously differentiable. Show thatf is not one-to-one.

Hint: If, for example,∂x f (x, y) is not zero, then show that the mapF : (x, y) →

( f (x, y), y) is locally one-to-one and onto.

2. Let U ⊂ R
n be an open set andf : U → R

n a continuously differentiable map,
such that, at any every pointx ∈ U, detD f (x) 6= 0. Show thatf (U) is an open set.

3. Show that if f (x, y) is a continuous function in[0, 1] × [0, 1], for which∂x f (x, y)

exists and is continuous in(0, 1) × [0, 1], then

g(x) =

1∫

0

f (x, y)dy (3)
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is a continuous function ofx ∈ [0, 1], which is a differentiable function ofx ∈

(0, 1). Moreover:

g′(x) =

1∫

0

∂x f (x, y)dy (4)

4. Let f be a continuously differentiable function defined in a neighborhood of 1∈ R,

with f (1) = 1. What is a condition onf that assures that the equation

2 f (xy) = f (x) + f (y) (5)

can be solved fory as a function ofx in a neighborhood of(1, 1)?

5. Define a map fromR
2 to itself by setting

F(x, y) = (sinx cosy + siny cosx, cosx cosy − sinx siny). (6)

Does there exist a point(x0, y0) such thatF is locally invertible in a neighborhood
of F(x0, y0). You must prove your answer.

6. Let{g0(a), . . . , gn(a)} be continuously differentiable, real valued functions defined
in a neighborhood of 0∈ R, and

p(a, x) =

n∑
j=0

g j (a)x j (7)

(a) Suppose thatg0(0) = 0, but g1(0) 6= 0. Show that there is aδ > 0, and an
M, such that fora ∈ (−δ, δ) the polynomialx → p(a, x) has a unique root
h(a) with |h(a)| ≤ M|a|. Show thath is differentiable, and find a formula for
h′(0).

(b) Suppose thatA is a symmetricn × n matrix such that 0 is a simple eigenvalue
of A. Suppose thatB is an arbitraryn × n matrix. Show that for sufficiently
smallǫ the matrixA + ǫB has a simple eigenvalue,λ(ǫ) near to 0. Can you
prove that the eigenvectorv(ǫ) is also a differentiable function ofǫ? Hint:
Considerv(ǫ) = v(0) + w(ǫ), where〈v(0), w(ǫ)〉 = 0.
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7. Suppose thatF is a continuously differentiable function defined in a neighborhood
of (0, 0, 0) such thatF(0, 0, 0) = 0, and the implicit function theorem implies the
existence of differentiable functionsz = f (x, y), x = g(y, z) and y = h(z, x),

solving F(x, y, z) = 0 in a neighborhood of(0, 0, 0). Show that

∂ f

∂x

∂g

∂y

∂h

∂z
= −1, (8)

at any point ofS = {(x, y, z) : F(x, y, z) = 0}. Explain this geometrically.

8. Let U ⊂ R
n and let f : U → R be a twice continuously differentiable function.

Suppose that atx0 ∈ U we know that∇ f (x0) = 0 and the Hessian∂2 f
∂x j ∂xk

(x0) is

invertible. Show that for aδ > 0 there is a mapG : Bδ(0) → U so thatG(0) =

x0 and ∇ f (G(y)) = y. Finally show that there is a functiong(y) defined in a
neighborhood of 0 so thatG(y) = ∇g(y).
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