AMCS 608
Problem set 4 due October 13, 2009
Dr. Epstein

Reading: References for this material aeinciples of Mathematical Analysis, by Wal-
ter Rudin, The Way of Analysis by Robert StrichartzElementary Classical Analysis, by
Jerrold MarsdenCal culus on Manifolds, by Michael Spivak, antdinear Algebra, by Peter

Lax.
Standard Problem Solution does not have to be handed in: Supposelthat R" is an

open convex set, anfl : U — R™M is a continuously differentiable function.

1. Show that foxy, xo € U,

1
F(x0) — (%) = / DF (tx + (1 — Hxa) (X1 — x2)dlt. 1)
0

2. Use this to show that in any compact sullsett U, and for anye > 0, there is a
0 > 0 sothatifxq, Xxo € K and||xy — X2|| < 4, then

| f(x1) = f(X2) — Df (X)) (X1 — X2)|I < €llXe — X2 (2)

Homework assignment: The solutions to the following problems should be carefully
written up and handed in.

1. Letf : R?> — R be continuously differentiable. Show thétis not one-to-one.
Hint: If, for example,ox f (X, y) is not zero, then show that the mé&p: (X, y) —
(f(x,y),y) is locally one-to-one and onto.

2. LetU c R" be an open set anfl : U — R" a continuously differentiable map,
such that, at any every poirte U, detDf (x) # 0. Show thatf (U) is an open set.

3. Show that iff (x, y) is a continuous function ifD, 1] x [0, 1], for which oy f (X, y)
exists and is continuous (®, 1) x [0, 1], then

1
g(x) = / f(x, y)dy 3)
0

1



is a continuous function ok € [0, 1], which is a differentiable function ok

(0, 1). Moreover:
1

g(x) = / ot (x, y)dy 4)

0

Let f be a continuously differentiable function defined in a nbigiood of 1€ R,
with f (1) = 1. What is a condition orf that assures that the equation

2f(xy) = () + f(y) (5)
can be solved foy as a function ok in a neighborhood of1, 1)?
Define a map fron®? to itself by setting
F (X, y) = (sinx cosy + siny COSX, COSX COSY — Sinxsiny). (6)

Does there exist a poirtiko, Yo) such thatF is locally invertible in a neighborhood
of F(Xo, Yo). YOu must prove your answer.

Let{go(a), ..., gn(a)} be continuously differentiable, real valued functions ki
in a neighborhood of @ R, and

pa x) =Y gj@x (7
j=0

(a) Suppose thaip(0) = 0, butg1(0) # 0. Show that there is & > 0, and an
M, such that fora € (—d, J) the polynomialx — p(a, X) has a unique root
h(a) with |h(a)| < M|al. Show thath is differentiable, and find a formula for
h’(0).

(b) Suppose thah is a symmetriar x n matrix such that 0 is a simple eigenvalue

of A. Suppose thaB is an arbitraryn x n matrix. Show that for sufficiently
smalle the matrix A + ¢ B has a simple eigenvalug(e) near to 0 Can you
prove that the eigenvectar(¢) is also a differentiable function af? Hint:
Considemn (¢) = v(0) + w(e), where(v(0), w(e)) = 0.



7. Suppose thdt is a continuously differentiable function defined in a ndéigithood
of (0, 0, 0) such that~ (0, 0, 0) = 0, and the implicit function theorem implies the
existence of differentiable functiors= f(x,y),x = g(y,z) andy = h(z, x),
solvingF (x, y, z) = 0 in a neighborhood of0, 0, 0). Show that

of ogoh
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at any pointofS = {(x, ¥, 2) : F(X, Yy, z) = 0}. Explain this geometrically.

8. LetU c R"and letf : U — R be a twice continuously differentiable function.
Suppose that atg € U we know thatV f (xg) = 0 and the Hessia@f]%k(xo) is
invertible. Show that for @ > 0 there is a mais : B;(0) — U so thatG(0) =
xo and V f(G(y)) = y. Finally show that there is a functiog(y) defined in a
neighborhood of 0 so th&(y) = Vg(y).



