AMCS 609
Problem set 9 due April 12, 2011
Dr. Epstein

Reading: Read Chapters 16 and 21 in L&uynctional Analysis.
Standard problem: The following problems should be done, but do not have to be

handed in.
1. Lax page 182, exercise 1.
2. Lax page 184, exercise 3.

Homework assignment: The solutions to the following problems should be carefully
written up and handed in.

1. Fora > 0, define an integral operator

f(y)d
K, (x )—/( (y;)lya 1)

(a) Show thaK, defines a continuous map fro@?[0, 1] to itself.

(b) Show thak, defines a continuous map bf[0, 1] to itself for every 1< p <
Q.

(c) Define the function

du
B ) = [ P )
0

Show thatk, o Kg = B(a, f)Ka4p.

(d) What happens in the previous part ikOa < 1, and we sefp = 1 — a? Use
this to find a formula folK ;1. Can you give a class of functions for which the
formula for K 71 makes sense?

2. Recall that we define the Fourier transform lof(R), by first defining it via an
integral for f € CJ(R), then using the density @2(R) in L?(R), and the Parseval
formula
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to extend it as a bounded map frdn3(R) to itself. Let f € L?(R); for R > 0
define

R
fr(@) = / f(x)e < dx. (@)
“R

(a) Prove thatli. m. fr = f, thatis< fr > converges in thé 2-sense tof .
—00

(b) Suppose that for any > 0, the functions< fAR(é) > converge uniformly to
g(¢) for 6 < |€] < 6~ L. Prove thagg = f almost everywhere.

(c) Prove thatiff (x) = (x +i¢€)~1 forane > 0, then
f(&) = —27i 10,00 ()™ (5)

(d) Let fe(X) = X Lyie.00)(IX]); for € > 0O, these functions belong th?(R).
Computef, (¢). Show that the operatoid.g = g — f. * g are bounded as
maps fromL? to itself, and

s-limH, = #. (6)

e—0t

Here% is the Hilbert transform.

3. Suppose thai € L1(R). Show that the integral operator defined foe C2(R) by

o0

of (x) = / p(x — y) T (y)dy @)

— 00
extends to define a bounded mdp; LP(R) — LP(R) forall1 < p < oc.
4. Letk(s,t) € CO([0, 1] x [0, 1]), and, for f e CO([0, 1]) define

S

KH$:/M&UWNL (8)
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(@) Prove thaK : C°([0, 1]) — C°([0, 1]) is continuous.
(b) LetM = ||K||~. Show that, fors € [0, 1],

IKf(S)l = Ms|| f [l 9)
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(c) For eachn € N show that, fors € [0, 1],
(Ms)"

n
KT f(s)| < o

I lloo- (10)

(d) Prove thaild —K) : C9([0, 1]) — C9([0, 1)) is invertible and the inverse is
given by thenorm convergent series:

(Id—K)=t=>"K" (11)
n=0

Here the “norm” refers to the operator norm BaCO([0, 1)), cO(o, 11)).



