AMCS 609
Problem set 1 due January 27, 2011
Dr. Epstein

Reading: There are many excellent references for this material; tespkcially like are
Complex Analysis by Elias Stein and Rami Shakarchi, afsymptotic Expansions by A.
Erdelyi.

Standard problems. The following problems should be done, but do not have to be
handed in.

1. Suppose thap is a smooth function with compact support, show that for Bng
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2. Show that there is a constad so for anye > 0 we have the estimate
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Homework assignment: The solutions to the following problems should be carefully
written up and handed in.

1. Prove that .

F(s) = lim /e‘sxzdx (3)
R— o0
0
defines a smooth function {8 : Res > 0} \ {0}. You need to show that the limit ex-

ists forsin the closed half plane, and that all derivatives have ooiotiis extensions
up to Res = 0. Hint: integrate by parts.



Suppose that is a bounded, continuous function[@ A]. Show that

(n+1) ft” f (t)dt
nli—>moo p?n+1 = f(A). (4)

Letp € €2°(—1, 1) be a non-negative even function, which equals 1 in an interva
[—e, €]. Prove that fors, with Res > 0, and anyN > 0, we have

1
/e_sxz(p(x)dx = \E + O(Is|™™). (5)
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Suppose thap is a smooth function with compact support(ial, 1), and define

1
F(s) = / e‘SXAz//(x)dx. (6)
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Show that there is a universal const@hto that, as — oo on the real axis, we
have Cy(0)
1
F(s) = 5 [1+ O(S_?)] . (7)
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Starting from the definition
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Jo(X) = — / cogx sing)do, (8)
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show that
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Jo(x) =/ —~ cos(x — Z) + O(x™). (9)
Prove that -
eXtdt 1 21 4
—  ~ - — = 4+ — — ... 10
/1+t2 X x3+x5 (10)

0
That is, the right hand series is an asymptotic expansioth&function defined in
the left asx — oo. Show that the series on the right does not converge for arig fini
value ofx.



Extra Credit: Let € N, andJ,(x) denote the order-Bessel function, which is given by
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Prove the asymptotic expansion f@n(x) :

J,(X) = \/gcos(x — ”—2‘) — %) + O(x‘%). (12)

Show that there is aN, so that, ifn > N,, then the equation
J(xX) =0, (13)
has unique solutions
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Can you explain why these zeros are simple?

Use the MATLAB function “BesselJ” to grap8, for several values of ands in
intervals of the forn0, S]. Can you guess the approximate sizé\pf?



