Chapter 2

Elementary properties of holomorphic functions in several variables
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2.1 Holomorphy for functions of several variables

In this chapter we introduce holomorphic functions of several variables and deduce their simpler prop-
erties. Much is routine generalization from the one-variable case via the Cauchy integral formula. Though
even the elementary theory of the O—equation is more involved. The extension theorems in several variables
are quite different from the single variable case; there is a straightforward analogue of Riemann’s removable
singularities but Hartogs’ theorem is truly a multi—variable result.

We consider the theory of power series in many variables, their convergence properties are quite different
from the single variable case. This follows in part from the Hartogs’ result mentioned above. To begin to
understand these new phenomena we consider various notions of ‘convexity’.

We begin with the real vector space R™. An automorphism, J of TR™, that may depend smoothly on
the point and satisfies

(2.1.1) J?=-1d
is called an almost complex structure. Note that (2.1.1) implies that the minimal polynomial for J is t? + 1.
Since this has simple roots it follows that J is diagonalizable

Using J we can split R™ ® C into the two eigenspaces of J corresponding to eigenvalues ¢, —i. We denote
these by T}’OR’” and T})’lRm. The complex vector space R™ ® C has a natural conjugation defined by

VR =0 Q.
Since J is a real transformation (i. e. it commutes with the conjugation defined above) it follows that
(2.1.2) T9'R™ = T} °R™.

From (2.1.2) it follows that m is even, we’ll denote it by m = 2n. An almost complex structure defines a
complex structure provided the following ‘integrability’ condition is satisfied

(2.1.3) If X,V are sections of T'}°, then so is [X,Y].

If J is real analytic and satisfies (2.1.3) then the Frobenius theorem can be applied to find local coor-
dinates z;, y;,7 = 1,...,n such that
1 .
5(8@ —i0y,)}-
Even if J is only finitely differentiable then a deep theorem of Newlander and Nirenberg states that (2.1.3)
is necessary and sufficient for the existence of local coordinates which satisfy (2.1.4).

(2.1.4) T;°R*" = sp{0., =



Exercises 2.1.5.

(1) Show that if J is a linear transformation of R?" satisfying (2.1) then the almost complex
structure it defines is integrable.
(2) Prove that the space
J =Gl(2n,R)/Gi(n,C)

parametrizes the almost complex structures defined by linear transformations. Note that if
A=X+1iY € Gi(n,C) then

(_)g, §> € GI(2n,R).

(3) Show that the following condition on J is equivalent to (2.1.3): for every pair of vector fields,
X,Y the quadratic form

N(X,Y) =[JX,Y] + [X,JY] - J[X,Y] + J[JX, JY]

vanishes.
(4) Show that for f,g € C*°, N(fX,gY) = fgN(X,Y). This shows that N is a tensor; it is
called the Nijenhaus tensor.

For the time being we will only consider almost complex structures defined by linear transformations.
The ‘canonical’ almost complex structure is defined by the matrix

0 —Id
Jo = (Id 0 ) '
We use C™ to denote R?*" with its canonical complex structure. It is a consequence of exercise (2.1.5)b that
every linear complex structure is linearly equivalent to this one. The eigenspaces are given by

1

THC™ =sp{0., = 5(@ —10y,),i=1,...,n}
(2.1.6) !
T%1C™ =sp{0;, = 5(89“ +i0y,),i=1,...,n}

The dual spaces are denoted by

AYOC" =sp{dz,i=1,...,n}

2.1.7
( ) A%C™ =sp{dz;,i=1,...,n}.

As in the case of one variable we can express any derivative of a function in terms of these vector fields.
Thus

n n
(2.1.8) df = 0f +0f, where Of =Y 0., fdzi, Of = 0= fdz.
i=1 i=1
As before we call the 1,0-part of df df and the 0, 1-part Of.
Definition 2.1.9. If O C C" is open and u € C'(Q) then u is holomorphic provided that

(2.1.10) Bu = 0.

We denote the set of such functions by H ().

Note that (2.1.10) is a system of 2n equations for 2 unknown functions.
It is a very important fact in one dimension that the composition of two holomorphic functions is
holomorphic. To generalize this to several variables we need to define a ‘holomorphic mapping’



Definition 2.1.12. A mapping from Q C C™ to C™ is holomorphic provided the coordinate functions are.
That is if U = (u1,...,un) then du; = 0,5 = 1,...,m. We denote such mappings by H(£;C™). If a
holomorphic mapping between two open subsets is invertible with holomorphic inverse then the mapping is
said to be biholomorphic.

Proposition 2.1.13. Suppose that f € H(Q'),Q¥ C C™ and U € H(Q; C™) has range contained in )’ then

(2.1.14) U*f(2) = f(U(2)) € H(Q).

Proof. We compute dU* f:
AU f =" "0, £0.,u;dz;.

i=1 j=1
All other terms are absent as df and duj,j =1,...,m are of type 1,0. This proves the claim.
The implicit and inverse function theorems also extend easily to holomorphic mappings
Theorem 2.1.15. Let f;(w, z) be analytic functions in a neighborhood of the point (wg, zp) € C™ x C™ and
assume that f;(wo, z0) =0, j =1,..., m. Finally suppose that
(2.1.16) det Oy, fr(wo, 20) # 0,
then there is a neighborhood V' of zy and a holomorphic mapping w(z) € H(V,C™) with

(2.1.17) w(zp) = wo and f;(w(z),z) = 0.

Proof. Identifying Gl(n,C) with a subgroup of GI(2n,R) as in (2.1.5), reinterpreting (2.1.16) allows us to
apply the standard implicit function theorem to the system of 2m real equations Ref; = 0,Imf; = 0
with respect to the variables Rew;,Imw;, Rez;,Imz;. This uniquely determines differentiable functions
Rew;(Rez;,Imz;), Imw;(Re z;,Im z;) which satisfy (2.1.17).

At this point we can reexpress everything in terms of z;, z; and differentiate the equations in (2.1.17) to
obtain

(2.1.18) > 0w, fidw; +> 0., f; =0dzi, j=1,...m.
k=1 =1

In light of (2.1.16) we can use (2.1.18) to solve for the dwy, in some neighborhood of (wo, zp). It is clear that
these one forms are of type 1,0 and therefore wy(z) are holomorphic functions.

The exterior algebra A*R2" can be split into p,g—types using the complex covectors dz;, dZ; as a basis.
Let
I={1<i1<---<ip<nhJ={1<j1 < - <jg<n},

be multiindices, then we define
de! =dzi, N+ Ndzy,dZ7 =dz NN dE,.

As usual we define |I| = p,|J| = q.

Definition 2.1.19. A differential form, w is said to be of type p, ¢ if it has a local representation as

(2.1.20) w= > fud ndz.
LJ5|I|=p,|J|=q

The set of such forms defined on U C C™ is denoted by AP9(U).



Exercise 2.1.21. Prove that the notion of p, g—type is invariant under biholomorphic mappings.

The operators 9, d extend to define differential operators on AP*¢(U). In fact

0 : APU(U) —APTH(U) is defined by dw = > 0f1y Ndz" Adz,
I,J

0 : APY(U) — AP (U) is defined by 0w = ngu Adzt A dz.
I,J

(2.1.22)

=2 C
It is trivial to see that 92 = 8" = 0; since d? = as well, this implies that

90 + 00 = 0.

Exercise 2.1.23.

(1) Show that one can define the 1,0 and 0, 1-parts of df with respect to any almost complex
structure,

(2) Use the previous part to define 8y and 9,

(3) Show that the almost complex structure defined by J is integrable if and only if 8% = 0.

The main topic of interest is the solution of
ou=a, a € A%
This equation is overdetermined and has compatibility conditions:
Ja = 0.

We see that consideration of 0, 1-forms leads inevitably to 0, 2—forms and so to consideration of 0, 3—forms,
etc. Though the case of 0, 1-forms is most important for applications, it presents no essential difficulty to
consider p, g—forms from the start.

2.2 The Cauchy formula for polydiscs and its elementary consequences

The unit disk in C is a model domain for the study of the local properties of holomorphic functions. In
several variables there are two, quite different analogues of the unit disk, the ball and the polydisk. The ball
is

B(w; R) = {z € C"; |z —w| < R}.

A ball has a smooth boundary. A polydisk is defined by an n—tuple of positive numbers r1y, ..., 7, and by a
point w € C™ by

D(w;r) = D(w;ry,...,rn) = {(21,. -y 2n); l2i —wi| <rgi=1,...,n}.

As we shall soon see the local analysis of holomorphic functions on polydisks is very similar to the one
variable case. Note however that a polydisk does not have a smooth boundary. It has a distinguished
boundary component defined by

OoD(w;r) = {(21,-.-y2n) : |20 —wi| =1}

This is the lowest dimensional boundary component but as we shall see it is also the most important. Later
on we will show that the complex analytic geometry of the unit ball has more in common with the unit disk,
though the analysis on the ball is quite a bit more involved.

For functions that are holomorphic in a polydisc we have a direct generalization of the Cauchy integral
formula.



Cauchy Integral Formula 2.2.1. Let u(z) be continuous is D(w;r) and holomorphic separately in each
variable then

(2.2.2) u(z) = (27”)/ /wl_Z1dw1 (wdw_”Zn).

Proof. We can prove this inductively. This is simply (1.3.16) if n = 1. Suppose that it is proved for n — 1.
The polydisk D(wj;r) can be written as a product

D(w;r) = D(wy;r1) x D'.

The inductive hypothesis implies that for each fixed z € D(wq; 7“1) we have the representation

(2.2.3) w(z, 22, . . . 2n) = (27”)” 1/ / G d@c den ™5

On the other hand the continuity hypothesis and (1.3.16) imply that for each ¢’ € 9y D’

1 u(¢, ¢")d¢
2m / C—z

[C1—wi|=r1

(2.2.4) u(z,¢’) =

We can put the integral in (2.2.4) into (2.2.3), for (z,2’) € D(w;r) the combined integrand is continuous
and therefore we can apply the Fubini theorem to identify the iterated integral with the (2.2.2).

Note that in the hypothesis of (2.2.1) we did not assume that u was C* in D(w; ) but rather continuous
and separately holomorphic. The Cauchy formula has the following corollary

Corollary 2.2.5. Ifu satisfies the hypotheses of (2.2.1) then u € C*°(D(w;r)) and therefore u € H(D(w;r)).

