AMCS 609
Problem set 11 due April 28, 2009
Dr. Epstein

Reading: Read Chapters 21, 22, 23, 28 in L&unctional Analysis.
Standard problem: The following problems should be done, but do not have to be

handed in.
1. Lax page 244, exercise 10.
2. Lax page 241, exercise 5.

Homework assignment: The solutions to the following problems should be carefully
written up and handed in.

1. Lax page 240, exercise 4. Do the parts not done in class.

2. LetH be a Hilbert space, andn} a set of unit vectors satisfying the hypotheses of
Theorem 7 in §22.5.

(&) Show that there is a constabso that, for allx € H, we have:
1.0 < 2 2
SIXIZ = 2106 yn) 2 < Clix| 1)
n=1

(b) We can normalize thgy,} so that(xn, yn) is real, for alln, and defindé,} so
that cog), = (Xn, Yn), and|fn| < 5. Show that

Z |9n|2 < Q. (2)
n=1

(c) Fork e N setng = k + ¢; find a non-trivial condition orjex}, so that the set
of functions{sin(k + ex)x : k € N} defines a basis fdr?([0, 7 ]).

3. Define

1
K f (x) = / logIx — yl f (y)dy. 3)
1

Show thatK : L2[0,z] — L?[0,z] andK : CO0,z] — CO90, =] are both
compact operators.



4. Lax page 248, exercise 4.

5. Suppose that we define the projection operatok &(8'), in terms of the Fourier
representation by

P 2:6%&9 zzzqéw. 4)
j=—00 j=0
(@) Show thatP is self adjoint.

(b) Letg € CO(St; C), define the multiplication operatdfly f = gf. Show that
the composition satisfies:

Mg filLz < llgllLeell Fil 2. (5)

What is the adjoint oP My?

(c) Letg be atrigonometric polynomial:

N
g= D b (6)

j=—N
Show that the commutatdi?, Mgl = PMg — MgP, is a finite rank operator.

(d) Show thatifg € CO(S!; C), then the commutatdP, Mg] is a compact oper-
ator. Hint: Approximateg.

(e) If we letH2(St) denote the range d?, then we see thaPMg : H?(S!) —
H2(SY). We sometimes write this operator BMgP. If g1, g2 € CO(Sh; ©),
then prove that

PMg, PPMg,P — PMgy, Mg, P (7)
is a compact operator.

(f) Show that ifg is a non-vanishing continuous function &h, then there is an
operatorA : H?(S!) — H?(S!) so that

PMgPA — Id andAPMyP — Id (8)

are compact operators.

(g) Find non-vanishing, continuous functiogs g, on S! so that ke Mg, P is
non-trivial, and the range d® Mg, P is not all of H2(Sh).



