AMCS/MATH 609
Problem set 8

Due April 7, 2015
Dr. Epstein

Reading: Read Chapters 8.1-3, 9.1, and 10.1-3 in Leomctional Analysis.
Standard problems. The following problems should be done, but do not have to be
handed in:

1. LetY c X, anormed linear space. Show that is a closed subspace ¥f.

2. Prove that2([0, 1]), the closure of°([0, 1]) with respect to
1
1118 = [ 1f6oax (1)
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is a separable space.

3. Suppose thatM, X, du) is a measure space, withM) = 1. Show that
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is an increasing function gb.

Homework assignment: The solutions to the following problems should be carefully
written up and handed in.

1. Forf € %3’ (R), show that f | has a weak derivative, which can be represented by
a functiong(x) that satisfies

190 = [ox F(X)I. 3)

The statement that the weak derivativeepresented by g means that for alp €
%o° (R) we have
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Hint: Consider,/ f 2(x) + €2. Compute the weak derivative of|.
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2. Suppose that we define a weak solution of the wave equation,
ogu(x, t) — afu(x,t) = 0, (5)

to be a function that is square integrablé+R, R] x [—R, R] for any R, and such
that

[ e v@Epex.t - dox. vydxdt =0, )
R2
for any functionp € €¢3°(R?). Show that iff € L%(R), then
ux,t) = f(x —t)ando(x,t) = f(x +1) (7)
are weak solutions of the wave equation. Hint: Approximate!
3. The spacddi(D,) is the closure o%>° (D) with respect to the norm
lullf = /[|u(x)|2 +Vu(x)|?1dx. (8)
D1

In class we proved that the mdp : u — u [sp, has a continuous extension as
amapR : Hi(D1) — L2%(6D1). Prove that there are functiorfs € L?(aDy) for
which there doesot exist a functionu € Hj(D1) for which f = R(u). Hint:
The argument given in class actually showed tRéh) belongs to a subspace of
L2(aDy).

4. LetY C X be a closed subspace of a normed linear space. Show that
Yt ={te X |t(y)=yforally €Y} (9)

is isometrically isomorphic t¢X/Y)’. Show thatY’ is isometrically isomorphic to
X'/YL,

5. Suppose that is a bounded linear functional on a Hilbert space, gdl is a col-
lection of orthonormal vectors. Show that

lim_¢(e;) =0 (10)



