
AMCS/MATH 609
Problem set 2 due February 3, 2015

Dr. Epstein

Reading: There are many excellent references for this material; I especially like Real
Analysis by Elias Stein and Rami Shakarchi.Standard problems: The solutions to the
following problems do not need to be handed in.

1. Letϕ be an integrable function defined inR
d , such that

∫

Rd

ϕ(x)dx = 1. (1)

We let Kδ(x) = δ−dϕ
( x

δ

)

.

(a) Prove thatKδ is a family of good kernels.

(b) Show that ifϕ is bounded and supported in a bounded set, thenKδ defines an
approximation to the identity.

2. Let E ⊂ [0, 1] be a measurable subset for which there exists anα > 0, so that
m(E ∩ I ) ≥ αm(I ) for every intervalI ⊂ [0, 1]. Show thatm(E) = 1.

Homework assignment: The solutions to the following problems should be carefully
written up and handed in.

1. Show that ifKδ is a family of good kernels, then for anyf ∈ L1(Rd)

lim
δ→0+

‖Kδ ∗ f − f ‖L1(Rd ) = 0. (2)

2. Suppose that{Kδ(x) : 0 < δ} is a family of kernels defined inRd that satisfies:

(a) |Kδ(x)| ≤ Aδ−d, for all 0 < δ.

(b) |Kδ(x)| ≤ Aδ/|x |d+1, for all 0 < δ.

(c)
∫

Rd Kδ(x)dx = 0, for all 0 < δ.
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Show that if f ∈ L1(Rd), then

lim
δ→0+

Kδ ∗ f (x) = 0 for a.e.x . (3)

3. Let
f (x) =

∑

j=1

α jχE j (x) (4)

be a non-negative, simple function in canonical form, and define its distribution
function:

λ(s) = |{x : f (x) > s}|. (5)

For p > 0 show that
∫

Rd

| f (x)|p = p
∫ ∞

0
s p−1λ(s)ds. (6)

Give a definition fordλ(s) as a measure on the Borel sets of[0, ∞] so that

p
∫ ∞

0
s p−1λ(s)ds = −

∫ ∞

0
s pdλ(s). (7)

Prove that these two formulæ hold for any function for which
∫

Rd
| f (x)|pdx < ∞. (8)

4. Let F be a closed subset inR, and let

δ(x) = inf{|x − y| : y ∈ F}. (9)

Clearlyδ(x + y) ≤ |y| wheneverx ∈ F. Prove the more refined estimate

δ(x + y) = o(|y|), that is lim
y→0

δ(x + y)

|y|
= 0, for a.e.x ∈ F. (10)

Hint: Assume thatx is a point of density ofF.

5. Let (X, M, µ) be a measure space. We define the completion of this space as fol-
lows: LetM be of collection of sets of the formE ∪ Z , whereE ∈ M andZ ⊂ F,

whereF ∈ M with µ(F) = 0. We also defineµ(E ∪ Z) = µ(E).

(a) Show thatM is the smallestσ -algebra containingM and all subsets of elements
of M, which have measure zero.

(b) Show thatµ is a measure, and this measure is complete.
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