The assertions follow by differentiating the integral representation. The maximum modulus principle
follows from

Corollary 2.2.6. Ifu € C°(D(w;r)) N H(D(w;r)) then

2.2.7 <
(227 u(w)| £ __max u(z)

with equality only if u [g,p(w;r) 1S constant.
Proof. Exactly the same argument as in the one variable case.

In the case of equality we can use the Cauchy integral representation to deduce that u is actually
constant in D(w;r).

The Maximum Modulus Principle 2.2.8. IfQ C C" is an open set and u € C°(2) N H(Q) then |u| does
not assume its maximum at an interior point unless u is constant.

Proof. This follows from (2.2.6) and the fact that Vw € Q we can find a positive n—tuple r such that
D(w;r) CC Q.

The several variables result is actually a bit stronger than the one variable case. If two holomorphic
functions on a disk in C agree on the boundary then they agree in the whole disk. In many variables we see
that if two holomorphic functions in a polydisk agree on the distinguished boundary then they agree in the
polydisk as well. The boundary of the polydisk is a manifold with corners of dimension 2n — 1 whereas the
distinguished boundary has dimension n.

We also have a generalization of (1.3.7) to the case at hand. Estimates for the derivatives of a holomor-
phic function follow from this representation. Let oo = (a1, ..., ay) be an n—tuple of non—negative integers.
Then we define the differential operator

0% =07 ...07m.
We also define
o] =a1 4+ +an; al=ag!... !

The operator 9" is defined analogously. The estimates for the derivatives of a holomorphic function are



Corollary 2.2.9. Suppose that u € H () and that K is a compact subset with K CC w CC €2 then for each
multiindex « there is a constant C,, such that

sup [0%u(z)| < Callul|L1(w)-
zeK

Proof. We simply cover K by a finite collection of polydisks and apply the argument used to prove (1.4.2).

These estimates imply compactness properties for holomorphic functions with respect to locally uniform
convergence.

Theorem 2.2.10. If u,, € H(QY) converges locally uniformly to a function u then the limit is holomorphic.
If u, € H(Q) is locally uniformly bounded then w,, has a locally uniformly convergent subsequence.

Proof. Exactly as in the one variable case.

Using the Cauchy integral formula we can deduce the existence of convergent power series expansions
for holomorphic functions. The notion of convergence that is appropriate in this context is that of normal
convergence. If {an(2): 2z € Q} is a collection of functions defined on a open set {2 then we say that

Z an(2)

converges normally if

Zsup|aa|
— K

converges for every K CC (). Evidently we can rearrange a normally convergent series and obtain the same
limit. If the functions a,(z) are holomorphic then clearly the limit is holomorphic as well.

Theorem 2.2.11. If u is holomorphic in a polydisk, D(0;r) then we have

(2.2.12) u(z) =y o7u(0)2"

a!
(03
With normal convergence for z € D(0;r).
Proof. We observe that
ZO{
2.2.13 —z21) (=) Y ————

The series in (2.2.13) converges normally for (z,{) € D x doD. If u € C°(D(0;7)) then we can interchange
the order of integration and summation in the Cauchy integral formula to obtain

e (L) [ QGG
(2.2.14) W)—%:Z (m) 8/ Gl

This is again normally convergent in D(0;r). A simple calculation using Cauchy’s formula shows that

a! u(¢)d¢
2.2.15 0%u(0) = - / .
( ) 0) (2mi)m C¥(1...¢n
80D
Putting (2.2.15) into (2.2.14) implies (2.2.12) in this special case. Otherwise we simply apply this argument
to polydisks D(0;7') with 7} < r;,i=1,...,n.

Once again (2.2.10) and (2.2.11) imply that a function is holomorphic if and only if it has a normally
convergent power series expansion about every point. As in the one variable case we obtain estimates on the
derivatives of u from the Cauchy formula.



Cauchy Estimates 2.2.16. If u € H(D(0,r)) and |u| < M then

|0%u(0)| < Malr=®.

Proof. These estimates follow by applying (2.2.15) to smaller polydisks.
In addition we also have an analogue of Schwarz’s lemma for functions of several variables

Schwarz’s Lemma 2.2.17. If u is holomorphic in a neighborhood of a closed ball B(0; R), |u(z)| < M in
the ball and

0%u(0) =0 if |a] < k

for some positive integer k then

(2.2.18) lu(2)] < MR™*|z|*.

Proof. Let Z € C™ with |Z| = 1. Then the function f(¢t) = u(tZ) is holomorphic for t € B(0; R) C C and
satisfies |f(¢)] < M and f1(0) = 0,5 =0,...,k — 1. The classical Schwarz lemma implies that

(2.2.19) |f(t)] < MR™*|t|F.

Since Z is an arbitrary point on the unit sphere (2.2.19) implies (2.2.18).
Exercise 2.2.20. What can you conclude if equality holds at some point in (2.2.18).

Holomorphic functions in several variables have remarkable property: if a function is separately holo-
morphic in each variable then it is holomorphic in the sense of definition (2.2.1). We proved a weak version
of this above. Note that this sort of a property fails if we replace separately holomorphic with separately
real analytic. For example

__
f(m’y)_mQ—l-yQ

is real analytic when restricted to any vertical or horizontal line, however this function fails to be continuous
at (0,0).
In order to study this problem we need to establish a few elementary facts about sub—harmonic functions.

Definition 2.2.21. A function u(z) defined in Q an open subset of C is subharmonic provided

u(z) is bounded from above,

u(z) is upper semicontinuous,
(2.2.23)
mriu(z) < // udxdy, whenever B(z,r) CC Q.

B(z,r)

The assumption that u is upper semicontinuous, implies that the integral in (2.2.23) is well defined.

Exercise 2.2.24.

(1) If f(z) € H(Q) show that log|f(z)| is subharmonic,
(2) If ¢ is a convex monotone increasing function defined on R and u is subharmonic then so is

o(u).



Lemma 2.2.25. Suppose that v, (z) is a sequence of subharmonic functions defined in 2 such that v,(z) <
M, n=1,2,..., and limsup,,_, . vn(2) < c. Then given a compact subset K of Q and an € > 0 there exists
an N so that

vn(z) < ¢+ € provided z € K, n > N.

Proof. We prove this by contradiction. Suppose that conclusion is false then we can choose a subsequence
ng and a sequence z,, € K such that vy, (z,,) > ¢+ €. Since K is compact there is no loss in generality
in assuming that this subsequence converges to z* € K. Since K CC 2 we can choose an 7 > 0 such that
B(zn,;2r) cC Q. Using (2.2.24) we observe that fi,(z) = ¢“(*) is a sequence of bounded, non-negative
subharmonic functions. Since these functions are non—negative and the sequence {z,, } converges to z* it is
clear that for sufficiently large k and § > 0

(2.2.26) / fre(w)dxdy < / fr(w)dzdy.

B(zn,,,r) B(z*,r+98)

Fixing a 6 > 0 a simple application of Fatou’s Lemma implies that

lim sup / fr(W)dzdy < lim sup fx(w)dzdy
(2227) hre B(z*;r+96) B(z*;r+6) hree

<e‘m(r +9)%

On the other hand since fi is subharmonic

(2.2.28) e“Tenr? < mr?fi(zn,) < / fr(w)dxdy.

B(zn,, ;)
Letting k£ — oo in (2.2.29) and applying (2.2.26)—(2.2.27) we obtain
(2.2.30) e“Ter? < ef(r +0)%

Since § > 0 is arbitrary and € > 0 is fixed (2.2.30) leads to a contradiction.

Though the generalization of Runge’s theorem to several variables is in general quite complicated, there
is one case which is essentially trivial. If Dy CC Dy CC D are polydisks and f € H(Dz) then given € > 0 we
can find F' € H(D) which satisfies

(2.2.31) sup |F(z) — f(2)] <e.
z€D1

One simply expands f in a Taylor series about the center of Dy, a sufficiently large partial sum satisfies
(2.2.31). For latter reference we formulate this as a proposition

Proposition 2.2.32. If D is a polydisk then the uniform closure on D of functions holomorphic in a neigh-
borhood of D equals the uniform closure on D of the holomorphic polynomials.

2.3 Hartogs’ Theorem on separately holomorphic functions

In the previous section we defined a holomorphic function as a function which is continuously differen-
tiable and satisfies the Cauchy—Riemann equations in each variable separately. In the course of deriving the
Cauchy integral formula we established that a function which is merely continuous and satisfies the Cauchy—
Riemann equations in each variable, with the other variables regarded as constant is actually holomorphic
in the previous sense. In this section we prove the Theorem of Hartogs’ which states that if a function is
separately holomorphic in each variable then it is holomorphic in the above sense. No additional assumption
needs to be made about the regularity of the function as a function of several variables.



Hartogs’ Theorem 2.3.1. If u is a complex valued function defined in an open subset 2 C C™ which is
holomorphic in each variable z; when the other variables are given fixed arbitrary values then u € H ().

Proof. The theorem is proved inductively using several lemmas and the result on subharmonic functions
proved in §2.2. As a preliminary step we prove

Lemma 2.3.2. Suppose that u satisfies the hypotheses of the previous theorem and in addition u is locally
uniformly bounded then u € H(S2).

Remark. The subtlety is that v might fail to be measurable as a function of 2n-real variables so we cannot
simply apply the Cauchy formula and Fubini’s theorem.

Proof. Since u is uniformly bounded on compact subsets and holomorphic in each variable separately, the
one—variable Cauchy estimates imply that 0,,u are locally uniformly bounded for each 4. Since 0z, u = 0 it
follows that all first partial derivatives of u are locally uniformly bounded and thus the mean value theorem
implies that u is continuous. The conclusion then follows from (2.2.1).

Now we will show that u is bounded on some open set. We make an inductive hypothesis that (2.3.1)
is proved for n — 1. It is trivial for n = 1.

