AMCS 608
Problem set 5 due October 26, 2010
Dr. Epstein

Reading: There are many excellent references for this material;raéliespecially like
are Complex Analysis by Elias Stein and Rami Shakarcklpmplex Analysis by Lars V.
Ahlfors, andConformal Mapping by Zeev Nehari.

Standard problems. The following problems should be done, but do not have to be
handed in.

1. We can define polar coordinates in the complex plane bingett
X=rcosy y=rsing. (1)

Show that in polar coordinates the Cauchy-Riemann equatake the form

ou 1lov lou  Ov @)

oar rad roH  or

2. Show that iff is analytic inBr(0) and Ref, or Im f is a constant, ther is con-
stant.

3. Suppose tha is an analytic function defined Id C C and f is an analytic defined
in an open set containingU ). Show thatf o g is an analytic function, using just
the definition of complex derivative. Show that the chairernglvalid:

(f og)(w) = f'(g(w))g (w). (3)

4. Using the definition of the complex contour integral eaddthe following integrals
overy, the semi-circldz: |z| =1, Imz > 0O}
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5. Let f(x,y) = /IX][yl, for all (x,y) € R2. Show thatf satisfies the Cauchy-
Riemann equation 40, 0), but does not have a complex derivative at this point.

6. Prove the following:
(@) The power seried o7 ; nz" converges for anyg with |z| < 1, but does not
converge for any point whele| = 1.
(b) The power serie3 o> ; 2" /n? converges for any with |z| < 1.
(c) The power seried o, z"/n converges for ang with |z| < 1, exceptz = 1.

Homework assignment: The solutions to the following problems should be carefully
written up and handed in.

1. Letw = f(x, y)dx +g(x, y)dy be a 1-form defined itd ¢ R2andH(s,t): V —
U aC2-map. Show that
H*(dw) = d(H*w). 4)
Is it necessary foH to be 1-1?

2. Lety : [0, 1] = R?be animbedde@!-curve in the plane, and lgt= {po, ..., pn},
wherep; = y (i/N). Finally, lety , be the polygonal curve obtained by joining suc-
cessive pointsp;, pit1, by the segments of the straight lines they define. We let

andw be aC® 1-form defined in a neighborhood ¢f Prove that, agp| — O,
/a) converges to/ . (5)
p Y

3. Suppose tha; is the unit circle in the plane, centered(8; 0), which we approx-
2xij

imate by a polygonal “stair case”-curvgy obtained as follows: lep; = e N =
(Xj, ¥j), ] =0,...,N. We join pj to pj1 by the arc:

) = [(1 — 20)(x}, yj) + 2t(Xj, yj+1) for t € [0, 3] )
(2= 20)(Xj, Yj11) + (L — 20 (X} 11, Yj42) for t € [3, 1.
Show that
lim /dsN =8 and Nlr?o/ xdy =7, (7)
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wheredsy is arclength along the curvyey, andxdy is the 1-form.
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4. Verify the chain rule for complex coordinates, ezgz, w, w : Suppose that (z, 2) :
U — Vandg(w, w) : V — C, are differentiable in the real sense, i.e. as maps
from subsets oRR? to R?. As noted in class we can think dfandg as functions of
the complex variables. If we defife= g o f, then show that
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Recall thaw, = 5(dx —idy) andd; = 3(dx +idy). Let f be analytic in a neighbor-

hood ofz. Show that the real derivative df Df (x, y) : R? — R? is invertible at

z=x+iyifandonlyif f'(z) # 0.

5. If we define log = logr + 16, atz =r cosd + ir siné, then show that log is an
analytic function in the set

{zeC:r#0and—7 <0 <}

Use this to prove that iff is analytic inBr(0) and | f (z)| is constant thenf is
constant.

6. Suppose that is an analytic function defined id and thatc : [0,1] — U is a
Cl-curve. The compositioh — f(c(t)) can be thought of as a mépfrom [0, 1]
into R?. Show that the first derivative of this map can be computedguisia chain
rule:

Dh(t) = [Re(f'(c(t))c'(t)), Im(f'(c(t)c'(1)]. (10)
Here we think ofc as a complex valued functias{t) = c1(t) + i cao(t), with ¢1, ¢
real valued functions. Note: This does not follow from (3)cas not an analytic
map (or even defined in an open subsetpf

7. Show that
48262 - 48282 - A, (11)

whereA = a)% + 63 is the Laplace operator.

(&) Show thatiff = u+iv is an analytic function in an open subsethfthenu
ando are harmonic, that is

Au= Av =0. (12)



(b) Suppose thdll is a harmonic function iBB1(0). Show that there is a function
V that satisfies the system of equations:

Conclude that) + iV is analytic inB1(0). If U = x> — 10x3y? + 5xy* what
isV?

8. Define a function oiR by setting

f(x) = (14)

1
e 2for x>0
0 for x <0.

Prove thatf is infinitely differentiable. Carf be the restriction, to the real axis, of
an analytic function defined in a neighborhood @f0)?



