
MagneticResonanceImaging

CharlesL. Epstein� andFelix W. Wehrli†

June3, 2005

1 Intr oduction

Nuclearmagneticresonance(NMR) is asubtlequantummechanicalphenomenonthat,
throughmagneticresonanceimaging (MRI), hasplayeda majorrole in therevolution
in medicalimagingover thelast30 years.Beforebeingconceivedfor usein imaging,
NMR wasemployed by chemiststo do spectroscopy, and remainsa very important
techniquefor determiningthestructureof complex chemicalcompoundslikeproteins.
In this articlewe explain how NMR is usedto createanimageof a 3-dimensionalob-
ject. Scantattentionis paidto bothNMR spectroscopy, andthequantumdescriptionof
NMR. Thoseseekingamorecompleteintroductionto thesesubjectsshouldconsult[5],
aswell asthemonographsof Abragam,[1], or Ernst,BodenhausenandWokaun,[12],
for spectroscopy, andthatof Callaghan,[4], for imaging.All threebooksconsiderthe
quantummechanicaldescriptionof thesephenomena.Comprehensive discussionsof
MRI canbefoundin [3, 13], andanhistoricalappreciationof thedevelopmentof MRI
is givenin [19].

2 The Bloch Equation

We begin with theBloch phenomenological equation, which providesa modelfor the
interactionsbetweenappliedmagnetic�elds andthenuclearspinsin theobjectsunder
consideration.This is a macroscopicaveragedmodelthatdescribesthe interactionof
aggregatesof spins,calledisochromats, with appliedmagnetic�elds. An isochromat
is a collectionof “lik e” spins,which is spatially large on the atomicscale,but very
small on the scaleof the variationspresentin the appliedmagnetic�elds. Spinsare
alike if they belongto the samespeciesandare in the samechemicalenvironment.
Theremay be several differentclassesof spins,but, in this article, it is assumedthat
they arenon-interactingandso it suf�ces to considereachseparately. Heretoforewe
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2 TheBlochEquation 2

supposethat thereis a singleclassof like spins. The distribution of isochromatsfor
thesespinsis describedmacroscopicallyby thespindensityfunction, whichwedenote
by � .x; y; z/: In mostmedicalapplications,one is imagingthe distribution of spins
arisingfrom hydrogenprotonsin watermolecules.

Thestateof theisochromatat spatiallocation.x; y; z/ is givenby a3-vector:

M .x; y; z/ D .m1. x; y; z/; m2. x; y; z/; m3. x; y; z//;

which is interpretedasthemagneticmoment-per-unit-volume.It is anensemblemean
of thequantumdipolescausedby thespinswithin theisochromat.In mostapplications
of NMR to imaging,theappliedmagnetic�eld is describedasthesumof a large,time
independent�eld, B0. x; y; z/; andsmallertimedependent�elds, B0. x; y; zI t /: In the
presenceof astatic�eld, thermal�uctuationscausethenuclearspinsto slightly prefer
an orientationalignedwith the �eld. Using the Boltzmanndistribution, oneobtains
that,at high temperatures,thenuclearparamagneticsusceptibilityof protonsis given
by

� �
� 0Nh2
 2N

4kBT
; (1)

here� 0 is the vacuumpermeability, Nh is Planck's constant,N is the numberof pro-
tonsperunit volume,kB is Boltzmann's constant,andT is theabsolutetemperature,
see[15]. The constant
 is called the gyromagnetic(or magnetogyric)ratio. For a
proton


 � 2� � 42:5764� 106 rad
s� Tesla

: (2)

For watermoleculesat roomtemperature� � 3:6 � 10� 9:
If the sampleis held stationaryin the B0-�eld for a suf�ciently long time, then

the spinsbecomepolarizedanda bulk magneticmomentappears;this is called the
equilibriummagnetization:

M 0. x; y; z/ D � � . x; y; z/ B0. x; y; z/: (3)

The Bloch equationdescribesthe evolution of M underthe in�uence of the applied
�eld B D B0 C B0V

dM.x; y; zI t /
dt

D
 M.x; y; zI t / � B.x; y; zI t / �
1
T2

M ? . x; y; zI t /C

1
T1

. M 0. x; y; z/ � M jj . x; y; zI t //:
(4)

