
AMCS 609
Problem set 11 due May 5, 2015

Dr. Epstein

Reading: Read Chapters 17, 21, and 22, in Lax,Functional Analysis.
Standard problem: The following problems should be done, but do not have to be
handed in.

1. For(X, d) a complete metric space, prove that the following definitions of precom-
pact set are equivalent: A setS ⊂ X is precompact if

(a) Every sequence of points< xn >⊂ S has a convergent subsequence;

(b) If for any ǫ > 0, S can be covered by finitely many balls of radiusǫ;

2. Suppose thatX is a Banach space. Prove the following statements

(a) If C1 andC2 are precompact, thenC1 + C2 is precompact.

(b) Let U be another Banach space andM ∈ L(X, U). If C ⊂ X is precompact,
thenMC ⊂ U is precompact.

Homework assignment: The solutions to the following problems should be carefully
written up and handed in.

1. Let X be a Banach space, andK ⊂ X a precompact subset ofX. Show that the
convex hull ofK is also precompact. Hint: Use the covering definition.

2. Let X be a Banach space and{PN : N ∈ N} be a sequence of bounded, finite rank
operators, which converge strongly to the identity, that islimN→∞ PN x = x, for
everyx ∈ X. If C : X → X is a compact operator, then prove thatPN C converges
to C in the uniform norm. Show that ifX is a Hilbert space, then any compact
mapC : X → X is the norm limit of a sequence of finite rank maps. Hint: IfH
is non-separable, then the sequence< PN > will not in general converge to the
identity.

3. Suppose thatX is a Hilbert space andC : X → X is a compactself adjoint operator,
that is〈Cx, y〉 = 〈x, Cy〉, for all x, y ∈ X.

(a) Prove that for allx ∈ X, the functionF(x) = 〈Cx, x〉 is real valued.
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(b) Suppose that for somex, F(x) > 0; show that there is unit vectorx1 ∈ X, so
that

F(x1) = sup{F(x) : x ∈ X with ‖x‖ = 1}. (1)

(c) Prove thatx1 is an eigenvector ofC, that is, there is a real numberλ1 so that
Cx1 = λ1x1.

(d) If we let X1 = {x ∈ X : 〈x, x1〉 = 0}, thenC mapsX1 to itself, that is
C X1 ⊂ X1.

4. Let X = L2([0, 1]), and define the operatorM f (x) = x f (x). Recall that the spec-
trum of an operatorA is the set

σ(A) = {λ ∈ C : (A − λ Id) is not invertible}.

The complement of theσ(A) is called the resolvent set.

(a) Prove thatM is a bounded operator, but not a compact operator.

(b) Does there exist aλ ∈ C and f ∈ X such that(M − λ Id) f = 0?

(c) What is the spectrum ofM? Give a formula for the resolvent operatorR(λ) =

(M − λ Id)−1. Where is it defined?

5. Letk(s, t) be aC1-function on[0, 1] × [0, 1]. Define the operatorK by

K f (s) =

1∫

0

k(s, t) f (t)dt . (2)

Show thatK : C0([0, 1]) → C0([0, 1]) and K : L2([0, 1]) → L2([0, 1]) are
compact operators.
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