AMCS 609
Problem set 2 due February 3, 2009
Dr. Epstein

Reading: Read Chapters 1, 2, and 3 in L&ynctional Analysis.
Standard problem: The following problems should be done, but do not have to be
handed in.

1. Suppose tha&, L c X, areal vector space, are convex sets. ProveKhatL is
also convex.

2. Alinear function from a real vector spa&eto R is just a linear mag : X — R.
Show that a linear functiofi: R" — R is continuous with respect to the topology
defined by any norm oR".

Homework assignment: The solutions to the following problems should be carefully
written up and handed in.

1. Suppose thaX is a finite dimensional real vector space. Show that theXsetpf
linear functions orK, with its natural vector space structure, has the same dioens
asX. If Y C X is a subspace, then the diK/Y) is called thecodimension of Y,
and

Yt ={¢eX : t(y)=0forallyeY}. (1)

Show thaty is a subspace of’ and dim(X/Y) = dimY-~.

2. Let X be a finite dimensional vector space oerand let Xg denote the vector
spaceX, but with the scalar multiplication restricted to the reahrhers. Prove that
dimgp Xg = 2dimg X. Show thatz — zis a linear map fronCy — Cg, but not
fromC — C.

3. LetX,Y be real vector spaces ail : X — Y a linear map. Prove that K c X
is convex, therM (K) is convex, and il C Y is convex, therM ~1(L) is convex.

4. Suppose that c R? is a convex set. A point lies on the boundary ok, bK,, if,
foranye > 0, B(x) N K # @, andB(x) N K¢ # @. Show that ifx € bK, then
there is a linear functiofl, : R2 — R so that

{x(X) < lx(y) forally € K. (2)

Is this function always unique? When is the inequality s2ric
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5. Letf : R?2 — R be alinear function. A set of the form

Hre = {x e R?: £(X) > ¢} (3)
is called an open half space.Kf ¢ R? is a convex set, then show that
K= () Hec (4)
H[ﬂcDK

That is,K is the intersection of all the open half spaces that contalrove that a
unbounded convex subset®f satisfies exactly one of the following criteria:
(a) K is an open or closed half space.

(b) K lies in a proper cone (the intersection of two half-spacdhk won-parallel
boundaries).

(c) K is the region between two parallel lines.

6. LetX = R?andY = {(x,0) : x € R}, be a subspace. Suppose that we define a
linear functionf onY by settingf((1, 0)) = 1. For 1 < p < oo, define the norms

1% )llp = (XP + yP) . (5)
and
1(X, Y)lloo = max{|X], |yl}. (6)
This linear function orY satisfies
1£((X, 0)] < [I(X, O) Il ps (7)
forall 1 < p < oo. We can linearly extend to all of R? by setting
€((0,1)) = 8. (8)
Denote this extension bfy. For each 1< p < oo, find the values of so that
[€5((%, Y| < 11X, Y p, forall (x, y) € R (9)

We can define another family of norms, fox0a < oo, by setting

Na(X, y) = /X2 + a2y2, (10)

For each O< a < oo, find the values off so that

1L5((X, Y))| < Na(x, y), forall (x, y) € R (11)



