A-problems
Problem Set 2 - some answers

Solve two problems from the section 'Series’ and ten integrals from the
second section. The Fresnel integrals — problem 3 — are one integral.

1 Series
1. Consider the power series
o0
> o
n=0
and suppose it has radius of convergence R. Show that if we differentiate

it term by term, the new power series still has radius of convergence R.
Apply the ratio test to the differentiated series, and use that

=R

Qp—1

2. Write the Laurent expansion of zi—k in the domain |z| > |k|,k € R, k% < 1,
and by setting z = €% prove the identities:

> ksin 6
k" sin(nf) = — > 7
; sin(n6) 1+ k2 — 2kcosf

> kcosf — k2
km = ——
ngl cos(nf) 1+ k2 —2kcosf

Hint: Don’t get petrified by the expressions. It’s easier than you think.

Just follow what the problem suggests:
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Now we just have to compare the real and imaginary part of both sides.

Multiplying LHS by g:z ( remember, k € R), we get

cosf —k . sin 6
—q
14+ k2 —2kcost 1+ k2 —2kcosf

LHS =

RHS = Z k™ cos(n + 1) — isin(n + 1)6
0

Multiplying both sides by k£ and setting Re and I'm parts equal gives the
result.

3. Find the Laurent expansion of cos
in |z > 1.
Hint: Before starting, use some trigonometry.
Expanding around zp = 1, we need powers of (z — 1), so write %2 =
-1+ le Then cos ;= = cos1cos ﬁ - sinlsinﬁ and we use the
MacLaurin expansions of sin and cos.

7= in a neighbourhood of zp = 1 and

4. What is the difference in the behaviour of the functions

B exp{—w%},:zryé(),x eR
Y=V 0,2=0

and

B exp{—z%},z;éO,z eC
Y=10,2=0

in a neighbourhood of z =0, resp. z=07

The question is somewhat philosphical, but the answer is not. The differ-
ence is very concrete. In some sense one of these functions is very ’good’
while the other is very ’bad’. Which is which and what does this mean?

The first function is infintely differentiable everywhere — has continous
derivatives of any order at any point. Of course, the only point where this
needs a proof is = 0. The second function is not analytic at z = 0 (and
doesn’t have a derivative there). In fact, it has an essential singularity
there.

2 Computing integrals with the Residue Theo-
rem

Most of the integrals that follow take one page to write down, so for some
problems I am giving only the answers or a sketch of a solution.

1. Compute the following integrals:



(a) The integral

/0 (22 + 1)(a2 + 4)d“’

aly

Answer:
2

Let f(z) = e We have Res (f,i) = i/6, Res(f,2i) =
—i/3, and the integral is given by

1. . . . i
§2m( Res (f,4) + Res (f,2i)) = 3

(b) The integral

e dx
0,b>0
/0 (@2 + a2)2(22 + 02) a>U,b>
Answer:
(2a + b))
4a3b(b+ a)?’
Let f(z) = W%(zub?)' The value of the integral is
27mi ( Res (f,ia) + Res (f,ib))

. R , L
Res (f,ia) = L BB ) Res (f,ib) = 2ib(a® — b2)?

e d
/ 7$,n>0,n€Z
o (

(¢) The integral

1+ a22)n
Answer:
2n-2)! 1
P et e A S
[(n— 1P 27
To evaluate the integral, one sets f(z) = (1+i2)n = (Zii)nl(zﬂ.)n.
Then the integral is given by
1 a1 1

1
527 Res (f,i), and Res (£,1) (n—1)dzn=1 (2 + i) |, _,

3

The result is obtained after one shows that

(d) The integral
/—oo (z2 + a?)(x? + bz)dxv (@a>b>0)



Answer:

T e n et
a? — b2 a b

Consider f(z) = m. The integral has value

Re {27i ( Res (f,ia) + Res (f,ib))}

—a —b
. . € . . e
Res (f, Za) = 'Lm, Res (f, Zb) = 'Lm
The integral
/QW d9 >qg>0
o m+aqeosg P
Answer:
2mp
7 = )2

We convert this integral to an integral over the unit circle, C : |z] = 1,

o (PHqeost)?  Jo(p+E(z+1))2

1

B j{ f z dz
iJo(zp+ B+ 02 ig? J (22 +2E24+1)2

Look at the quadratic equation in the denominator:

z dz 4

2
z2+2]—?z+1=(z—a1)(z—a2), a172=—]—?:|: p—2—1
q q q
Asp>q>0,p/q>1,so—§<—1,andhencea1:—§— 5—2—1

is always outside C.

Is a9 inside C7 Suppose not. This can happen in two cases: ei-

ther as < —1 or ap > 1. For convenience, let k = %, SO (g =

—k+ VK2 —1,k > 1. Then:
< -1 —k+Vr2-1<-1ler-—1>Vkr2-1
& (k=12 > k%> - 14 2k <2 k < 1,contradiction

Similarly,

w>le —rk+VrZ-1>1r+1< VK2 -1

s k+1)2 <k’ -1e2+1< —14 k< —1, contradiction



So, we now know that ay = —% + ,/% — 1 is always inside C.
The integral has value

Q

9ri R 4 z 27p
e €S — S 5 5, = — 5575
i (2222417 ) T (02— )PP

2. Compute the integral

< d
/ < ,m>1lneZ
0o 14am

Hint:  Integrate the function H-#" along the closed contour, consisting
z

of the segment [0, R] along the Re axis, followed by the arc z = Re®’, 0 <
t < 27’7, followed by the line segment z = ren , r € [0, R).

