MATH 104 — Practice Problems for Final Exam - Selected (so far) Hints
and answers

1(a) The two curves intersect at (0,0) and at (3,3). And 3sin(rz) > 6z for 0 < z < 1/2,
so the area is given by the (elementary) integral

1/2 34—
/ 3sin(mx) — 6x dx = 1 T
0
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1(b) This is a trig substitution integral, let x = 2tan6. You'll need a triangle. The
result is In((3 + v/13)/2).

1(c) This is easy — integrate y/x — x from 0 to 1.

1/2
2(a) To do this one, compute 7T/ (3sin(rx))? — (62)* dz, which is 37 /4.
0
1/2

2(b) To do this one, compute 27?/ x(3sin(mx) — 6x) dx, which is 6/7 — 7/2.
0

31 3
2(c) To do this one, compute 7r/ ———— dx, which is T arctan(=).
0o 22+4 2 2

2(d) To do this one, compute 27 dx, which is 2 (v/13 — 2).

3
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2(e) Washers: integrate 7(x — x?) from 0 to 1.

2(f) Shells: integrate 27z (y/z — x?) from 0 to 1. Why is the answer the same as the
previous problem?

2(g) Shells: integrate 27(1 — z)(y/z — 2?) from 0 to 1.
2(h) Washers: integrate m((v/z + 1)* — (2% + 1)?) from 0 to 1.

1
3(a) Answer: (\23 + 3 In(9 4 4V5).
o58vH8 1313
3(b) Answer: VAR T

3(c) Answer: infinite (the graph goes to negative infinity at x = 0).
3(d) Answer: In(2 +v/3) — 1 In(2) + In(2 — v/2)

3(e) Answer: $In(2+v2)—1In(2—v2)+v1+ e—v2+1In(vV1 + e2—1)—1 In(v1+ e+
1).

4(a) Answer: %(5\/5 —1).

4(b) Answer: 36v/5 — In(9 + 4v/5).
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4(e) Answer: m(ev/1+ €2 — 2+ 1In(e + 1+ €2) — In(1 +v/2).

5(a) This is integration by parts, let v = In(2z) and dv = z*dr. The answer is
1

12%In(2z) — g2’ + C.

5(b) Parts again, this time v = z* and dv = cos(3x) dz. You'll have to do parts twice,
or else use tabular integration. The result is $2?sin(3z) + 2z cos(3z) — & sin(3z) + C.

5(c) Partial fractions — the denominator factors as (x + 3)(z + 5) and the result is
SIn(z+5) — tn(z +3) + C.

5(d) Trig substitution — since 4% should equal sin®6, let z = %sin 0. The resulting
integral has cos?#, and so you’ll have to use the trig identity for that. The answer

is %:c\/l — 422 + iarcsin(Qa;) + C. (You could probably also do this by parts, letting

u=1+/1—422 and dv = dz.)
5(e) Start with a desparation subsitution u = y/x, or x = u? with dz = 2udu, so the
integral becomes
/ 2u d
u.
u—1

Divide it out, then it’s easy. The result is 2¢/z + 2In(y/z — 1) + C.
2

5(f) Fist let u = Inz, then you have to integrate sin
is Inz — sin(2lnz) + C.

5(g) Lots of substitutions — u = In x changes it to the integral of sec* /4/1 — tanu. Then
let v = tanwu to get the integral of 1/4/1 —u. Then it’s not too bad. The result is

—24/1 —tan(lnz) + C.

6(a) Use the identity cos?f = %( 1 + cos 26), multiply out, and use the identity again.

6(b) Substitute z = 4tan 6, the answer is Va2 + 16+21In(v/22 + 16—4) —2In(v22 + 16+
4) + C, I think

6(c) Substitute ¢’ = 2tan 6, the answer is 1 arctan(e’) + C.
6(d) Start with e* = sin#.
6(e) First let u = /x, then integrate by parts. Get 2cos+/z + 2y/zsin/z + C.
7(a) Answer: 1
7(b) Answer: Z1In2
(
(

u using the trig identity. The result

7(c) Answer: /2.

9(a) The general solution of the equation is y = 2 + Ce™*. For y(0) = 1, you need
C = —1, so the solution of the problem is y = 2 — e~ ™.

12(a) Converges by the ratio test (the ratio is 1/3).



12(b) Diverges by limit comparison to the harmonic series.

12(c) Converges by (limit) comparison to the sum of 1/n?.

12(d) Diverges — the denominator approaches 1 (since e™™ approaches zero), but the

numerator doesn’t approach anything (let alone zero), so it fails the test for divergence
(nth term test).

12(e) Converges by the ratio test — the ratio is 0.

13(a), (c) and (e) — since these series converged without (—1)", their corresponding
alternating versions converge absolutely.

13(b) converges conditionally, since these terms approach zero and we already know that
the series of absolute values diverges.

13(d) Still diverges, since the terms don’t approach zero.

14(a) Converges by the integral test (same integral as in 7(a) — after a substitution
u = Inx you're integrating 1/u?, which converges.
14(b) Since In(n!) =Inl1+ 2+ - +Inn < 1+ 2+ --- 4+ n < n?, this series converges

by (limit) comparison with the sum of 1/n?.

14(c) For large n, since 1/n =~ 0, we have tan(1/n) =~ 1/n. So this series can be limit-
compared to the sum of 1/(nlnn), which diverges by the integral test.

14(d) The ratio test works to show this one converges (the limit is zero).
15(a), (b) and (d) converge absolutely as in problem 13.

15(c) Converges conditionally, since the terms decrease and approach zero (alternating
series test), but the series of absolute values diverged.

16(a) Ratio test gives convergence for —3 < x < —1, and at z = —3 get the (conditionally
convergent) alternating harmonic series, and at x = —1 get the (divergent) harmonic
series, so interval of convergence is [—3,1).

16(b) Ratio test gives convergence for 2 < x < 4, and the series converges (absolutely)
at both endpoints by integral test or comparison with 3~ 1/n?. so interval of convergence
is [2,4].

16(c) Ratio test gives convergence for 1 —e < x < 1 4+ e, and at * = 1 + e get the
alternating harmonic series, at * = 1 — e get the plain harmonic series, so the interval
of convergence is (1 —e, 1+ ¢].

16(d) Ratio test gives convergence for —1 < = < 1, and at the endpoints, the terms
don’t approach zero, so the interval of convergence is (—1,1).

17(a) The series in 16(a) is related to the geometric series. Since the integral of (z+2)""!
is (z+2)"/n, the whole series is the integral of 3 (z+2)"~!, which is geometric with first



term 1 and ratio (x +2). So the entire series represents the integral of 1/(1 — (z +2)) =
1/(—1 — x), which is —In(—1 — z).

18(a) Substitute —z? into the series for e* and get

00 (_1)111.271,

= n!
18(b) As in part (a), the series for cost? is
00 (_1)nt6n
0=
cos nZ:‘; o)

Then integrate this from 0 to x and get

00 (_1)nx6n+1

/0 cost dt = Z W

n=0

19(a) Since
= (<1)a"
cos\/_:nz:% o)

the integral is
> (=1)"(0.2)"+1

2

n=0

(0.2)2  (0.2)3
(2n)!(n + 1) =02y Ty T

Since this is an alternating series, and the last term shown here is less than 0.001, we
can stop after the first two terms, to get

0.2 0.04
/ cos VI do 0.2 = == = 0.190
0

to within 0.001.
L7 gl s
20. The Maclaurin series for 3 cos 22 is #° — = + “—

2l 4 6l
term, f1%(0) = 0.

— ... Since there’s no =3