Lemma 2.3.3. Let u satisfy the hypotheses of (2.3.1) and let D = Dy x --- x D,, CC Q be a closed polydisk
Then there exist disks D} C D;,i = 1,...,n — 1, with non-empty interior, such that u is bounded in the
polydisk D} x -+ x D), _1 x D,

Proof. We prove this using the Baire category theorem and the inductive hypothesis . Let

n—1
Ey=1{:7¢€ H Dj; and |f(2,2,)| < M when 2, € D, }.
j=1

Since f(z’, z,) is holomorphic for z, € D,, it follows that

n—1
II12= U Eum
j=1

MeN

The inductive hypothesis implies that, for fixed z,, f(2’, z,) is holomorphic in the first n—1 coordinates.
This implies that f(2/, z,,) is continuous as a function of these coordinates from which we conclude that Fp;
is a closed set for each M. Since H;:ll D; is a complete metric space it follows from the Baire category
theorem that Fj; must have nonempty interior for some M. If z{ lies in the interior then we can find a
polydisk D’ centered at z{ so that D’ x D, satisfies the conclusion of the lemma.

A final lemma is required to finish the proof.
Lemma 2.3.4. Let u be a complex valued function in a polydisk D = {z; |2 — 27| < R,j =1...,n}, assume
that u is analytic in 2’ = (21, ..., 2n—1) if 2, is fixed and that u is analytic and bounded in

D'={zlz—2|<rj=1...,n—1z - z| <R}

for some r > 0. Thenu is analytic in D.

Proof. For simplicity we assume that z° = 0. Choose Ry, Ry with 0 < Ry < Ry < R. By (2.2.12) we have a
power series expansion for u(z)

(2.3.5) u(z) = Zaa(zn)zlo‘, z €D,

where the sum extends over (n — 1)-multiindices. The coefficients are given by

02u(0, z,
ao(2zn) = 7(0[! )



The coefficients are analytic in z, since u(z) is analytic in D’. Because u(z’, z,,) is holomorphic in 2’ for
|zj—z§-)| <R,j=1,...,n—-1

lel _

limsup |aq(2n)|Ry ' =0, for fixed z, with |z,| < R.

|| o0
On the other hand since u(z) is holomorphic in D’ the Cauchy inequalities apply to give
(2.3.6) |aa(zn)|r1® < M,

if M is a bound for |u| in D’.

The functions z, — %ﬂ are subharmonic for |z,| < R. From (2.3.6) we conclude that these
functions are uniformly bounded when |z,| < R and the lim supy,|_, is at most —log R for each fixed z,.
We can therefore apply (2.2.25) to conclude that, for sufficiently large |a|,

log |aa(2n)]

< —log Ry if z,, < Ry,
|af

or in other words
|aa(zn)|R|1a| <1 for large a if |z,| < Rj.

This proves that the series in (2.3.5) converges normally in D. Since the terms are analytic the sum must
also be.

Now we can complete the proof of the theorem. Given ¢ € 2 we choose an R > 0 so that the polydisk
z; |z — (| <2R,j=1,...,n} is contained in ). By Lemma (2.3.3) applied to the polydisk
§ = G

D:{|Zj_gj| SR,jZI,...,n—l, |Zn_Cn| S2R};
we can find a point 2% with |2§ — ;| < R so that the hypotheses of Lemma (2.3.4) are satisfied with this 2°

and R as above. The lemma implies that u is holomorphic in a neighborhood (. This completes the proof of
the theorem.

2.4 Solving the d—equation in a polydisc, extension theorems

In this section we consider the inhomogeneous Cauchy—Riemann equation:
(2.4.1) Ou = f, f € C°(D; AP9).
As noted above this equation has a nontrivial integrability condition
(2.4.2) af = 0.

We first consider the fundamental case of (0, 1)—forms.

Proposition 2.4.3. Suppose that D C C", n > 1 is a polydisk and f € C¥(D; A%?) satisfying (2.4.2). Then
there is a function u € C¥(D) such that

ou = f.

Remark. In several variables note the interesting difference in the support properties of solutions to (2.4.1).
In general the solution to (2.4.1) does not have compact support in one dimension.
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Exercise 2.4.4.

(1) Find necessary and sufficient conditions on f for the solution to (2.4.1) to be compactly
supported when n = 1.
(2) If n = 1 and the solution to (2.4.1) is compactly supported, what is the support of u?

Proof. We simply apply the one variable formula to obtain

(2.4.5) u(z) = 2%”/ fl(w,;/)dedw'

—
The regularity follows as in the single variable case. Applying Proposition (1.3.10) we obtain
Oz,u(z) = f1(2).

We can differentiate with respect to Zs, ..., z, under the integral sign to obtain

(2.4.6) Oz,u(z) = 3

1 / 0z, f1(w, 2")dw A do

w— z1

The integrability condition implies that
(247) 85]. fl = 851 f] .

Using this in (2.4.6) and taking account of the compact support of f we can apply (1.3.7) to conclude that

Oz,u(z) = f(2).

Outside of the support of f, u is a holomorphic function. We can write D = Dy x D’. If 2’ lies close
enough to the boundary of D’ then f(w,2’) = 0 for w € D;y. Thus u(z) vanishes in an open subset of the
unbounded component of its domain of holomorphy and therefore must vanish identically in that component.

Using this result we deduce the basic extension result for holomorphic functions due to Hartogs :

Theorem 2.4.8. Let Q@ C C", n > 1 be an open set and let K CC Q be a compact subset such that Q\ K
is connected. Every u € H(Q2\ K) has an extension to a U € H(2).

Proof. Choose a polydisk D containing €2 in its interior and a function ¢ € C*°(D) with ¢ < 1. We suppose
that ¢ = 0 in a neighborhood of K and the set C' = {z;9(z) < 1} is a relatively compact subset of Q. The
function u can be continued to all of Q and f = d(¢)u) can be continued by zero to D\ C. It is clear that f
so extended is compactly supported in D and df = 0. Thus we can apply (2.4.3) to obtain v € C°(D) such
that Qv = f. The function U = u —v € H(Q).

Since C' is a relatively compact subset of Q it follows that v vanishes in an open subset of Q\ K. Thus U
agrees with u on some open subset of Q\ K, as this set is connected the uniqueness of analytic continuation
implies that U = u in all of 2\ K.

We consider two other extension theorems. The first is a straightforward extension of the Riemann
removable singularities in one dimension while the second lies somewhere between the Hartogs’ and the
Riemann theorem.

Riemann removable Singularities Theorem 2.4.9. Suppose that {2 C C" is an open subset and X C (2
is the zero set of a holomorphic function then a bounded function v € H(Q \ X) has an extension to a
function U € H(R).

Proof. As we have not covered all the prerequisites we only prove this theorem in the special case that
X =0n{z, =0}.
Let (w’,0) € X, choose a number R > 0 so that
D={z|zi —w;| <R,i=1,...n—1,|z,| <R} CC Q.

11



Then the function defined by

(2.4.10) U, 2) = 2%” U(CZ’_,CZ)dC
ICI=R "

is holomorphic in D. On the other hand we can apply the single variable removable singularities theorem to
u(2’, z,,) to conclude that as a function of z, this has an analytic extension to z, = 0. Therefore U(%’, z,) =
w(z', z,) for z, # 0.

The last continuation result is a purely several variables theorem.

Theorem 2.4.11. Let Q be an open subset of C" and set Y = QN {z; zp_1 =2, =0} Ifu € H(Q\Y) then
there is a function U € H(Q)) extending u.

Remark. This theorem is not a consequence of (2.4.8) because Y is not a compact subset of Q and it is not
a consequence of (2.4.9) because u is not assumed to be bounded. The previous theorem says, in effect, that
for a holomorphic function to be singular on a variety of codimension 1 it must blow up there. The present
theorem says that a holomorphic function cannot be singular on a variety of codimension 2.

Proof. As before suppose that (w”,0,0) € Y and that the polydisk with this center and radii all equal to
R > 0 is a relatively compact subset of 2. Denote it by D. The function defined by

1 w(2’, Cn)dCn
2.4.12 ') = — W2 n)Bon
( ) U(Z 7Z ) 27TZ Cn _ Zn

is holomorphic in D.
If 2,1 # 0 then u(2", z,—1, z,) is holomorphic for |z,| < R. Thus it follows from (2.4.12) That

(2.4.13) U(z) = u(z) if z,—1 # 0.
Since U(z) is holomorphic and {z,_1 = 0} does not separate the polydisk it follows from (2.4.13) that

U Ip\pny=u [p\DrY -

This proves the theorem.

The mechanism behind this argument is two pronged. Firstly a holomorphic function is determined
by its values on the distinguished boundary. While the putative singular locus does intersect the boundary
of any polydisk centered at a point on this locus, it can be arranged to be disjoint from the distinguished
boundary. The other basic fact is that a disk, which is of R—codimension two generically does not intersect
a subvariety of R—codimension four. A more general statement than (2.4.11) replaces z,_1 = z, = 0 with a
C—codimension two subvariety of Q.

2.5 Local solution of the d—equation for p, ¢—forms

For the sake of completeness we include an argument that the d—equation can be locally solved for
p, g—forms. Suppose that D C C™ is an open polydisk and f € C>®(D;AP?), ¢ > 0, with f = 0 then we
want to find a form u € C°>°(D; AP9~1) such that

(2.5.1) Ou=f.
At present we will content ourselves with finding u is D’ CC D. As contrasted with the previous result we
do not assume that f has compact support. To obtain u in all of D we need an Runge type approximation

result.
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Theorem 2.5.2. Let D C C" be an open polydisk and f € C*°(D; AP?) with q > 0 satisfy 0f = 0. If D' cC
is polydisk then we can find a form u € C*°(D'; AP%~1) such that

(2.5.3) du = f.

Proof. The argument is by induction. We assume that if f is independent of dzj1,...,dZ, then we can
solve (2.5.3) in D’. Since ¢ > 0 it follows that the case k = 0 corresponds to f = 0 and therefore the claim is
trivially true. If we can verify the claim for k = n then we’ve proved the theorem. Assume it for k. Suppose
that f is of the form

f:d2k+l/\g+h7

where g, h are independent of dzy1,...,dZz,. We can write

9= grsdz" NdZ’,
1,0

the sum extends over increasing p, g — 1-multiindices and J varies between 1 and k. The hypothesis that
0f = 0 is easily seen to imply that

(254) 8gjg[J=0,j=k+2,...,n.

That is because these are, up to a sign, the coefficients of dz! A dzFT! A dz7.