Comment: You can do the case n even without the hint, but rather by
computing half of the same integral on (—oo, o), and taking into account
the resifues at those n—th roots of —1 which are in the upper half plane.
But this is more time-consuming, and works only for the case of even n.
Answer: —i_

sin &
Sin ™

So, the poles of the function are at the roots of —1, the ’first’ one

1
; 1+zm i
being & = exp{Z}, and the second exp{*3Z}, so the curve in the hint
surrounds only one pole. Let’s denote by I the integral we want to com-
pute. The part of the contour which is on the real axis gives us I, the one

on the segment z = ren, r € [0, R] gives

/ dz / 2mi dr 2mi
= e n =€en I
1427 14rm

Finally, the integral on the arc vanishes when we take R — 0o, because is
z=Re, |1+ 2" > |1 —|z|"| = |R" — 1], hence

/ dz
Cr 1+Zn

T4+0—e" ] = Res(f,e%)

The shortest way to compute the residue is using L’Hopital, as

— 0,asR — oo

So we have

z—&o . 1 1, .0 1 in 1
1 = lim —— = — = __fy=—en —
2—&0 L+ 2" 256 nzn L n§0 n§0 n
Now we just put back everything:
27mi 27TZ i
I 1 — e n = ——en
(1-e¥)=-=
im s
en z
I=—-2 Era
n 1l—en s



3. In this problem we compute the Fresnel integrals

/ sin(x2)d:c,/ cos(z?)dx
0 0

They are very important in wave/fibre optics, lasers,difraction and inter-

ference phenomena, etc. For that, apply Cauchy’s Theorem for [, e dz,
where C' is the contour from the previous problem, with n = 8.

This is very similar to the above problem, but there are no singular points
inside the contour, and the integral on the line segment reduces to the
Gauf} integral. The answer is \/g in both cases.

4. Compute the (Cauchy principal value of the) improper integrals:

()

/OO (22 + 2)dx
oo W=t ad — a2+ —1
Answer: —7mv/3

Notice:

P B -1 = (21 (2422 41) = (2=1)(2—2) . .. (2—23),

T 4mi sy 27i 2
wherezg =e3 ,21 =€ 3 ,zo=€e 3 ,23=€3 . Let f = Wtzzuz_l
The integral is given by

7i Res(f,0) + 2mi Res(f, z0) + 27 Res(f, z3)

‘We have

Res(f,1) =1, Res(f,zo)z_l_kTi\/g, Res(f,23)—7( \/_—i—z)

o coS &
[mmdx, (l>0, b>0

e

b
Answer: cosa

Notice: (z+a)? +b* = (z +a+ib)(z +a —ib) = (z — 20)(2 — 21),

where z1 = —a +ib, z9g = Z7.
Let f = m The 1ntegra1 is given by Re (27 Res (f, z1)), and
2miRes (f,z1) = 2mz1 = =Ie - (cosa —isina).



® r sin mx

Answer: %e*bm

izm

Let f(z) = Z&—=. The integral is given by

vy

1 . . ime~tm g —bm

3 Im (27i Res (f,ib)) = Im =5¢

°°  sinax
————d 0,b>0
[m 222+ 5) T,a > 0,0 >
Answer: (1 —e )
Let f(z) = %. Then the integral is
. . ) wi 2mie” s —ab

Im (mi Res (f,0)+27i Res (f,4b)) = Im 2 + (i)(2ih) = b—2(1—e )

/ cos ax — cos Sz dr.o> 0,630
0

2
x

Hint: Do not split that integral in two integrals.
Answer: (5 — a).
This one is interesting. You may suspect that you’ll get a 2-nd order
pole at z = 0, but it’s not the case. First, just to get going, notice that
the real function C%O‘Iz;;om has a limit at zero ( which is actually
0‘2552 ), rather than diverging.
Nevermind that, we compute the integral using the usual contour for

these problems ( Cr = [~ R, R] U Re'? 6 € [0, 7]), so we have

1 emz _ eiﬁz 1

—Re lim ————— = ;Re{miRes(0)}

2 R—o0 Cr V4 2
We have % because the function is even, and 7i instead of 274 because
we have a simple pole on the real axis. To see that it’s a simple pole
and to compute the residue we just look at the series:

ez — e 1—jaz+...—1+ifz+... i(la—p)
22 B 22 N z
So the residue is i(a — ).

If you split it in two, you’ll get two functions with second orger poles
on the real axis.

+ ...



5. Compute the integral

[e'S) —x
COS T —¢€
—dx

0 X

e

Hint: Integrate the function €= along the contour consisting of the
segments [r, R] and [ir,iR] on the Re and I'm axis, respectively, and the
two arcs re't,Re®, t € [0,7/2]; Here the segments are not given in order,
and the contour is oriented, as usual, positively. Then take the limit » — 0,
R — oc.

Answer: 0.

6. Compute the following integrals

™ 20
/ B A— TS
0

(a) The integral

1+ k2 —2kcosf

Answer: %
(b) The integral

2n)!

/ sin®" 0d6
0
Answer: W(Q(TLW.

We notice that this is % f02 " sin?" @df. We convert the latter integral
into an integral over the unit circle, C': |z| =1 :

L[, 1 (22 — 1)
5/0 sin“" 0df = (2i)2"+1ﬁ T dz =

1 1 (Z2 — 1)2n 1. 1 Jd» 2 2n
- (QZ')TH27TZ Res (W,O = W2Mhmadz—"(2 —1)%" =
1 —1)"(2n)! o)
= 27m'( )"(2n) —r (2n)
(22)2n+1 (nl)Q (2””')2