Here� is thevectorcrossproduct,M ? . x; y; zI t / is thecomponentof M.x; y; zI t /;
perpendicularto B0. x; y; z/; (calledthetransversecomponent), andM jj is thecompo-
nentof M; parallelto B0; (calledthelongitudinalcomponent). For hydrogenprotons
in othermolecules,thegyromagneticratio is expressedin theform .1� � /
 : Thecoef-
�cient � is calledthenuclearshielding; it is typically between� 10� 4 andC10� 4: The
differencein thenuclearshieldingcausesashift in theresonancefrequency by 
 � :

The secondandthird termsin equation(4) arerelaxationterms. They provide a
phenomenologicalmodel for the averagedinteractionsof the spinswith oneanother
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andtheir environment.Thecoef�cient 1=T1. x; y; z/ is thespinlattice relaxationrate;
it describesthe rate at which the magnetizationreturnsto equilibrium. The coef�-
cient 1=T2. x; y; z/ is the spin-spinrelaxationrate; it describesthe rateat which the
transversecomponentsof M decay. The physical processescausingtheserelaxation
phenomenaare differentand so are the ratesthemselves, with T2 lessthan T1: The
relaxationrateslargely dependon the localizedthermal�uctuations of themolecules
andprovide a usefulcontrastmechanismin MR imaging.Spin-spinrelaxationoccurs
very rapidly in solids(< 1ms)andthereforewe usuallyassumethat we areimaging
liquid-like materialssuchaswaterprotonsin soft mammaliantissues.In this caseT2
takesvaluesin the40ms-4srange.Noticethatthismodeldoesnot includeany explicit
interactionbetweenisochromatsat differentspatiallocations.A varietyof suchinter-
actionsexist, but, at leastin liquid like materials,they leadonly to small corrections
in theBlochequationmodel.A derivationof theBlochequationfrom theSchr̈odinger
equationcanbe found in [1, 18]. For coupledsystemstheBloch equationformalism
breaksdown anda full quantum-mechanicaltreatment,is necessarysee[5, 12].

Much of theanalysisin NMR imagingamountsto understandingthebehavior of
solutionsto equation(4) with differentchoicesof B: Wenow considersomeimportant
specialcases.Thesimplestcaseoccursif B hasno time dependentcomponent,then
thisequationpredictsthatthesamplebecomespolarizedwith thetransversepartof M

decayingase� t
T2 ; andthe longitudinalcomponentapproachingtheequilibriummag-

netization,M 0; as1� e� t
T1 : To simplify thesubsequentdiscussionweassumethatthe

B0-�eld is homogeneouswith B0 D .0; 0; b0/: If B D B0 andwe omit therelaxation
terms(setT1 D T2 D 1 in (4)), thenaninitial magnetizationM.x; y; zI 0/ simplypre-
cessesaboutB0 at angularfrequency ! 0 D 
 b0: M .x; y; zI t / D U.t/ M.x; y; zI 0/
with

U.t/ D

2

4
cos! 0t � sin! 0t 0
sin! 0t cos! 0t 0

0 0 1

3

5 : (5)

Thefrequency ! 0 is calledtheLarmorfrequency; thisprecessionof M abouttheaxisof
B0 is theresonancephenomenonreferredto as“nuclearmagneticresonance”(NMR).
In typical medicalimagingsystemsb0 is between1 and3 Tesla; the corresponding
resonancefrequency is between40and120megahertz.

Typically the�eld B takestheform

B D B0 C eG C B1; (6)

where eG is a gradient �eld and B1 is an RF-�eld. Usually the gradient�elds are
“piecewisetime independent”�elds, smallrelative to B0: By piecewisetime indepen-
dent �eld we meana collectionof static �elds that, in the courseof the experiment,
areturnedon andoff. The B1 componentis a time dependentradio frequency �eld,
nominallyat right anglesto B0: It is usuallytakento bespatiallyhomogeneous,with
timedependenceof theform:

B1. t / D U.t/

0

@
� .t/
� . t /

0

1

A : (7)
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The functions � and � de�ne an envelopethat modulatesthe time harmonic�eld,
Tcos! 0t; sin! 0t; 0U: They aresupportedin a �nite interval Tt0; t1U; i.e, the B1 �eld is
“turned on” for a �nite periodof time. The changein the stateof the magnetization
betweent0 andt1 is calledtheRF-excitation. It maybespatiallydependent.

