AMCS 609
Problem set 4 due February 17, 2009
Dr. Epstein

Reading: Read Chapters 6.3-4, 7.1-2, and B1, B2 in Liasmctional Analysis.
Standard problem: The following problems should be done, but do not have to be
handed in.

1. Exercise 3 on page 54.
2. Exercise 9 on page 61.

Homework assignment: The solutions to the following problems should be carefully
written up and handed in.

1. We can define an inner product G§° (0, 1) by setting

o0

(f. Q)1 = / ()@ (x)dx. @)
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We let|| f |1 denote the norm defined by this inner product.

(@) Show that
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Explain why this shows that the norm is non-degenerate.

(b) We letH; denote the completion &f3°(0, 1) with respect td| - [|1. Show that
forf € Hy, andx, y € [0, 1] we have the following estimate

[T00) = T = 1Tl IX =yl 3)

A limiting argument is required to prove this; show that tegtimate implies
that the elements dfl; are represented by continuous functions.

(c) Show that for eack € (0, 1) the linear functional
tx(f) = £(x), 4)

is bounded orHj.



(d) For eachx € (0, 1) find the unique elemergy € Hj, so that
Ex(f) = (f, gx)1. (5)

2. Let%?(D1) be the square integrable holomorphic function®i) with

1112 = / I (x, y)2dxdy. ®)
Dy

(a) Show that there are positive constajatg so that{c,z": n=0,1,...}isan
orthonormal basis fo¥?(D1). You need to prove that the basis is complete!

(b) For eachw € D1, we can define a linear functional
u(f) = f(w). (7)

Prove that,, is a bounded linear functional.

(c) The Riesz Representation Theorem shows that there igjaaem), € #2(D1)
so that, for allf € %2(D1), we have

f (1) = / f 2)gn@dxdy. ®)
D1

Prove thatg,, solves the following variational problem: Find a functigne

%2(D1) \ {0} such that

19(w))
F(g) = 9
©="\a12 ®)

is maximized. Suppose th#t,, = sup,.o F(g), and f is a function such that
F(f) = M,. Prove thatf = Ag,,, foral € C.

(d) Show that for eactN e N the projection onto spa, z, 72, ..., zV) is given
by
Pn (2 :/kN(z, w) T (2)dxdy, (20)
Dy
where
N
kn(z, w) = > ciz"w" (11)
n=0



(e) Use the observation in the previous part to show that

)= ——————. 12
9@ = = oy (12)
ComputeM,,. Hint: This does not require any complicated computations.

3. Forf € %3’ (R), show that f | has a weak derivative, which can be represented by
a functiong(x) that satisfies

190 = [ox F(X)I. (13)

The statement that the weak derivativerepresented by g means that for alp €
%5°(R) we have

/ £ (0l (dX = — / g(x)p (X)dx. (14)
R R

Hint: Consider,/ f2(x) + €2. Compute the weak derivative pf]|.

4. Exercise 10 on page 62 of Lax.