Using these facts and the standard Cauchy theorem we can remove the dz*=! term in f. Choose a
function ¢ € C°(D) such that ¢y =1 on D’. We set

1 I/Jg[J(Zl,...,Zk,T,Zk_i_Q,...,Zn)dT/\dF
Gralz) = 2m T — 2k '

The regularity of G follows immediately from the integral formula.
It is clear that

(2.5.5) 0:,Grs(z) =0,ze D', j=k+2,...,n.
From the Cauchy formula it follows that

(2.5.6) 0z..,.G17 = g1y in D'

We let

G=> Grdz' ndz’.
I,J

The formulee (2.5.5)—(2.5.6) imply that
h' = dzxi19 — OG

depends only on dzi, .. .dz;. We can therefore apply the inductive hypothesis to h + h' = f —0G. This form
is O—closed and only depends on dzi, . .., dZy thus there exists v € C>°(D’; AP9~1) such that

ov=h+"H.
Setting u = v + G completes the proof of the theorem.
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2.6 Power series and Reinhardt Domains

A important topic in the theory of one complex variable is the study of the convergence properties of
power series. There are many criteria, a very simple one is the following: the power series

(oo}

S0t

n=0
converges absolutely in the set B defined by the condition

z € B provided there exists a constant C' such that |a,2"| < C, ¥Vn € N.

A moments thought shows that B is a disk and its diameter is precisely the radius of convergence of the
series.
This criterion has a simple generalization to several variables. If

(2.6.1) Zaaza

is a series then we define the set B as those points z € C™ such that there exists a constant C' such that
(2.6.2) laaz®| < C, Va.

If we denote by D the domain of normal convergence for the series in (2.6.1) then clearly D is contained in
the interior of B. In fact it is easy to show that D = é

Proposition 2.6.3. The set D is the interior of B.

Proof. Suppose that z € B then the series converges normally in the polydisk defined by |w;| < |z;|. For
suppose the w lies in a compact subset of this polydisk, then we can find constants k; < 1 so that

|w;| < k;l|zi).
By assumption there exists a constant C' such that
laaz®| < CV,a.
Therefore
Z laqw®| < ZC’kO‘
o o

(2.6.4) n

(1— k)™t

1

7

From (2.6.4) the conclusion is immediate.
From (2.6.3) it is clear that if z € D then

(2.6.5) (M121,- ., dnzn) €D, if | N| < 1,i=1,...,n.

A domain that satisfies this condition is called a complete Reinhardt domain. If a domain satisfies (2.6.5)
with [A\;] = 1,4 = 1,...,n it is called a Reinhardt domain. A little consideration shows that actually the
domain of convergence of a power series satisfies a further property.

Suppose that z,w are two points in B then we can rewrite the condition (2.6.2) as follows

(2.6.6) loglaq| + |a1]log|z1]| + - - - + |an|log|zn| < logC
loglaa| + |aa|logfwi| + - - + |an|log|w,| < logC
From (2.6.6) it is clear that if ¢ is a third point that satisfies
log |G| = Alog |zi| + (1 — A) log |w;|, for some 0 < A < 1,
then ¢ € B as well. From this we see that the set defined by
R™ > D* = {(log|z1],...,log|z|); z € D}

is convex. We have proved
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Theorem 2.6.7. If D is the domain of convergence of a power series then the set D* is an open convex
subset of R™. Furthermore if (§1,...,&,) € D* and n; < &;,i =1,...n then n € D* as well.

A set which satisfies the hypotheses of (2.6.7) is called a log—convex Reinhardt domain. Now we show
that if Q is a Reinhardt domain containing zero then every function v € H() is represented by a power
series that converges normally in Q.

Theorem 2.6.8. Suppose that Q) is a bounded Reinhardt domain which contains zero and u € H () then
the power series for u about 0 converges normally in €.

Proof. Let
QL ={z € Q; d(2,9° > €|z|}.

Let Q¢ be the component of €. which contains 0. Evidently Q. is a Reinhardt domain for each € and since
Q) is path connected it is clear that

(2.6.9) Q= U Q..

e>0

Define the function

(2.6.10) U.(2) = (2%”)”/”'/““:1_6 u(tlét_l)tnz,zijtil) dt,

If z € Q, and w € Q° then

(1 —ew— 2| = |w— 2| —€l2|
(2.6.11) > d(z,Q°) — €|z|
> 0.
The final inequality in (2.6.11) follows because z € Q. Since ¢ is a Reinhardt domain, this shows that the
integral in (2.6.10) is defined for z € Q.; differentiating under the integral sign shows that U, is analytic.

Using the series expansion for the denominator in (2.6.10) we can expand U, as a normally convergent
series

(2.6.12) Ue(z) = Y fal2)-

If § is small enough then the polydisk |z;| < § is contained in . For z is this polydisk we can use the Cauchy
formula to compute that

(2.6.13) fa(z) = 2——

Since f, is holomorphic for each « and . is connected it follows that (2.6.13) holds in all of Q.. Thus
Ue(2) = u(2) Ia.

and the power series for u is normally convergent in {2 for all € > 0. The theorem follows from (2.6.9).

It follows from Theorem (2.6.7) that the domain of convergence of a power series is always a complete
log—convex Reinhardt domain. It is clear that there is a smallest such domain containing any Reinhardt
domain,  which contains 0. Call it €. From Theorem (2.6.8) it follows that any function which belongs to
H(Q) actually extends, via its power series about 0, to a function in H (S~2) Thus we have another extension
theorem in several variables which has no one—variable analogue. Recall that a domain of holomorphy is an
open subset  C C™ such that there is a function u € H () which cannot be extended to any open set U
which contains (2 as a proper subset. We have proved the following

Theorem 2.6.14. In order for a Reinhardt domain which contains 0 to be a domain of holomorphy it must
be complete and log—convex.

We shall soon see that this is, in fact, also a sufficient condition.
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2.7 Domains of holomorphy and holomorphic convexity
As remarked above a domain of holomorphy is defined in C™ exactly as in C:

Definition 2.7.1. A domain @ C C" is a domain of holomorphy if there exists a function u € H(Q2) such
that for any open set V which contains  as a proper subset there is no function U € H(V) with U [q= u.

Loosely speaking, the function cannot be extended across any boundary point of €.

We saw that any open set in C is a domain of holomorphy. If V; C C are open sets then the open subset
of C™ defined by

we obtain a function in H () which does not extend to any open set properly containing €.
As in the case of one variable we can define a notion of holomorphic convexity.

Definition 2.7.2. An open set Q C C" is holomorphically convex if for every compact subset, K CC €, the
holomorphic convex hull

Ko ={2 € [f(2)] < sup [fIV f e HQ)}L,
is a compact subset of 2.
To study the relationship between these two concepts it is useful to define a notion of distance to the
complement of € in terms of polydisks. Let R = (r1,...,7,) be a polyradius then for a point z € Q we define

da.r = sup{e; D(z;eR) C Q}.

For a subset K C 2 we define
K) = inf .
00,r(K) = inf do,r(2)
The utility of this concept is illustrated by the following proposition

Proposition 2.7.3. If K is a compact subset of Q and § = g r(K), for some polyradius, then any function
in H(Q) extends to be holomorphic in D(z;dR) for any z € Kq.

Proof. Let 0 < € < d, then the set

K, = U D(z;€eR).
z€EK

is a relatively compact subset of 2. Thus, the Cauchy inequalities imply that for any function f € H(Q)
there is a constant M such that

(2.7.4) |05 f(2)] < Mal(eR)™%,z € K.

Since any derivative of f also belongs to H () it follows from the definition of holomorphic convex hull that
the estimates in (2.7.4) are valid for z € K. From this it is immediate that the power series for f about a
point z € Kq converges normally in D(z; 0 R).

With this lemma we can show that being a domain of holomorphy is equivalent to being a holomorphi-
cally convex.
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Theorem 2.7.5. An open set 2 C C" is holomorphically convex if and only if it is a domain of holomorphy

Proof. First we show that if ) is holomorphically convex then we can find a function which does not extend
across any boundary point of Q. Arguing as in the one dimensional case, choose a nested sequence of compact
subsets, K; such that K; = K. Then we choose a sequence of points A = {A;} such that

(1) The boundary of Q2 equals the set of cluster points of A,

(2) The intersections K; N A are finite.

We can relabel the set A so that there is a monotone sequence {n,} such that
Kjﬂ.A:Al,...an

Since I/(\'j = Kj, for each j € nj +1,...n,41 we can find functions fr € H(Q) such that |fx| < 1 on K; but
fx(Ag) = 1. By taking sufficiently high powers of these functions, which we also denote by fi we can arrange
that

Tj+1

(2.7.6) sup > [fu(2)| < (52)7"

2€K; k=n;+1

If we fix an m then it follow from (2.7.6) that
oo
> ilfi)
j=1
converges uniformly on K,,. Therefore the function defined by
oo
H (1-f5(z

is nonconstant and belongs to H(€2). This function cannot be extended to any polydisk D(w; R) not contained
in Q.

To prove this we observe that F' has a zero of order j at A;. If we could extend F' beyond 2 then we
could extend it to some polydisk with center w € 9). By the construction of the sequence A we can find a
subsequence jj such that limA;, = w. From this it follows easily that for any multiindex «

OaF(w) = hm 0“F(A;,)=0.
k—o0
This would imply that F' is identically zero.

To prove the converse we assume that {2 is a domain of holomorphy but is not holomorphically convex.
Let f € H(Q2) be a function which cannot be extended across any boundary point. Let K be a compact subset
of © with a non—compact holomorphic convex hull, K. Let R be some polyradius and let § = g r(K) > 0.
Since K is non—compact we can choose a point w € K such that D(w;dR) is not contained in 2. According
to Proposition (2.7.3) the function f can be extended to D(w;dR). But this contradicts the fact that f
cannot be extended across any boundary point of 2.

This turns out to be a useful criterion for deciding if an open set is a domain of holomorphy. The
following theorem illustrates why.

Theorem 2.7.7. In order for an open set € to be a domain of holomorphy it is necessary and sufficient that
given any discrete sequence of points {A;} C Q there is a function f € H(Q) such that

(2.7.8) lim sup [ f(Ag)| =

k—o00

Proof. First suppose that such a function can be found for any sequence but that €2 is not holomorphically
convex this means that there is a compact subset K such that K is non—compact. We can choose a sequence
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of points {4,} C K such that A;j tend to 00. Let f € H(N) satisfy (2.7.8) relative to this sequence. Finally
let

M = sup | f(2)].
z€EK

Clearly we can find some jo such that |f(A;,| > M. but this contradicts the fact that A, € K. Thus K
must also be a compact set.