In light of (5) it is convenientto introducetherotatingreferenceframe. Wereplace
M with m wherem.x; y; zI t / D U.t/ � 1M.x; y; zI t /: It is aclassicalresultof Larmor,
thatif M satis�es(4), thenm satis�es

dm.x; y; zI t /
dt

D
 m.x; y; zI t / � Beff . x; y; zI t / �
1
T2

m? . x; y; zI t /C

1
T1

. M 0. x; y; z/ � mjj . x; y; zI t //;
(8)

where
Beff D U.t/ � 1B � .0; 0;

! 0



/:

As eG is muchsmallerthanB andquasi-static,it turnsout thatonecanignorethecom-
ponentsof eG orthogonalto B0: Indeed,in imagingapplicationsoneusuallyassumes
that thecomponentsof eG dependlinearly on .x; y; z/ with the Oz-componentgivenby
h.x; y; z/; .g1; g2; g3/ i : The constantvector G D .g1; g2; g3/ is called the gradient
vector. With B0 D .0; 0; b0/ and B1 given by (7), we seethat Beff canbe taken to
equal.0; 0; h.x; y; z/; Gi / C .�; � ; 0/: In theremainderof this articlewe assumethat
Beff takesthis form.

If G D 0 and � � 0; then the solution operatorfor Bloch's equation,without
relaxationterms,is

V.t/ D

2

4
1 0 0
0 cos� . t / sin� . t /
0 � sin� . t / cos� . t /

3

5 ; (9)

where

� . t / D

tZ

0

� .s/ds: (10)

This is simply a rotation about the x-axis through the angle � . t /: If B1 6D 0 for
t 2 T0; � U; thenthemagnetizationis rotatedthroughtheangle� .� /: ThusRF-excitation
canbeusedto move themagnetizationout of its equilibriumstate.As we shall soon
see,this is crucialfor obtaininga measurablesignal.Notabene: theequilibriummag-
netizationis a tiny perturbationof thevery large B0-�eld andis thereforein practice
not directly measurable.Only the precessionalmotion of the transversecomponents
of M producesa measurablesignal. More generalB1-�elds, i.e. with both � and�
non-zero,have morecomplicatedeffectson the magnetization.In generalthe angle
betweenM andM 0 at theconclusionof theRF-excitationis calledthe�ip angle.

If, on theotherhand,B1 D 0 andGl D .0; 0; l . x; y; z//; wherel . �/ is a function,
thenV dependson .x; y; z/; andis givenby

V.x; y; zI t / D

2

4
cos
 l . x; y; z/ t � sin
 l . x; y; z/ t 0
sin
 l . x; y; z/ t cos
 l . x; y; z/ t 0

0 0 1

3

5 (11)
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This is precessionabout B0 at an angularfrequency that dependson the local �eld
strengthb0 C l .x; y; z/: If both B1 and eG aresimultaneouslynon-zero,then,starting
from equilibrium,thesolutionof theBlochequation,at theconclusionof theRF-pulse,
hasa nontrivial spatialdependence.In otherwords,the�ip anglebecomesa function
of thespatialvariables.Wereturnto this in Section4.

3 A basicimaging experiment

With thesepreliminarieswe candescribethe basicmeasurementsin magneticreso-
nanceimaging. Whenexposedto B0; the samplebecomespolarizedat a ratedeter-
minedby T1: Oncethesampleis polarized,a B1-�eld, of theform givenin (7), (with
� � 0) is turnedon for a �nite time � : This is calledan RF-excitation. For the pur-
posesof this discussionwe supposethat the time is chosenso that � .� / D 90� ; see
equation(10). As B0 and B1 arespatiallyhomogeneous,the magnetizationvectors
within the objectremainparallel throughoutthe RF-excitation. At the conclusionof
theRF-excitation,M is orthogonalto B0:

After the RF is turnedoff, the vector �eld M.x; y; zI t / precessesabout B0, in
phase, with angularvelocity! 0: Thetransversecomponentof M decaysexponentially.
If we normalizethetime sothat t D 0 correspondsto theconclusionof theRF-pulse,
then,in thelaboratoryframe,

