790 - Chapter 17 Functions of a Complex Variable

17.1 Complex Numbers

You have undoubtedly encountered complex numbers in your earlier n
classes. From the quadratic formula we know that the zeros of the quadratic!
fx) = ax* + bx + c are complex whenever the discriminant b* — 4ac is

Simple equations such as x?=-5and x>+ x+ 1 =0 have no real-number s

DEFINITION
1 A number of the form z =X + iy where x and y are real numbers
i number such that i = 1 is called a complex number.

1 Complex Number

B Terminology The number i in Definition 17.1 is called the imagin
The real number x in z = x + iy is called the real part of z; the real numbery
the imaginary part of z. The real and imaginary parts of a complex numb
abbreviated Re(z) and Im(z), respectively. For example, if z=4 -9, then

and Tm(z) = —9. A real constant multiple of the imaginary unit is called a pur
inary number. For example, z = 6i is a pure imaginary number. Two

numbers are equal*if their real and imaginary parts are equal. Since this
concept is sometimes useful, we formalize the last statement in the next definil
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[ Complex numbers z; = X; + iy; and 2, = X, + iy, are equal, z;
1' Re(z)) = Re(z,) and Im(z,) = Im(z,).

A complex number x + iy =0 ifx=0andy=0.

B Arithmetic Operations Complex numbers can be added, subi
multiplied, and divided. Hz=x +iyand ;=X + iy, these operations are
as follows.
Addition: 7, + 2 =0 +Hiy) H 0T iyp) = (x; +x2) + i(yi +¥)
Subtraction: =z, — 2= (x + i) — o+ iys) = (%) — X2) + i(yi = Y2)

1
Multiplication: 7y°2o = (x + iy + iva)
= XXy — VY2 + i(yiX + X1Y2)

_xt iy,
Xty
_ Xty i YiX2 = X1)2
B+ y3 xb+ 3
The familiar commutative, associative, and distributive laws hold for col
numbers.
. nt+n=ntz
Commutative laws: { 1T !
<1

2122

at(pra)=@t+t)+a
2:(223) = (T2

Associative laws: {

Distributive law: 7,(z; +2:) =2+ 4%
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In view of these laws, there is no need to memorize the definitions of addition,
subtraction, and multiplication. To add (subtract) two complex numbers, we simply
add (subtract) the corresponding real and imaginary parts. To multiply two complex
numbers, we use the distributive law and the fact that i* = —1.

Example 1 Addition and Multiplication
Ifz,=2+4iand z, = -3 + 8i, find (a) z, + z- and (b) 717

SOLUTION (a) By adding the real and imaginary parts of the two numbers,
we get

C+4)+(3+8)=2-3H+@+8)i=—1+12i
(b) Using the distributive law, we have
(24 40)(=3 +8i) = (2 + 4D)(=3) + (2 + 4i)(8))
=-6—12i + 16/ + 32>
=(=6—-32) + (16 — 12)i = —38 + 4i. Q
There is also no need to memorize the definition of division, but before discuss-

ing that we need to introduce asother concept.

M Conjugate If z is a complex number, then the number obtained by changing
the sign of its imaginary part is called the complex conjugate or, simply, the conju-
gate of z. If z = x + iy, then its conjugate is

I=X—1Iy

For example, if z=6 + 3i, then7=6 — 3i; if 7=-5 —j, then7 =5 +i. If z is a real
number, say z =7, then z = 7. From the definition of addition it can be readily shown
that the conjugate of a sum of two complex numbers is the sum of the conjugates:

L+ =7+ .

Moreover, we have the additional three properties

2l ES —_—  __ 21 E|
L-—L=4— 2 222 = Lidas — ==
22 ¥4

The definitions of addition and multiplication show that the sum and product of a
complex number z and its conjugate Z are also real numbers:

Z+z=(+ )+ (x—iy)=2x ()
2=+ )x—iy) =x"— i’y = x> +y2 (2)

The difference between a complex number z and its conjugate 7 is a pure imaginary
number:

z=z=(+iy) — (x —iy) = 2iy. (3)
Since x = Re(z) and y = Im(z), (1) and (3) yield two useful formulas:
-z

2i

Re(z) = 258

and Im(z) =

However, (2) is the important relationship that enables us to approach division in a
more practical manner: To divide z, by z,, we multiply both numerator and denomi-
nator of z,/z, by the conjugate of z,. This will be illustrated in the next example.
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or simply the z-plane. The horizontal or x-axis is called the real axis and the
cal or y-axis is called the imaginary axis. The length of a vector z, or the
from the origin to the point (x, y), is clearly V/x* + y*. This real number is g

special name.

E

DEF I':I'nl"I'TIOIN' 17.3 Mnd:ﬂ_ﬁs or Absolute Value !
' The modulus or absolute value of 2 = x + iy, denoted by |z], is the real
| v v

Example 3 Modulus of a Complex Number

If z =2 — 3i, then |z] = V27 + (3P = VI3

As Figure 17.2 shows, the sum of the vectors z; and z, is the vector z; +
the triangle given in the figure we know that the length of the side of the
corresponding to the vector z, + 2z cannot be longer than the sum of the rem
two sides. In symbols this is

|21+ 2 € 1| + |-

The result in (5) is known as the triangle inequality and extends to any finite
+ntzt o+ Sl +al +z|+ o+ |24

Using (5) on z; + 23 + (—22), we obtain another important inequality:

IZ[ o 22] 2 lZ]l - ‘Zz|-



























