AMCS/MATH 609
Problem set 4 due February 24, 2015
Dr. Epstein

Reading: There are many excellent references for this material; I especially like Real
Analysis by Elias Stein and Rami Shakarchi. Standard problems: The solutions to the
following problems do not need to be handed in.

1. Suppose that L : R? — R is a linear transformation. Show that if E is a Lebesgue
measurable set then so is L(E). Hint: Show that L maps sets of measure zero to sets

of measure zero. Prove that
m(L(E)) = | det(L)|m(E). (1
Homework assignment: The solutions to the following problems should be carefully
written up and handed in.

1. Suppose that v, vy, v are signed measures on (X, /) and u is a positive measure.
Prove the following assertions:

(@) Ifvi Ly and vy L, then (vi +v2) Lu.

(b) If vi << w and vy << u, then (v + vp) << u.
(c) If vi Ly, implies that |vq|L|va].

(d) v << |v|.

(e) fvluandv << u, thenv = 0.

2. Ifv << u, with g a positive, o -finite measure, then we let j—/‘i denote the Radon-

Nikodym derivative, so that
d
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(a) If v << u and f is a non-negative measureable function, then

X/ F)dv(x) = /X £) [j—:] () (x). 3)



(b) If vi << pand v << u, then

dntva) _dvi | dv
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(¢c) If A << v << u, with v and u positive measures, then
di dl dv
— = 5)
du dv du
(d) If v << u, and u << v, with both measures positive, then
dv du -1
o= o] ©
7 dv

In this problem we give an example to show that the o -finiteness of x cannot be
omitted from the hypotheses of the Radon-Nikodym theorem. Let X = [0, 1] and
J be the class of Lebesgue measurable subsets of [0, 1]. Let v be Lebesgue measure
restricted to X and u be the counting measure on subsets of X. Clearly v << u, but
show that there is no measurable function f such that

W(E) = /E F)dp (). ™

Suppose that u1, v are o-finite measures on (X1, Jl;) and u», vy are o -finite mea-
sures on (X», M3), with u1 and u, positive measures. Show that if vi << x| and
V) << uo, thenvy X vy << u1 X po and

d(v; X v2) dvq dvy
_ , = — D . 8
A0, % ﬂz)(ﬁn x2) dm(Xl) dm(Xz) (8)

Let f : R — R be a monotone increasing, continuously differentiable function.
Show that f maps Borel measureable sets to Borel measurable sets. Define a Borel
measure by setting

n(E) = m(f(E)), ©)

where m is Lebesgue measure. Show that 4 << m, and compute the Radon-

Nikodym derivative 3—2.

Let (X, M, u) be a o-finite measure space, and N a sub-o-algebra of M, also o-
finite. Weletv = u [y .



(a) Show that for any f € L'(X; du) there is a function g € L'(X; dv) (which is
therefore N-measurable) so that for any set E € N, we have

/ () = / (v (). (10)
E

E

The point here is that g is measurable with respect to N, while in general f is
not. Show that g is unique modulo sets of v measure zero.

(b) Suppose that JL is the Lebesgue measurable subsets of R and N is the ¢ -algebra
generated by the sets {(n,n + 1] : n € Z}. Give a formula for g in terms of f.