M.x; y; zI t / D
� ! 0� . x; y; z/



Te� t

T2 cos! 0t; e� t
T2 sin! 0t; .1 � e� t

T1 /U: (12)

Recall Faraday's Law: A changingmagnetic�eld inducesan electro-motive force
(EMF) in a loopof wire accordingto therelation

EMFloop /
d8 loop

dt
: (13)

Here8 loop denotesthe �ux of the �eld throughthe loop of wire, see[20]. Thetrans-
versecomponentsof M arearapidlyvaryingmagnetic�eld, which,accordingto Fara-
day's law, inducea currentin a loop of wire. In fact, by usingseveral suchloopsto
form areceivecoil, wecanmeasureasignalof theform:

S0. t / D
� ! 2

0ei ! 0t




Z

sample

� . x; y; z/e
� t

T2.x;y;z/ b1rec. x; y; z/dxdydz: (14)

Hereb1rec. x; y; z/ quanti�esthesensitivity of thereceivecoil to theprecessingmagne-
tizationlocatedat .x; y; z/: FromS0. t / weeasilyobtainameasurementof theintegral

of the function e� t
T2 � b1rec: By usinga carefully designedreceive coil, b1rec canbe

takento bea constant,andthereforewe candeterminethetotal spindensity, weighted

by e� t
T2 ; within theobjectof interest.For therestof this articlewe assumethatb1rec

is a constant.Notethatthesizeof themeasuredsignalis proportionalto ! 2
0; which is,

in turn,proportionalto kB0k2: Thisexplains,in part,why it is sousefulto haveavery
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strongB0-�eld. Thoughevenwith a 1.5Teslamagnet,themeasuredsignalis only in
themicro-watt range,see[14, 7].

Supposethat at the endof the RF-excitation, we turn on the gradient eG: As the
magnetic�eld B D B0 C eG now hasa nontrivial spatialdependence,theprecessional
frequency of themagnetization,whichequals
 kBk; alsohasaspatialdependence.In
fact,assumingthatT2 is spatiallyindependent,it follows from (11), thatthemeasured
signalwouldnow begivenby

SG. t / �
� b1rec! 2

0e� t
T2 ei ! 0t




Z

sample

� . x; y; z/e2� i h.x;y;z/; ki dxdydz: (15)

Up to a constant,e� i ! 0te� t
T2 SG. t / is simply theFouriertransformof � at k D � t 
 G

2� :
By samplingin time and using a variety of differentgradientvectors,we can sam-
ple the3d Fourier transformof � in a neighborhoodof 0: This suf�ces to reconstruct
an approximationto � : In medicalapplicationsT2 is spatiallydependent,which, as
describedin Section7, providesausefulcontrastmechanism.

Imaginethatwecollectsamplesof O� . k/ ona rectangulargrid

f. jx1 kx; jy1 ky; jz1 kz/ V�
Nx

2
� jx �

Nx

2
; �

Ny

2
� jy �

Ny

2
; �

Nz

2
� jz �

Nz

2
g:

Sincewearesamplingin theFourierdomaintheNyquistsamplingtheoremimpliesthat
thesamplespacingdeterminesthespatial�eld-of-view from whichwecanreconstruct
an artifact free image: in order to avoid aliasingartifacts,the supportof � must lie
in a rectangularregion with side lengthsT1 k� 1

x ; 1 k� 1
y ; 1 k� 1

z U; see[13, 10, 2]. In
typical medicalapplicationsthesupportof � is muchlargerin onedimensionthanthe
othersandsoit turnsout to beimpracticalto usethesimpledatacollectiontechnique
describedabove. Insteadthe RF-excitation takesplacein the presenceof non-trivial
gradient�elds, which allows for a spatiallyselective excitation: themagnetizationin
oneregion of spaceobtainsa transversecomponent,while that in thecomplementary
regionis left in theequilibriumstate.In thiswaywecancollectdatafrom anessentially
two dimensionalslice.This is describedin thenext section.

