AMCS 609
Problem set 5 due March 3, 2009
Dr. Epstein

Reading: Read Chapters 8.1-3, and 9.1 in L&unctional Analysis.

Homework assignment: The solutions to the following problems should be carefully
written up and handed in.

1. Suppose that € C°([0, 1]) and for every functiom e €2°((0, 1)), we have
1
| fooweodx=o ®
0

prove thatf = 0in C°([0, 1]). Now show that iff e L?([0, 1]) and this condition
holds for allp € 62°((0, 1)), then f = 0 in L2([0, 1]). Remember thak 2([0, 1])

is the closure o€9([0, 1]) with respect to thé.2-norm. The proofs are completely
different in the two cases!

2. Afunctionu, which belongs td.?([—R, R]) for all R > 0, is weakly constant if

/ U(X)3xp (X) = O 0

for everyp € 62°(R). Show that a weakly constant function is smooth and constant,
or more accurately: has a smooth representative, whicmstaot. Hint: Show that
if u(x) is weakly constant then so@i(x — y) foralla, y € R.

3. Suppose that we define a weak solution of the wave equation,

o2u(x, t) — d2u(x, t) = 0, 3)
to be a function that is square integrablg¢-#R, R] x [— R, R] for any R, and such
that

[ 0@ x.) = o x, tdxet =0, (4)
RZ

for any functionp € 6°(R?). Show that iff € L2(R), then
ux,t) = f(x —t)ando(x,t) = f(x +1) (5)

are weak solutions of the wave equation. Hint: Approximate!
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4. Review the definition of 8anach Limit, on pages 31-2 of Lax. As shown there,
LIM a, is a linear functional on bounded sequences with

n—oo

liminfa, < rI1_IM an < limsupay. (6)

n—o0 00 N— 00

Show that this implies that LIMe ¢, but there doesiot exist a vectorb =

n—o0

(b, by, ...) € €1, such that

n—oo

0
LIM a, = Zanbn. (7)
n=1

5. Exercises 1 and 2 on page 76 of Lax.

6. Let{Vi,...,Vn} be linearly independent vectors in a complex inner prodpats
(X, (-, -)). Show that the matrix

Gij = (M, Vi), (8)
is Hermitian symmetric and positive definite, thalg = G_,. and there is a posi-
tive constant so that for(vy, . .., vn) € CN, we have

N N
ZGijUiﬁj ZCZ|1)J'|2. (9)
i,j=1 =1
Show thatGij is invertible. Prove that fo(vs, ..., vn), (w1, ..., wN) € CN, we
have

Gijwiwj (20)
1

N
= i

Z Gijviij

i,j=1

N
Z Gijviwj| <

N
ihj=1 =

7. Let{ws1,...,wn}bedistinct pointsinthe open unitdisk, afad, ..., an} complex
numbers. We define the affine subspge- 9(D1), to be

Ya={f € #*(D1): f(wj)=a}. (11)
Prove thatyy # 0. Define

m(a) = inf{|| f|l2: f € Ya}. (12)



If we let Yo be the subspace 6€2(D) consisting of functions that vanish fab;},
and f1 € Ya, then prove that

C(f
m(a) = max 1 1)|. (13)
oxceYy ]
Let g, € #2(D1) be the unique function so that, for dlle %?(Dy),
fw) = [ f@8.@axdy (14)
D1
Prove that we can choo$gs, ..., An) SO that
N
Fr= lej gu)j € Ya. (15)
j=1
Prove that

N N
m(a) :J Z (gwja gwk)ijzkzlzajzj- (16)
j=1

j k=1
Prove thatF; is the unique function iY with

IF1ll2 = m(a). (17)