To construct a function we argue much as in the previous proof. We can exhaust €2 by a nested sequence
of compact subsets K; which satisfy

~

(2.7.9) K; = K;.

Possibly after choosing a subsequence we can assume that Ay ¢ K,k > j. In light of (2.7.9) we can find a
sequence of functions f; € H() such that

(2.7.9) sup |f;(2)] <1 and |f;(4;)] > 1.
z€K;

By raising this function to a sufficiently high power we can assume that
sup |f;(2)| <277 and
z€K;

(2.7.10) i1

(A > 5+ ) 1fr(4))]-

k=1

It is easy to see that the series
(o]
F=>1
j=1

converges locally uniformly to a function in H(€2). Moreover, using the conditions in (2.7.10) we obtain that

(2.7.11) |f(A;)|>7—277.
From (2.7.11) it follows easily that
lim | f(A;j)] = oo.
j—o0o

As an application of this theorem we obtain

Theorem 2.7.12. If Q C C™ is linearly convex then it is holomorphically convex and therefore a domain of
holomorphy.

Proof. If p € 0 then there is a real valued linear function [,(z) such that I,(p) = 0 and [, (z) > 0 for z € Q.
Observe that any real linear function can be written in the form

(2.7.12) l,(2) = Re[z - a + b] for some a € C",b € C.

If we set Ap(2) = z-a+ b then \y(2) is a holomorphic function whose real part vanishes at p and is positive
in Q. Thus

Ap(2) = (Ap(2) = Ap(p) "' € H()
but

lim [A,(2)] = .

From this it is evident that for any compact set, K the holomorphic convex hull K avoids some neighborhood
of p. Since p € 0N is arbitrary it follows that K avoids some neighborhood and is therefore compact. This
proves the theorem.

In fact it is clear that the method used in the proof above give another criterion for holomorphic
convexity
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Proposition 2.7.13. Suppose that ) is an open subset of C" such that for every boundary point p there is
a function f € H(Q) such that Re f(z) > 0 for every z € Q and

lim Re f(z) =0

Z—p

then () is holomorphically convex and therefore a domain of holomorphy.

This condition come very close to being a local condition. That is, we can easily give a local condition
which will ensure that we can find a holomorphic function defined in some neighborhood of a given boundary
point which satisfies the hypotheses of (2.7.13) in that neighborhood. The problem then is to show that we
can actually find a global holomorphic function with desired properties. This is what is usually called the
Levi problem. More precisely it asks whether there is a local condition which implies that a domain is a
domain of holomorphy. Being a domain of holomorphy is clearly a biholomorphically invariant notion. We
might try, as a local condition, that some neighborhood of each boundary is biholomorphically equivalent to
a linearly convex set. This turns out to be almost correct.

For latter applications we need a somewhat more general version of Proposition (2.7.3):

Theorem 2.7.14. Let R be a positive polyradius and {2 be an open subset of C™. Suppose that K CC
and f(z) € H(Q) satisfies:

(2.7.15) |f(2)| < 0ra(2),z € K.

Let ¢ € EQ, then if u € H(Q) then the power series of u converges in the polydisk center at ¢ of polyradius
fOIR.

Proof. The argument is essentially identical to the proof of (2.7.3). Let D denote the polydisk centered at
zero with polyradius R. For w € K, the power series for u:

u(z) = ZM’

converges in the polydisk w + dq r(w)D. If t < 1 it follows from (2.7.15) that the union of the polydisks
K = U w + t|f(w)|D
weK

is a relatively compact subset of Q and therefore we can find a constant M such that |u(z)| < M, z € K.
We therefore have the Cauchy estimates

(2.7.16) |0%u(w)|tI* RY| f(w)|* < Ma!

hold for w € K. Since 0%u(w)f(w)* € H(Q) for each « it follows that the estimates in (2.7.16) hold for w €
Kq From this it follows that the series expansion for u converge in w + t| f(w)|D for every t < 1,w € /hKq.
This proves the theorem.

This theorem has a important corollary

Corollary 2.7.17. IfQ is a domain of holomorphy, K CC Q, R a positive polyradius and f € H(Q) satisfies

|f(2)] < da,r(2), 2z € K,

then R
|f(2)| < da,r(2), z € Ka.

Proof. If this were not the case then (2.7.14) would imply that we could extend every function in H(2) to
some polydisk not entirely contained in €. This violates the assumption that €2 is a domain of holomorphy.

This corollary in turn has a corollary which is obtained by using the special functions f =constant:
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Corollary 2.7.18. If () is a domain of holomorphy then for any polyradius R and any compact set K

(2.7.19) Sa.r(K) = ba.r(Kq).

Exercise 2.7.19. The purpose of this exercise is to show that a complete log—convex Reinhardt domain is
a domain of holomorphy. We know from Theorem (2.6.14) that this is a necessary condition, we will show
that it is also sufficient. The idea is to show that a complete, log—convex is holomorphically convex.

(1) If K cC Q) then there is a finite set, K C € such that

K cC U{z,|zz| <|Gl,i=1,...n} CC Q.
cex

(2) If o is a multiinidex with a1...0; #0 and ap, =0,m =35+ 1,...,n then

20207 < sup{|¢t ... G5 C e K
¢ex
(3) Show that this implies that if A\;,i=1,...,5 € [0,1] then
Ailog |z;| < sup A log |Gl
Z i log |zl Celcz ilog|Gil

(4) Conclude from this that if €2 is complete, log—convex Reinhardt domain then K q CC €. hint:
show that .
(log |z, .. .,log|z]), z € Kq

is in the convex hull of the n € Q* with
n <logl|ll,i=1,...]

for some ¢ € K.

2.8 Pseudoconvexity, the ball versus the polydisc

In this section we will consider a local condition, pseudoconvexity, which is satisfied by any domain of
holomorphy. This is geometric condition which is more closely related to the holomorphic geometry of the
unit ball than to that of the polydisk. After discussing pseudoconvexity and its relationship to holomorphic
convexity we will consider complex analysis on the unit ball.

We need to consider a generalization of subharmonic functions to several variables.

Definition 2.8.1. A function u defined in an open set 2 C C™ taking values in [—00, 00) is call plurisubhar-
monic provided

(1) u is upper semicontinuous, that is

u(z) > lim sup u(w),
w—z

(2) for any w, z € C™ the function f(7) = u(z + Tw) is subharmonic in the part of C where it is
defined.

The collection of such functions is denoted by P(€2).

Briefly, a function is plurisubharmonic if its restriction to any complex line is subharmonic. Note that
if u € H(Q) then log|u(z)| € P(RQ). If uy,us € P(Q) then so is au; + bus is a, b are positive, and

u(z) = sup{u1(2), u2(2)}

is also in P(€2).
As with subharmonic functions, plurisubharmonic functions may not be smooth, however if a plurisub-
harmonic function has two derivatives then this condition can be described in terms of a differential inequality.
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Proposition 2.8.2. A function u € C%() is plurisubharmonic if and only if

(2.8.3) > 0.,05,u(w)éE; > 0, Yw e Q, £ C.
%7

Proof. A twice differentiable function f(7),7 € C is subharmonic if and only if
1 -
(2.8.4) Af = ZﬁTan > 0.
Let z,w € C™ and set f(7) = u(z + Tw) then
(2.8.5) Af(r) = Z 02,0z, u(2z 4 Tw)ww;.
,J
The proposition follows from (2.8.4)-(2.8.5).

Exercise 2.8.6. Suppose that v € P(£2) and suppose that ¢ € C3°(C™) has support in the ball of radius 1,
depends only on |z1], ..., |z,| and satisfies

/qdeol =1
(1) The functions
ue(z) = /u(z + ew)p(w) dVol,

are smooth and plurisubharmonic in

Qe ={z€¢(20 > ¢},

(2) ue(z) > us(z) if € > 4,
(3) lim,_,0 Ue = u.

We can now establish a connection between domains of holomorphy and plurisubharmonic functions

Theorem 2.8.7. If Q is a domain of holomorphy and R is a positive polyradius then —logdq r(z) is
plurisubharmonic and continuous

Proof. The continuity is clear from the definition. We use the following characterization of subharmonic
functions: a function f(7) is subharmonic in a domain D C C if for every disk B(w;r) CC D and every
harmonic function h defined on B(wj;r) which satisfies

f(w + re?) < h(w + re'?)
also satisfies
(2.8.9) f(w + pe®) < h(w+ pe?),0< p <7
Fix a point zp € 2 and a w € C". Choose an r > 0 so that
D ={(z +1w) € & |7| < r}.
Let f(7) be an analytic polynomial which satisfies
—logda,r(z0 + Tw) < Re f(7), for |7|=r.

Any harmonic function on |7| < r which satisfies such an estimate can be approximated uniformly by real
parts of holomorphic polynomials. This is so because any harmonic function in a disk is the real part of
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a holomorphic function and any holomorphic function is uniformly approximated by polynomials. Thus it
suffices to consider polynomials.
Let F'(z) be a polynomial defined in C™ which satisfies

F(zp +1w) = f(7).

The maximum principle implies that the holomorphic convex hull of 0D with respect to 2 must contain D
and therefore we can apply Theorem (2.7.14) an (2.8.9) to conclude that

(2.8.10) le=F®)| < 6 r(2),2 € D.
Rewriting this we obtain
—logda r(z0 + Tw) < Re f(7).
Thus —log dn, r(20 + Tw) is a subharmonic function, where it is defined and thus —logdg r(z) € P(£2).

The converse of this result is true but it will take some effort to prove.
In analogy with the holomorphic convex hull we define the define a plurisubharmonic convex hull.

Definition 2.8.11. If K CC © C C" then we define the plurisubharmonic hull of K relative to 2 by
K& = {z € Q; u(z) < supu for all u € P(Q)}.
K

Obviously the P(2)-hull of K is contained inside the H(€2)-hull. From this it is immediate that a
holomorphically convex domain is also pseudoconvex.

Definition 2.8.12. An open subset 2 C C" is said to be pseudoconvex if for every K CC §2 we have

K§ cc Q.

This turns out to be quite a flexible concept. It has several alternative characterizations .

Theorem 2.8.13. An open subset 2 C C" is pseudoconvex if and only if either

(2.8.14) For any positive polyradius R the function — logdg r(z) is plurisubharmonic
or
(2.8.15) There exists a function u € P(Q)) such that the sets {z; u(z) < ¢} cC Q.