4 Selectiveexcitation

As remarked above, practical imaging techniquesdo not excite all the spins in an
object and directly measuresamplesof the 3d Fourier transform. Ratherthe spins
lying in a slice are excited and samplesof the 2d Fourier transformare then mea-
sured. This processis called selective excitation and may be accomplishedby ap-
plying the RF-excitation with a gradient�eld turnedon. With this arrangement,the
strengthof the static �eld, B0 C eG; varieswith spatialposition,hencethe response
to the RF-excitation doesas well. Supposethat eG D .0; 0; h.x; y; z/; Gi / and set
f D T2� U� 1
 h.x; y; z/; Gi : This is calledtheoffsetfrequencyasit is theamountby
which the local resonancefrequency differs from the resonancefrequency, ! 0 of the
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uniform B0-�eld. Theresultof a selective RF-excitationis describedby a magnetiza-
tion pro�le mpr. f /; this is a unit 3-vectorvaluedfunctionof theoffset frequency. A
typical casewouldbe

mpr. f / D

(
T0; 0; 1U for f =2 . f0; f1/
Tsin� ; 0; cos� U for f 2 . f0; f1/:

(16)

Themagnetizationis �ipped throughanangle� ; in regionsof spacewheretheoffset
frequency lies in . f0; f1/ andis left in theequilibriumstateotherwise.

Typically the excitation steptakes a few millisecondsand is much shorterthan
eitherT1 or T2I thereforeonegenerallyusesthe Bloch equation,without relaxation,
in the discussionof selective excitation. In the rotating referenceframe the Bloch
equation,without relaxation,takestheform

dm. f I t /
dt

D

2

4
0 2� f � 
 �

� 2� f 0 
 �

 � � 
 � 0

3

5 m. f I t /: (17)

Theproblemof designinga selective pulseis non-linear. Indeed,theselective excita-
tion problemcanbe rephrasedasa classicalinversescatteringproblem: oneseeksa
function� . t / Ci� . t / with supportin aninterval Tt0; t1Usothat,if m. f I t / is thesolution
to (17) with m. f I t0/ D T0; 0; 1U; thenm. f I t1/ D mpr. f /: If onerestrictsattention
to �ip anglescloseto 0, thenthereis a simple linear model that canbe usedto �nd
approximatesolutions.

If the �ip angleis closeto zero, thenm3 � 1 throughoutthe excitation. Using
this approximation,we derive thelow �ip angleapproximationto theBloch equation,
without relaxation:

d.m1 C i m2/
dt

D � 2� i f .m1 C i m2/ C i 
 .� C i� /: (18)

Fromthisapproximationweseethat

� . t / C i� . t / �
F .mpr

1 C i mpr
2 /. t /


 i
; whereF .h/. t / D

1Z

�1

h. f /e� 2� i f tdf: (19)

For anexamplelike thatin (16), � closeto zeroand f0 D � f1; weobtain

� C i� �
i sin� sin f1t

� 
 t
: (20)

A pulseof this sort is calleda sinc-pulse.A sinc-pulseis shown in Figure1(a), the
resultof applyingit in Figure1(b). A moreaccuratepulsecanbedesignedusingthe
Shinnar-Le Rouxalgorithm,see[16, 17], or the inversescatteringapproach,see[11].
An inversescattering90� -pulseis shown in Figure2(a)andtheresponsein Figure2(b).
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5 Spin-warp imaging

In Section4 we showed how NMR measurementscould be usedto measurethe 3d
Fourier transformof � : In this sectionwe considera morepracticaltechnique,thatof
measuringthe2d Fourier transformof a “slice” of � : Applying a selective RF-pulse,
asdescribedin theprevioussection,wecan�ip themagnetizationin a regionof space
z0 � 1 z < z < z0 C 1 z; while leaving it in the equilibrium stateoutsidea slightly
largerregion. Observingthatasignalneartheresonancefrequency is only producedby
isochromatswhosemagnetizationhasa non-zerotransversecomponent,we cannow
measuresamplesof the2dFouriertransformof thefunction

N� z0. x; y/ D
1

21 z

z0C1 z0Z

z0� 1 z

� . x; y; z/dz: (21)

