
AMCS 609
Problem set 9 due April 12, 2011

Dr. Epstein

Reading: Read Chapters 16 and 21 in Lax,Functional Analysis.
Standard problem: The following problems should be done, but do not have to be
handed in.

1. Lax page 182, exercise 1.

2. Lax page 184, exercise 3.

Homework assignment: The solutions to the following problems should be carefully
written up and handed in.

1. Forα > 0, define an integral operator

Kα f (x) =

x∫

0

f (y)dy

(x − y)1−α
. (1)

(a) Show thatKα defines a continuous map fromC0[0, 1] to itself.

(b) Show thatKα defines a continuous map ofL p[0, 1] to itself for every 1≤ p <

∞.

(c) Define the function

B(α, β) =

1∫

0

du

(1 − u)1−αu1−β
. (2)

Show thatKα ◦ Kβ = B(α, β)Kα+β.

(d) What happens in the previous part if 0< α < 1, and we setβ = 1 − α? Use
this to find a formula forK −1

α . Can you give a class of functions for which the
formula for K −1

α makes sense?

2. Recall that we define the Fourier transform onL2(R), by first defining it via an
integral for f ∈ C0

c (R), then using the density ofC0
c (R) in L2(R), and the Parseval

formula
∞∫

−∞

| f (x)|2dx =
1

2π

∞∫

−∞

| f̂ (ξ)|2dξ (3)
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to extend it as a bounded map fromL2(R) to itself. Let f ∈ L2(R); for R > 0
define

f̂R(ξ) =

R∫

−R

f (x)e−i xξ dx . (4)

(a) Prove that l. i. m.
R→∞

f̂R = f̂ , that is< f̂R > converges in theL2-sense tof̂ .

(b) Suppose that for anyδ > 0, the functions< f̂R(ξ) > converge uniformly to
g(ξ) for δ ≤ |ξ | ≤ δ−1. Prove thatg = f̂ almost everywhere.

(c) Prove that iff (x) = (x + iǫ)−1 for anǫ > 0, then

f̂ (ξ) = −2π iχ[0,∞)(ξ)e−ǫξ . (5)

(d) Let fǫ(x) = x−1χ[ǫ,∞)(|x |); for ǫ > 0, these functions belong toL2(R).

Compute f̂ǫ(ξ). Show that the operatorsHǫg = g 7→ fǫ ∗ g are bounded as
maps fromL2 to itself, and

s-lim
ǫ→0+

Hǫ = H. (6)

HereH is the Hilbert transform.

3. Suppose thatϕ ∈ L1(R). Show that the integral operator defined forf ∈ C0
c (R) by

8 f (x) =

∞∫

−∞

ϕ(x − y) f (y)dy (7)

extends to define a bounded map,8 : L p(R) → L p(R) for all 1 ≤ p ≤ ∞.

4. Letk(s, t) ∈ C0([0, 1] × [0, 1]), and, for f ∈ C0([0, 1]) define

K f (s) =

s∫

0

k(s, t) f (t)dt . (8)

(a) Prove thatK : C0([0, 1]) → C0([0, 1]) is continuous.

(b) Let M = ‖k‖∞. Show that, fors ∈ [0, 1],

|K f (s)| ≤ Ms‖ f ‖∞. (9)
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(c) For eachn ∈ N show that, fors ∈ [0, 1],

|K n f (s)| ≤
(Ms)n

n!
‖ f ‖∞. (10)

(d) Prove that(Id −K ) : C0([0, 1]) → C0([0, 1]) is invertible and the inverse is
given by thenorm convergent series:

(Id −K )−1 =

∞∑
n=0

K n. (11)

Here the “norm” refers to the operator norm onL(C0([0, 1]), C0([0, 1])).
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