AMCS 608
Problem set 7 due November 3, 2009
Dr. Epstein

Reading: There are many excellent references for this material;raklvespecially like
are Complex Analysis by Elias Stein and Rami Shakarckipmplex Analysis by Lars V.
Ahlfors, andConformal Mapping by Zeev Nehari.

Standard problems: The following problems should be done, but do not have to be
handed in.

1. ForO<r < Rshow thatthe annular region:
Ar=({z:T1 <zl <R} (1)
is not simply connected.

Homework assignment: The solutions to the following problems should be carefully
written up and handed in.

1. Use Liouville’s theorem to give an entirely analytic prdwat a polynomial irz, of
degreen > 0, has at least one root, and therefore has exactbots, counted with

multiplicity.

2. Suppose that is an analytic function in a neighborhood of the unit dislGept for
a pole atzp, where|zp| = 1. Show that if

0
f(2)=>" anz", 2
n=0
in the unit disk, then a,
lim — = zo. (3)
n—oo an+1

3. Suppose thah is a continuous function of® with support in the finite interval
[—M, M], and define

M
1 h(x)dx
9@ =5 / X—2 )
Yy



(a) Prove thag is an analytic function itC \ [—M, M], which tends to zero ag|
tends to infinity.

(b) Prove that the jump ig acros§ —M, M] satisfies
lim [g(X +1€) — g(X —i€)] = h(X). (5)
e—0t

(c) Show that ith is continously differentiable oG—M, M), andh’(x) extends
continuously td—M, M], theng(x + i€) andg(x — i€) converge uniformly
to limits, g, (X), g_(x), respectively, ag — 0. In this case, show thaj(z)
is the unique function, which is holomorphic irfC \ [—M, M], vanishes as
|z| — oo, has limitsg,., andg_ as[—M, M] is approached from above and
below, which satisfies the jump condition:

9+(X) — g-(x) = h(x) for x € [-M, M]. (6)

Hint: Consider

M M
(hG) —hiypdx 1 / h(y)dx

tie)= 7
9y £l =25 x—(ytie 2 ) x—yxig O
-M _
4. For eaclez € C the function
CHY — Z.
gzt = exp(5(t—t™) (®)
is an analytic function of € C \ {0} and therefore has a Laurent expansion:
o0
gz = D h@t" 9
n=-—00
convergent in this set.
(@) Show that g
1 g(z; t)dt
In(2) = o i (10)

{t: |t|=1}
Conclude thatJ,(z) is an entire function ofz for everyn € 7, and that
\]_n(Z) - Jn(—Z)



(b) Use this contour integral to estimalg(z). Can you show that there is a con-
stantC so that

—(8)e
[In(2)| < Cy/In| + 1T? (11)

(c) Use the generating functignto show that the following identities hold:

1
(2 = 5(In-1(2) = Jn11(2))

(@) = 2 (3n-2(2) + n12(2)) forn 0 (12)
1/ 1 / n2
3@+ 3@+ (1 - ;) Jn(2) = 0.

5. Prove that iff is an analytic function in all ofZ, except for poles, and has, at
worst, a pole at infinity, then there polynomigdsandq so that

_P@

f = .
@=40

(13)
6. Suppose thatis aC? harmonic function in a simply connected &ktthat isAu =
6Zu 4 87u = 0. Show that there is & functiono defined inU so that

Show thatu + iv is an analytic function. Find an example to show thaf ifs not
simply connected, themnmay not be globally defined id.