If 1 z is suf�ciently smallthen N� z0. x; y/ � � . x; y; z0/:
In order to be able to usethe fast Fourier transformalgorithm (FFT) to do the

reconstruction,it is veryusefulto samplebN� z0
onauniformgrid. To thatendweusethe

gradient�elds asfollows: After theRF-excitationweapplyagradient�eld of theform
Gph D .0; 0; � g2y C g1x/; for a certainperiodof time, Tph. This is calleda phase
encodinggradient. At the conclusionof the phaseencodinggradient,the transverse
componentsof themagnetizationfrom theexcitedspinshastheform

mjj . x; y/ / Tcos2� .kyy � kxx/; � sin2� .kyy � kxx/UN� z0. x; y/; (22)

where.kx; ky/ D T2� U� 1
 Tph. � g1; g2/: At time Tph we turn off the y-componentof
Gph andreversethe polarity of the x-component.At this point we begin to measure
the signal. We get samplesof bN� .k; ky/ wherek variesfrom � kx max to kx max: By
repeatingthisprocesswith thestrengthof they-phaseencodinggradientbeingstepped
througha sequenceof uniformly spacedvalues,g2 2 fn1 gyg; andcollectingsamples
atauniformly spacedsetof times,wecollectthesetof samples

fbN� z0
.m1 kx; n1 ky/ V�

Nx

2
� m �

Nx

2
; �

Ny

2
� n �

Ny

2
g: (23)

ThegradientGfr D .0; 0; � g1x/; left onduringsignalacquisition,is calledafrequency
encodinggradient. While thereis no differencemathematicallybetweenthe phase
encodingandfrequency encodingsteps,therearesigni�cant practicaldifferences.This
approachto samplingis known asspin-warpimaging; it wasintroducedin [8]. The
stepsof thisexperimentaresummarizedin apulsesequencetiming diagram,shown in
Figure3. This graphicalrepresentationfor thestepsfollowedin a magneticresonance
imagingexperimentis ubiquitousin theliterature.

To avoid aliasingartifacts,the samplespacings1 kx and1 ky mustbe chosenso
that theexcitedportionof thesampleis containedin a region of size1 k� 1

x � 1 k� 1
y :

This is calledthe�eld-of-view or FOV. Sincewecanonly collectthesignalfor a �nite
periodof time, the Fourier transformbN� .kx; ky/ is sampledat frequencieslying in a
rectanglewith vertices. � kx max; � ky max/; where

kx max D
Nx1 kx

2
; ky max D

Ny1 ky

2
: (24)
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The maximumfrequenciessampledeffectively determinethe resolutionavailable in
the reconstructedimage. Heuristically, this resolutionlimit equalshalf the shortest
measuredwavelength:

1 x �
1

2kx max
D

FOVx

Nx
1 y �

1
2ky max

D
FOVy

Ny
: (25)

Whetheronecanactually resolve objectsof this size in the reconstructedimagede-
pendsonotherfactorssuchastheavailablecontrastandthesignal-to-noiseratio(SNR).
Weconsiderthesefactorsin the�nal sections.

6 Signal-to-Noise

At agivenspatialresolution,imagequality is largelydeterminedby thesignal-to-noise
ratio(SNR)andcontrastbetweenthedifferentmaterialsmakinguptheimagingobject.
SNR in MRI is de�ned as the voxel signalamplitudedivided by the noisestandard
deviation. Thenoisein theNMR signal,in general,is Gaussiandistributedwith zero
mean.Ignoringcontributionsfrom quantization,for example,dueto limitationsof the
analog-to-digitalconverter, thenoisevoltageof thesignalcanbeascribedto random
thermal�uctuationsin thereceive circuit, see[7]. Thevarianceis givenby

� 2
ther mal D 4kBT R1� ; (26)

wherekB is Boltzmann's constant,T is the absolutetemperature,R is the effective
resistance(resultingfrom bothreceive coil, Rc andobject,Ro), and1� is thereceive
bandwidth. Both Rc and Ro are frequency dependent,with Rc / !

1
2 ; and Ro /

! : Their relative contributions to overall circuit resistancedependin a complicated
manneroncoil geometry, andtheimagingobject'sshape,sizeandconductivity, see[6].
Hence,at high magnetic�eld, andfor largeobjects,asin mostmedicalapplications,
theresistancefrom theobjectdominatesandthenoisescaleslinearly with frequency.
Sincethesignalis proportionalto ! 2; in MRI, theSNRincreasesin proportionto the
�eld strength.