Proof. 1t is clear that (2.8.14) implies (2.8.15). Furthermore (2.8.15) clearly implies that 2 is pseudoconvex.
All that remains is to show that if  is pseudoconvex then (2.8.14) holds. Let D denote the polydisk centered
at zero with polyradius R. We need to show that —log dq r(#) is plurisubharmonic. To simplify the notation
we denote this function by —logé.

Choose zg € 2, w € C™ and an positive number r such that

B={z+1w;|7|<r}CQ

and a holomorphic polynomial f(7) which satisfies
(2.8.16) —logd(z0 + Tw) < Re f(7),|7] =
We need to show that (2.8.16) holds throughout B. We can rewrite this inequality as
(2.8.167) 8(z0 + Tw) > e~ M),
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To extend this inequality to |7| < r we let a € D and consider the mapping for 0 < A <1
T — 20+ Tw + Aae .

Denote the image of |7] < r by Bj. If we can show that B; C Q then, since a € D is arbitrary, (2.8.167)
would follow for || < r. Let
A={\e€]0,1]; B, € Q}.

It is clear that 0 € A and furthermore that A is an open set. We will show that pseudoconvexity implies
that it is also closed. Let
K = {2 + 1w+ dae ¥ || = r, A € [0,1]}.

The inequality (2.8.16) implies that K C €, it is clearly compact. Let u € P(2) and suppose that A € A
then
7 — u(z0 + 7w + Aae (M)

is subharmonic in a neighborhood of the disk |7| < r. Thus we have the inequality

u(z0 + 7w 4+ Aae ) < supw if |7] < 7.
K

Since u € P(Q) is arbitrary this implies that By C I/(\'g for every A € A. This in turn implies that A is closed
as K[ is assumed to be a relatively compact subset of Q.
Since [0, 1] is connected this implies that By C 2 and therefore

2+T1w+ae D eQifaeD, |7 <7
But this implies that
d(z0 +Tw) > |e_f(7)|, || <r
which implies that
—logd € P(Q2).

In this theorem the function dn r does not have to be defined by a polydisk. In fact the theorem is true
if we choose any continuous, non—negative function § defined on C" which satisfies

(2.8.17) §(tz) = |t|5(2), t € C

and define

da(z) = wlgs‘fr §(z —w).

For example we could take §(z) = |z|.
One of the important features of pseudoconvexity is that it is a local property of the boundary:

Theorem 2.8.18. Let Q) C C" be an open set such that to every point in ) there is an open set w such that
w N Q is pseudoconvex then () is also pseudoconvex.

Proof. We will show that §2 has a plurisubharmonic exhaustion function. For a zg € 99 choose a neighbor-
hood w such that w N is pseudoconvex. The for some §(z) satisfying (2.8.17) the function — log d,na(2) is
plurisubharmonic. There is a smaller open set w’ C w in which we have

00 (z) = dwna(z),z € W'

From this we conclude that —logdq(z) is itself plurisubharmonic in some neighborhood of 9. This means
that there is a closed subset F' C € such that —logdq is plurisubharmonic in Q \ F. It follows from (2.8.17)
that we can choose a convex increasing function ¢(x) such that

(2.8.19) —logda(z) < ¢(|z|?) for z € F.

If we set u(z) = sup{—Ilogdqa(z),d(|z|*)} then u € P(Q) as u = ¢(]z|?) in a neighborhood of F and the
supremum of two plurisubharmonic functions is subharmonic. This function clearly satisfies the condition
(2.8.15) and therefore 2 is plurisubharmonic.

We consider various properties of pseudoconvex sets. First we consider the intersection of pseudoconvex
sets.
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Theorem 2.8.20. If )y, s are pseudoconvex open subsets of C™ then so is 21 N Q.
Proof. This follows easily from the properties of the plurisubharmonic hull. Let K CC €3 N Q5. Since

P(Qi) C P(Ql ﬂQQ),i = 1,2
it follows that

(2.8.21) Ka,na, C Ko, NKq,.

Since ; and €5 are pseudoconvex I/(\'Ql and I/(\'QQ are compact subsets. This implies that each avoids some
open neighborhood of 9€2; or Qs respectively. Since

01 N Qe = Q1 NN U Ny N O

it follows from (2.8.21) that I/(\'QmQQ is a compact subset of {21 N Qo.

Note that the same argument shows that the intersection of two domains of holomorphy is a domain of
holomorphy.
To study unions we need a result about sequences of subharmonic functions.

Lemma 2.8.22. Suppose that u;(z) is a decreasing sequence of subharmonic functions in a domain D C C.

If limu;(zp) # —oo for some zy € D then

u(z) = 113& u;(2)

if finite almost everywhere and subharmonic.

Proof. To see that u(z) > —oo for almost every z we use that fact that if B(zp,r) CC D then for every 4

(2.8.23) wilz0) < # / / wi(2)dzdy.

Since the sequence is decreasing we can apply Lebesgue’s monotone convergence theorem to conclude that

(2.8.24) o0 < ulz0) < ﬂ—; / / w(z)dzdy.

From this it follows that u(z) > —oo for almost every z € B(zg,r). We simply repeat the argument with a
new point z; near to dB(zp,r) in this way we can show that u(z) > —oo for almost all z € D. We can also
use the Lebesgue theorem to conclude that for every z € D and r > 0 such that B(z,7) C D

(2.8.24) u(z) < ﬂ—; / / w(z)dzdy.

B(z,r)

This suffices to conclude that u(z) is subharmonic.

To see this we observe that a function that satisfies (2.8.24) must satisfy the maximum principle. Thus if
we take any harmonic function h then u — h also satisfies the integral inequality and therefore the maximum
principle. This implies that if u —h < 0 on 0B(w, r) then it is also negative in B(w,r). This however was
our definition of a subharmonic function.

Exercise 2.8.25. Prove that (2.8.24) and the upper semicontinuity of v imply that u satisfies the maximum
principle.

Using the lemma we can study unions of pseudoconvex sets.
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Theorem 2.8.26. Suppose that €);, i =1, ... is an increasing sequence of pseudoconvex domains then

(o)
o=
=1

is pseudoconvex.

Proof. We use the characterization given by (2.8.14). Let R be a fixed polyradius. The sequence of functions
—log dq, r(#) is decreasing for each fixed z. Evidently the limit is —logdgn -(2). In virtue of (2.8.14) each
function in the sequence is plurisubharmonic and therefore by (2.8.22) the limit is as well.

We will now consider an important special case. We suppose that €2 has a C? boundary. This means
that there is a function p twice differentiable in some neighborhood of € such that

Q= {z p(z) <0}
and furthermore
dp(z) # 0 for z € 9.

Such a function is called a defining function for 2. We have the following description of a pseudoconvex
domain in terms of a defining function. We will only prove an important special case.

Theorem 2.8.27. A domain with C?~boundary is pseudoconvex if and only if there is a defining function,
p such that

(2.8.28) 00p(2)(X,X) >0, for all z € 99, for which dp(X) = 0.

Proof. One direction is obvious. Let
p(z) = —=d(2,92°),2 € Q,p(z) =d(2,9Q),z € Q°.

Using the implicit function theorem one can show that p is C? in some neighborhood of 9. At such point
we can compute —Ad0 log p:

(2.8.29) ~0,,05, logp = Z[—
i,

If 0p(X) = 0 then the second term in (2.8.29) vanishes and the condition that —log p be plurisubharmonic

reduces to the positivity of the first term. This evidently persists as we approach the boundary.

We will not prove this result in full generality but instead use a somewhat stronger hypotheses: we
assume that 90p > 0 on ker Op at Q. We also assume that € is bounded. To show that € is pseudoconvex
we apply (2.8.15) and produce a plurisubharmonic defining function. Clearly — log p is plurisubharmonic in
a neighborhood of the boundary and blows up as we approach the boundary. To correct it in the interior we
simply add a multiple of |z|2. Thus we have a plurisubharmonic exhaustion function of the form

—logr + M|z|?,

0:,0z,p N 0z.p 3@,0]'
p PP

which proves the theorem in this case.
A C?-domain which has a defining function p which satisfies

90p(z) > 0 on ker dp at 9Q

is called strictly pseudoconvex. Consider the defining functions for {2 given by
(bt zet" —1,t> 0.

If we compute 0d¢; we see that
(2.8.30) 00¢; = te'?(00p + tOpdp).
Evidently if ¢ is sufficiently large then 99¢; > 0 at 9 with no further restriction. Using techniques similar to
those we have been using one can show that any pseudoconvex domain can be exhausted by smooth strictly
pseudoconvex subdomains. These domains have much simpler analytic properties than general pseudoconvex
domains and also have a very rich geometric structure which we will discuss. The canonical example is the

unit ball
CB" = {z € C™ |2|> -1 < 0}.

It serves as the model domain for the study of strictly pseudoconvex domains in much the same way as the
polydisk served as a model for a general pseudoconvex domain.
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2.9 CR-structures and the Lewy extension theorem

Let  C C be an open set with a smooth boundary. The question as to whether a function f € C°(Q) is
the boundary value of a function v € H () is studied using a non—local, pseudodifferential operator defined
on 0N). If we donte this operator by Pq then f is the boundary value of a holomorphic function if and only
if Pof = 0. In more dimensions the situation is quite different. The condition that a function defined on 92
be the boundary value of a holomorphic function defined in € is given by local, i.e. differential operators.

Recall that a complex structure on 2 is determined by a subbundle of the complexified tangent space,
TQ® C, denoted by TH°Q. It satisfies two conditions; let T%1Q = T1.0Q then

0N T%'Q = {0},

(2.9.1) .
If X,Y are sections of 7" then so is [X,Y].

In this formulation a function u € C*(Q) is holomorphic if
(2.9.2) Zu =0 for all sections,Z of T%'Q.

From (2.9.2) we can easily derive necessary conditions for a function f € C*(Q) to be the boundary
value of a holomorphic function. In some cases these turn out to also be sufficient. Let M denote 02 and J
denote the almost complex structure underlying the complex structure. Suppose that Z is a section of 701
with the property that Re Z and Im Z are tangent to M. Under this assumption it is immediately clear that
the if u € C1(Q) then Zu [ is determined by u [5;. Thus we see that in order for f = u [q to be the
boundary value of a holomorphic function it is necessary that

(2.9.3) Zf =0 for all sections of T%*Q which are tangent to M.

These are called the tangential Cauchy—Riemann equations. If u is defined in a neighborhood of 92 then an
equivalent condition is given by

(2.9.3") Ou A dp =0 at OQ
here p is a defining function for 2.
Exercise. Prove that (2.9.3) and (2.9.3’) are equivalent

The next order of business is therefore to understand T%'QNTM ® Q. This is a simple exercise in linear

algebra. Since any invariant subspace of J is even dimensional it follows easily that JT'M is not contained
in TM and therefore
TQ [y=TM + JTM.

From this formula and the fact that dim(V + W) =dim V 4+ dim W — dim(V N W) it follows that
(2.9.4) dimTM N JTM =2n — 2.

From (2.9.4) we immediately deduce that

(2.9.5) dimc TM @ CNT"Q [yy=n—1.

We denote the subspace
TOIM =TMQCNT"Q [y .

Its conjugate is TH9M, clearly
(2.9.6) M NT% M = {0}.

If X,Y are two sections of T%1 M then it is easy to see that they can be extended to a neighborhood of
M in Q as sections of T%1Q. From this observation and (2.9.1) it follows that

(2.9.7) If X,Y are sections of T%!M then so is [X,Y].

Thus we see that the complex structure on §2 induces a structure on a codimension 1, real submanifold. This
structure is called a CR—structure. It is clear from the construction above, of an induced CR—structure, that
a CR-structure can be defined intrinsically on an odd dimensional manifold. Abstractly we have
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Definition 2.9.8. Let M be a 2n — 1-dimensional manifold and let 7% M be a n — 1-dimensional subbundle
of TM ®C which satisfies the non—degeneracy condition (2.9.6) and the formal integrability condition (2.9.7)
then we say that 791 M defines a CR-structure on M.

Underlying the CR-structure is a real hyperplane field spanned by T%'M +T19M. Locally a hyperplane
field is defined as the kernel of a one form. Denote such a one form by 6. This one form allows us to study
the degree to which the formal integrability condition is true integrability in the sense of Frobenius. Put
differently, the condition (2.9.7) does not imply that ker 6 is tangent to a foliation of M. This would require
knowing that §[X,Y] = 0 for X,Y sections of 7' M. The formula of Cartan states that

(2.9.9) 0[X, Y] = X0(Y) — YO(X) — do(X, T).

Thus we see that true integrability properties of ker 6 are determined by df.

For analytic purposes it is essential to know whether or not the manifold M contains any holomorphic
submanifolds. If this were the case then we could find a vector field Z € T M such that [Z, Z] = aZ + Z
and therefore

(2.9.10) 0((2,Z)) = db(Z,Z) = 0.
If on the other hand the hermitian pairing defined on T°!M by
(2.9.11) L(Z,Z) =id0(Z, Z).

is definite then M has no holomorphic submanifolds. The hermitian form defined in (2.9.11) is called the
Levi form. It is defined up to a conformal factor. We can replace 6 with a non—vanishing multiple f8; the
Levi forms are related by:

(2.9.12) d(f@) rTlvOM-i-TOle: fd9 rT1v0M+T0v1M .

The complex structure defines an orientation on ker § thus if M is oriented then we can pick a definite
sign for the conformal class of # and therefore the signature of Levi form is well defined. We denote the
signature by (m,n,p) if L is positive on a m—dimensional subspace, negative on an n—dimensional subspace
and degenerate on a p—dimensional subspace. When we can choose a definite sign for the conformal class of
0 we will say that M has a CR—orientation.

Definition 2.9.13. Suppose that M is an CR-oriented manifold such that the Levi form is positive definite
then we say the structure is strictly pseudoconvex.

Now we return to the case of a domain 2 C C". Let p be a defining function for 02, this implies that
Q= {zp(z) <0}
with dp(z) # 0, z € Q. Since dp = dp + dp it follows that
(2.9.14) —p Toa=0p loq -

On the other hand a vector, X € T.Q,z € 0N is tangent to 00 if and only if dp(2)(X) = 0. Thus if
Z € T21Q, z € 99 then it is tangent to 99 if anf only if dp(z)(Z) = 0. This proves the following geometric
lemma.

Lemma 2.9.15. Suppose that 2 C C™ has a C''—defining function p then
T19Q = ker Op [poig -
We let
(2.9.16) 6 = —ij*p,
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here j : 92 < Q is the inclusion of the via a biholomorphic map. Evidently a CR—structure defined in this
way has a CR-orientation: it is fixed by the hypothesis that a defining function is negative in 2. Suppose
that F is a biholomorphic map defined in a neighborhood, U C Q of ¢ € 99Q. Suppose that it carries the
interior of 2 locally onto the exterior. We suppose that p is defined in a neighborhood of 9.

Since F' is biholomorphic it follows that

(2.9.17) F*00p = 00F*p.
Since —F™*p is also a defining function for 92 near to ¢ it follows from (2.9.17) that the signature of the Levi

form satisfies
(m(F(q)), n(F(q)), p(F(q))) = (n(q), m(q), p(q))-

From this we deduce the proposition

Proposition 2.9.18. If Q is pseudoconvex and the Levi form has at least one positive eigenvalue at each
point then there is no biholomorphic map carrying the 0S) to itself and mapping the interior of ) onto the
exterior.

This already shows that there is a significant difference between the biholomorphic equivalence problem
for one and several variables.

Now we return to the problem of holomorphic extension. As we shall see it is essentially a local problem
in C™. Let p be a C* function defined in a neighborhood of 0 € C™ suppose that p(0) = 0 and that dp(0) # 0.
Thus there is open set U C C™ such that M = U N {z; p(z) = 0} is a smooth hypersurface. The next result
shows the interaction between the problem of holomorphic extension and the signature of the Levi form.

Lewy Extension Theorem 2.9.19. Let p be as above, assume that there exists a vector Z € T*9C" such
that
9p(0)(Z) = 0 and 89p(0)(Z,Z) < 0.

Then there exists a neighborhood w C U of 0 such that for every function v € C*(w) which satisfies the
tangential Cauchy Riemann equations,

v A Bp =0,
there is a function V € C*(w) such that
(2.9.20) v="V along p=0and OV =0 in w,,
where
(2.9.21) wi = {z € w; p(z) > 0}.

Proof. We will reduce this to the case considered in Theorem (2.4.8). First we change variables to obtain
a somewhat simpler form for the defining function. The hypotheses imply that after a linear change of
coordinates we can assume that

o(2,2) = zp+ Z 0,0z, p(0)z:Z;+
(2.9.22) e
Re Z 9:,0:,p(0)zi2; + O(|2).

ij=1

We make the holomorphic change of variables

n
Zi=z,j=1,...,n—=1, 2, =z, +1i Z 02,0:,p(0)z;2;.
i,j=1
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In terms of the new coordinates the defining function assumes the simpler form:
n
(2.9.23) p=Tmz, + Y 0.,0:p(0)2 2 + O(|2*).
i,j=1

To simplify notation we drop the primes and use A;; to denote the matrix of the hermitian form in (2.9.23).

The hypothesis implies that the form

n—1
Z Aijziij
i,j=1
is not positive definite. By a linear change of coordinates we may achieve that A;; < 0. Therefore, since
p(zl, 0,.. ,0) = A11|Z1|2 + O(|Z1|3),
we can choose a § > 0 and then an € > 0 so that
0,05, p(2) <0if zcw={z€V;|z1| <9, |za| + -+ |2n] <€}

and p(z) < 0 on the part of Ow where |z1| = 6. If we fix 2, ..., 2z, With |z2|+ - -+ |2,| < € then the set of z;
with |z1] < § where p(z) < 0 is a connected set. This is so because p is negative where |z1| = 0 thus if there
were two components then one would necessarily be compact and therefore p would have a local minimum
in that component. This violates the hypothesis on 9,,0z, p in w. The point to this construction is that the
boundaries of the disks contained in w defined by 22, ..., 2, constant do not intersect the hypersurface p = 0.
This will allow us to use the Cauchy integral to solve the d—equation.

Now we will construct a function V' which agrees with v where p = 0 and is holomorphic in w;. First
we construct a function Vy in C?(w) such that

(2.9.24) 0Vy = O(p?) along p = 0.

By assumption _ _
Ov = hodp + phi,

where hg € C3(w) and hy € C?(w; A®'). Hence
(v — hop) = p(h1 — Ohg) = phy where hy € C?(w; A*).
Since 9(phy) = dp A hy + pdOha = 0 we have that dp A hy = 0 where p = 0. Thus we can write
ha = h30p + pha
where h3 € C%(w) and hy € C(w; AO1). We set
Vo =v—hop— %h?)PQ,
to obtain that
(2.9.25) Vo = p*(ha — %Ehg).
Note that at this point we could take hs = (hy — %ghg) the condition 9p?(hy — %ghg) = 0 implies that
hs = hedp + phr.

Ifweset Vi = Vy— % p°he then 9V; = O(p?). Evidently if the data is sufficiently differentiable we can continue
this indefinitely and obtain a function V’ such that V"’ vanishes to infinite order along p = 0.
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To complete this argument V; suffices. Define a (0, 1)—from in w by

{51/0 in wy
o =
0 inw\wst.

In virtue of (2.9.25) it is clear that a € C'(w;A%')and o = 0. By the construction of w, a = 0 in a
neighborhood of w N {|z1| = §}. If
n
a= Zajdéj,
j=1

then we set

(2.9.26) f(zl,z/):i / W

|z1|=6

Clearly f € C'(w). Since the integrand in (2.9.26) is compactly supported the integrability conditions and
the complex version of Stokes’ theorem imply that

Of =ainw

and furthermore f vanishes in w \ w;. This is because f is holomorphic in w \ w; and vanishes in some
neighborhood of {|z1| = §} Nw. The argument given above showed that w\ w4 is connected therefore f must
vanish in the whole set. Since f is differentiable it follows that f = 0 along p = 0 consequently if we set

V=W-f

then B
OV =0inw; and V [p=0=v [p=0 -

This completes the proof of the theorem.
This theorem has several important corollaries

Corollary 2.9.27. If p is plurisubharmonic along p = 0 and the Levi form has at least one positive eigenvalue
then any function u defined on p = 0 which satisfies the tangential Cauchy Riemann equations has an
extension to a neighborhood of p < 0 as a holomorphic function. Furthermore the extension is local.

This shows quite clearly that the property of being a boundary value of a holomorphic function is very
different in one and several variables.

As another corollary we see that if the Levi form of {p = 0} has eigenvalues of both signs then the
theorem implies that any function which satisfies the tangential Cauchy Riemann equations extends to be
holomorphic in a full neighborhood of p = 0. This is in sharp contrast to the case of a pseudoconvex domain
where there exist holomorphic functions which are smooth up to the boundary but do not extend.

Another case to consider is when the Levi form is identically zero. In this case the boundary is foliated
by complex manifolds. For example the real hyperplane in C™ given by y,, = 0. The tangential CR—equations
are the

Oz,u=0,j=1,...,n—1.

Clearly any function of x,, satisfies these equations but in general has no extension as a holomorphic function.
We close this section with two more corollaries.

Corollary 2.9.28. Suppose that ! C C" is bounded, C? and the Levi form of 0} has at least one positive
eigenvalue at every point. Then any solution f € C'(Q) of the tangential Cauchy Riemann equations has
an extension to ) as a holomorphic function.

Proof. Let u be a function on 92 satisfying the tangential CR—equations. The Lewy extension theorem
implies that we can extend u to some neighborhood of 92 as a holomorphic function. With out loss of
generality we can assume that the neighborhood is connected. The Hartogs extension theorem then gives
an extension to all of ).

Actually the convexity assumption is not necessary in this corollary. The technique for constructing
a formal solution to du = 0 along p = 0 presented in the proof of (2.9.19) applies without change to the
boundary of a C?>~domain.
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Corollary 2.9.29. Suppose that p satisfies the hypotheses of (2.9.19) and v satisfies the tangential Cauchy
Riemann equations, then the extension of v as a holomorphic function to wy is unique.

Proof. The Lewy extension result provides a local procedure for extending v to wy. In the normal form
given for p it is clear that 9, p(z1,2") does not vanish along the locus p = 0 away from z; = 0. Thus for
an open set of z’ the boundary of the set of z; such that p(z1,2’) > 0 is a single smooth circle. Thus we
can apply the Cauchy integral formula to obtain a representation of the extension of v to w4 in terms of
its values on p = 0. This formula is valid in open subset of w; and thus establishes the uniqueness of the
continuation.

This result has as a corollary the fact that if a holomorphic function vanishes on an open subset of a
hypersurface with nondegenerate Levi form then it is, in fact, identically zero.

2.10 The Weierstrafl preparation theorem

This is the last theorem in the local theory of holomorphic functions which we will consider. It provides
a local description of the zero set of a holomorphic function. This result is essential in the local study
of the intersections of analytic varieties and the study of the local ring structure of germs of holomorphic
functions. It is the higher dimensional analogue of the one dimensional result to the effect that the behavior
of a holomorphic function near zp is determined by the order of vanishing of f(z) — f(zo). That is there is a
unique integer n and a holomorphic function v(z) such that

f(z) = (z = 20)"v(2), v(z0) #O0.

The function, v is a ‘unit’ in the ring of germs of holomorphic functions at zp, thus we have a unique
factorization in this ring.
The simplest holomorphic functions are polynomials, next simpler might be functions of the form

k

(2.10.1) P(w,z) = Zai(z)wi

=0

where a;(z),i = 0,...,k are holomorphic near to zero. If we suppose that a;(0) # 0 but a;(0) = 0, =
1,...,k then the zero set of P has a simple local description as a branched cover of C"”. More generally
if F(w,z) = q(w,z)P(w, z) with ¢(0,0) # 0 then the zero set of F' is also a branched cover. Moreover ¢
is a unit and we could try proving a unique factorization theorem by studying polynomials with analytic
coefficients. In fact every holomorphic function has a local representation of this sort.

Suppose that F' is holomorphic in some neighborhood of 0 € C**! and not identically zero. From this
we conclude that there is some direction Z € C"! such that the function of one variable f(w) = F(wZ) is
not identically zero. Let k£ be the non—negative integer such that

(2.10.2) Flw) = whg(w), g(0) #0.
We introduce coordinates (z,w) into C**! so that wZ corresponds to z = 0.

Weierstrafl Preparation Theorem 2.10.3. Suppose that F(w, z) is holomorphic in a neighborhood of
(0,0) € C**! and satisfies (2.10.2) then there exists a analytic polynomial

k—1
P(w,z) = w" + Zai(z)wi,
i=1

and a holomorphic function q(w, z) defined in a neighborhood of 0 € C"*! such that q(0,0) # 0 and
(2.10.4) F(w, z) = q(w, z) P(w, 2).

This theorem is a special case of another result called the Weierstrafl division theorem. This provides a
generalization of the ‘Euclidean’ algorithm for dividing polynomials to the context of holomorphic function
in several variables.
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The Weierstrafl Division Theorem 2.10.5. Let F'(w,z) and k be as above and G(w, z) an arbitrary
holomorphic function defined in a neighborhood of (0,0) then there exist unique holomorphic functions
q(w, z) and r(w, z) such that

G(w, z) = q(w, 2)F(w, z) + r(w, 2)

where

k—1
r(w, z) = Z ai(2)w'.
i=0

(2.10.5)=>(2.10.3). To deduce (2.10.3) from (2.10.5) we simply let G(w, z) = w*, then
(2.10.6) w® = g(w, 0)F(w,0) + r(w,0).

From the hypotheses on F' and the form of r it is clear that ¢(0,0) # 0 thus

This proves (2.10.3).

Uniqueness in (2.10.5). This follows from a simple application of Rouche’s theorem in one complex variable.
Suppose that

(2.10.7) Gw,z)=qF +r1 =q@F +r,
then
(2.10.8) r1—r2=F(g2 —q1).

Since F(w,0) = w¥g(w) it follows that for z sufficiently near to 0 that F(w, z) has at least k zeros in some
small disk about 0. On the other hand 71 —r5 is a polynomial of degree at most k —1 in w. Therefore (2.10.8)
implies that r; — ro is identically zero.

The construction of g, uses a slightly indirect argument. We define

k—1
P(w,\) = wk + Z)\iwi.

=1

This is a holomorphic function in C x C*. We have a second division theorem from which we can deduce the
first:

Polynomial Division Theorem 2.10.9. Let G(w, z) be a holomorphic function defined in a neighborhood
of 0 then there exist holomorphic functions q(w, z, \) and r(w, z, \) in a neighborhood of 0 in C x C" x C¥
such that

G(w, z) = q(w, z, \) P (w, \) + r(w, z, \),

where
k—1

r(w, z,\) = Zri(z, Nw'.
i=0
(2.10.9)=-(2.10.5). We apply the polynomial division theorem to F, G to obtain
(2.10.10) F=qpP;+rr G=qcP:+rc.
We can deduce a few facts about gr and rg:

(2.10.11) qr(0) # 0 and 7%(0,0) =0,i=0...,k— 1.
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To prove these statements we let z = 0,A\ =0 in (2.10.10),
k=1 .
(2.10.12) w”g(w) = F(w,0) = qr(w,0,0)w” + Zr}(o, 0)w".

=0

The statements follows by comparing coefficients of powers of w in (2.10.12). Now we set f;(A) = rg(0, A),
we claim that

det 8)\j fi(0) £ 0.

To prove this we set z =0 in (2.10.10) and differentiate with respect to A;, evaluating at A = 0 we obtain
k—1
0 = 0x;qr(w, 0, 0)w” + w’ + Z 8>\jfi(0)wi.
i=0
By comparing coefficients of w® we deduce that
(2.10.13) Ox; fi(0) = 0, if i > j and 9y, fi(0) = —q#(0,0).
From (2.10.13) it follows that
(2.10.14) det 5, £;(0) = (—qr(0,0))".

In light of (2.10.11) and (2.10.14) we can apply the holomorphic implicit function theorem to find
holomorphic functions 60;(z),i =0, ...,k — 1, defined in some neighborhood of zero, such that

(2.10.15) 0;(0) =0, 7r%(2,0(2)=0,i=0,...,k— 1.
Substituting from (2.10.15) into (2.10.8) we derive that

(2.10.16) F(w, z) = qr(w, z,0(2))Pr(w, 6(2)).
Since 6(0) =0 and ¢r(0,0,0) # 0 we can write

G(w, z) = q(w, 2)F(w, z) + r(w, 2)

where
_ da(w,2,6()) N ;
(2.10.17) q(w, z) = (w0, 2.002)) r(w,z) = ;rc(z,ﬂ(z))w .

This completes the deduction of (2.10.5) from (2.10.8).
All that remains is to prove (2.10.8).
Proof of (2.10.8). This follows from the Cauchy integral formula. We can write

(2.10.18) Glw,z) = 2%/ C*E;ni)ljc;n

where + is some contour enclosing w. By comparing coefficients it follows that
k—1

Py(w, X) = Pe(n, A) = (n —w) Y _ si(n, M’

=
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where s;(n, A) are analytic functions. Dividing we obtain

k—1
Pk(w7)‘) Pk 777
2.10.19 )
( ) n—w ZS’L n,A

1=

As Py (n,0) = n*, we can find a contour, v along which P(n, \) does not vanish for sufficiently small .
Integrating along this contour we obtain

(2.10.20) G(w,z) = L/ ngn’_zgn iﬁgzii

Using (2.10.19) in (2.10.20) we get

1 G(n, z)dn Py(w, \)
Gw, z) =— _
) 0w | - w) BY
(2.10.21) e
2 2—m/G 1, 2)si(n, A)dn)w"
= v
The theorem follows by setting
1 1
A)=— d
a(w, z, 27rz/ —w) Pk (n,A) a
1
T(w,z,)\) —,L_O 2_7'('2/G S’L 777 )dn)w
= Bt

Exercise 2.10.22.

(1) Show that if F' and G are polynomials as in (2.10.1) then the function ¢ in (2.10.5) is as well.

(2) Show that if F' is a polynomial as in (2.10.1) and has a factorization of the form F = g1 g2
where g1, g2 are holomorphic, then they can be taken to be polynomials.

(3) Using the previous part and the theorem from commutative algebra that if a ring R is a
unique factorization domain, then so is R[z], show that the holomorphic functions defined in a
neighborhood of 0 € C**! is a unique factorization domain. Note that the units are functions
which do not vanish at 0.
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