As thereconstructedimageis complex valued,it is customaryto displaythemagni-
tuderatherthantherealcomponent.Doingso,however, hassomeconsequencesonthe
noiseproperties.In regionswherethesignalis muchlarger thanthenoise,theGaus-
sianapproximationis valid. However, in regionswherethesignalis low, recti�cation
causesthenoiseto assumeaRaleighdistribution. Meanandstandarddeviationcanbe
calculatedfrom thejoint probabilitydistribution:

P. Nr ; Ni / D
1

2� � 2 e� . N2
r CN2

i /=2� 2
; (27)

whereNr andNi arethenoisein therealandimaginarychannels.Whenthesignalis
largecomparedto noise,one�nds thatthevariance� 2

m D � 2. In theotherextremeof
nearlyzerosignal,oneobtainsfor themean:

bS D �
p

� =2 �D 1:253� (28)
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and,for thevariance:
� 2

m D 2� 2.1 � � =4/ �D 0:655� 2 (29)

Of particularpracticalsigni�canceis theSNRdependenceon theimagingparam-
eters. The voxel noisevarianceis reducedby the total numberof samplescollected
duringthedataacquisitionprocess,i.e.

� 2
m D � 2

ther mal =N; (30)

whereN D Nx Ny in a 2d spin-warp experiment. Incorporatingthe contributionsto
thermalnoisevariance,otherthanbandwidth,into aconstant

u D 4kBT R; (31)

weobtainfor thenoisevariance:

� 2
m D

u1�
Nx NyNavg

: (32)

HereNavg is thenumberof signalaveragescollectedateachphase-encodingstep.We
obtainasimpleformulafor SNRpervoxel of volume1 V V

SN R D C Q� 1 V

r
Nx NyNavg

u1�
D C Q� 1 x1 ydz

r
Nx NyNavg

u1�
; (33)

where1 x; 1 y arede�ned in (25),dz is thethicknessof theslabselectedby theslice-
selective RF pulse,and Q� denotesthe spin densityweightedby effects determined
by the (spatiallyvarying) relaxationtimes T1 and T2 and the pulsesequencetiming
parameters.Figure4 shows two imagesof the humanbrain obtainedfrom the same
anatomiclocationbut differing in SNR.

7 Contrast and Resolution

Thesinglemostdistinctive featureof MRI is its extraordinarilylarge innatecontrast.
For two soft tissues,it canbeon theorderof severalhundredpercent.By comparison,
contrastin X-ray imagingis aconsequenceof differencesin theattenuationcoef�cients
for two adjacentstructuresandis typically on theorderof a few percent.

Wehaveseenin theprecedingsectionsthatthephysicalprinciplesunderlyingMRI
are radically different from thoseof X-ray computedtomography in that the signal
elicited is generatedby the spinsthemselvesin responseto an externalperturbation.
Thecontrastbetweentwo regions,A andB, with signalsSA; SB respectively, is de�ned
as

CAB D
SA � SB

SA
: (34)

If theonly contrastmechanismweredifferencesin theprotonspindensityof various
tissues,then contrastwould be on the order of 5-20%. In reality, it can be several
hundredpercent. The reasonfor this discrepancy is that the MR signal is acquired
undernon-equilibriumconditions. At the time of excitation, the spinshave typically
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notrecoveredfrom theeffectof thepreviouscycle'sRFpulses,nor is thesignalusually
detectedimmediatelyafterits creation.

Typically, in spin-warpimaging,aspin-echois detectedasameansto alleviatespin
coherencelossesfrom B0-�eld inhomogeneity. A spin echois the resultof applying
anRF-pulsethathastheeffect of taking.m1; m2; m3/ to .m1; � m2; � m3/: As sucha
pulseeffectsa180� rotationof the Oz-axis,it is alsocalleda� -pulse.If, aftera � -pulse,
thespinscontinueto evolve in thesameenvironmentthen,following a certainperiod
of time,thetransversecomponentsof themagnetizationvectorsthroughoutthesample
becomealigned.Hencea pulseof this typeis alsocalleda refocusingpulse.Thetime
whenall thetransversecomponentsarerefocusedis calledtheecho time, T E:

Thespin-echosignalamplitudefor anRFpulsesequence�2 � � � � � � ; repeated
every TR; secondsis approximatelygivenby:

S.t D 2� / � � .1 � e� TR=T1/e� T E=T2: (35)

This is a goodapproximationaslong asT E << TR andT2 << TR in which casethe
transversemagnetizationdecaysessentiallyto zerobetweensuccessivepulsesequence
cycles. In equation(35), � is voxel spindensityandtheechotime T E D 2� : Empir-
ically, it is known that tissuesdiffer in at leastoneof the intrinsic quantities,T1; T2
or � : It thereforesuf�ces to acquireimagesin sucha mannerthatcontrastis sensitive
to oneparticularparameter. For example,a “T2-weighted”imagewould be acquired
with T E � T2 andT R >> T1 and,similarly, a “T1-weighted”imagewith T R < T1
andT E << T2; with T1; T2 representingtypical tissueprotonrelaxationtimes. Fig-
ure 5 shows two imagesobtainedwith the samescanparametersexceptfor T R and
T E illustratingthefundamentallydifferentimagecontraststhatareachievable.

It is noteworthy thatobjectvisibility is not justdeterminedby thecontrastbetween
adjacentstructuresbut is alsoafunctionof thenoise.It is thereforeusefulto de�ne the
contrast-to-noiseratioas

CN RAB D
CAB

� eff
(36)

where� eff is theeffective standarddeviation of thesignal.Finally, it maybeusefulto
reconstructparametricimagesin whichthepixel signalvaluesrepresentany oneof the
intrinsic parameters.A T2-imagecanbe computedfrom equation(35), for example,
eitheranalytically from two imagedatasetsacquiredwith two differentechotimes,
or from a seriesof T E values,obtainedfrom a Carr-Purcell spin-echotrain, using
regressiontechniques,see[5, 13].

Wehave previouslyshown thatthelimiting resolutionis givenby kmax, thelargest
spatialfrequency sampled,see(25). In reality, however, theactualresolutionis always
lower. For examplespin-spin(T2) relaxationcausesthe signal to decayduring the
acquisition.In spin-warpimagingthiscausesthehighspatialfrequenciesto befurther
attenuated.

A furtherconsequenceof �nite samplingis a ringing or Gibbsartifact that is most
prominentat sharpintensitydiscontinuities.In practice,theseartifactsaremitigated
by applyinganappropriateapodizing�lter to thedata.Figure6 shows a portionof a
brainimageobtainedat two differentresolutions.In Figure6(b), thetotal k-spacearea
coveredwas16 timeslargerthanfor theacquisitionof theimagein b). Artif actsfrom
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�nite samplingandblurringof �ne detailsuchcorticalbloodvesselsareclearlyvisible
in the low-resolutionimage.SNR,accordingto equation(33), is reducedin the latter
imageby a factorof 4.
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(a)Pro�le of a90� -sincpulse.
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(b) The magnetizationpro�le producedby the
pulsein (a).

Figure 1. A selective 90� -pulseandpro�le designedusingthelinearapproximation.
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(a)Pro�le of a90� inversescatteringpulse.
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(b) The magnetizationpro�le producedby the
pulsein (a).

Figure 2. A selective 90� -pulseandpro�le designedusingthe inversescatteringap-
proach.

Figure3. Pulsetiming diagramfor spin-warpimaging.During thepositive lobeof the
frequency-encodinggradient,the analog-to-digitalconverter(ADC) collectssamples
of thesignalproducedby therotatingtransversemagnetization.
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Figure 4. T1-weightedsagittal imagesthroughthe midline of the brain: Imageb)
hastwice theSNRof imagea) showing improvedconspicuityof small anatomicand
low-contrastdetail.Thetwo imageswereacquiredat 1.5Tesla�eld strengthusing2D
spin-warpacquisitionandidenticalscanparameters,exceptfor Navg; which was1 in
a)and4 in b).

(a) (b)

Figure 5. Dependenceof imagecontraston pulsesequencetiming parameters:a) is a
T1-weightedimage;b) is aprotondensity-weightedimage.
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Figure 6. Effect of k-spacecoverageon spatialresolutionin axial imageof thebrain:
the �eld of view in both images20 cm andall scanparameterswerethesameexcept
thata)wasacquiredwith Nx D Ny D 128andNx D Ny D 512:


