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Abstract

Associated with the vector space RPT? with metric g of signature
(p, q) is its Clifford algebra, denoted Cl,, . Inside C1,, , lie the groups
Pin(p, q) and Spin(p, q), which double cover O(p, q¢) and SO(p, q), re-
spectively. We focus on two issues which seem to be neglected in the
standard literature. The first is when C1, 4, Pin(p,q), and Spin(p, q)
are isomorphic to Cly,, Pin(q,p), and Spin(q,p). While a partial
answer can be given implicitly by the representations of the various
algebras, our arguments are based purely on the Clifford algebra struc-
ture. In the second section we construct natural bilinear forms on the
space of spinors such that vectors are self-adjoint (up to sign). These
forms are preserved (up to sign) by the Pin and Spin groups. With
the Clifford action of k-forms, 0 < k < p + ¢, on spinors, the bilinear
forms allow us to relate spinors with elements of the exterior algebra.
We then find some curious identities involving the norms of various
forms.
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1 Introduction

Clifford algebras are geometric algebras and can be seen as generalizations of
the real numbers, complex numbers, and quaternions (the free real algebra
on three variables 7, j, K modulo the relations i* = j? = k* = ijk = —1). As
such, they have been very influential in the formulation of modern physical
theories. For example the Dirac equation, which was the first successful de-
scription of the electron compatible with both special relativity and quantum
mechanics, is a differential equation involving the elements of the Clifford al-
gebra associated with the metric signature (+ — — —).

1.1 Constructing the Clifford algebra

We wish to extend a real vector space with a bilinear form into an algebra
by defining a notion of multiplication in a suitable way. Here, an algebra is
vector space and a ring with identity. Additionally, we want multiplication
of vectors to relate in some way to the geometric structure of the space given
by the bilinear form. This motivates the following definition:

Definition 1.1. Given a vector space V over the field F with a bilinear form
g, its Clifford algebra, CI(V), is the free algebra on 'V modulo

v? = g(v,v). (1)

More formally, we can construct CI(V') by quotienting out from the tensor
algebra, T'(V'), the (two-sided) ideal generated by all elements of the form
v®uv—g(v,v), forveV.

Replacing v by v + w in and expanding yields
vw + wv = 2g(v, w), (2)

from which we see that two vectors anti-commute if and only if they are
orthogonal.

We denote the vector space RP*? with metric signature (+ +...+—— ... —)
pfz;;nes q—;i;@es

by RP4. This space will be the sole focus of our work. Further, we abbreviate



Cl(RP4) by Cl,,. We identify RP? with the image of the natural inclusion
map RPF? — Cl, .

If {e1,...,e,} is an orthonormal basis for RP? then by and these

elements generate Cl, , with the rules:

, 1 if1<i<y
e, =
! ~1 ifp+1<i<p+yq
and
eie; = —eje; if © # J.

It turns out thatt that any algebra generated by RP? which satisfies is
unique and is the Clifford algebra Cl,,, as long as p— ¢ # 1 (mod 4). These
algebras have dimension 2/*7, a basis being {e{'ef*...e'¢ : i; = 0 or 1}.
If p—¢q =1 (mod 4), then it is possible to have an algebra generated by
RP4 and satisfying but with the property that ejes... ey, = £1. These
algebras therefore have dimension 2P*9~!. However, we can get the so-called
universal Clifford algebra (of dimension 2P*9) by taking the direct sum of

these two algebras [2] [3].

As the above discussion hints, the element e;e; .. . €)1, is of special interest. It
is called the pseudoscalar and is denoted by 7. Though the e}s are obviously
basis dependent, v is canonical in that it remains unchanged (up to sign)
under any orthogonal transformation [I]. We see that

p+q
2 (_1)(P+Q—1)+(p+q—2)+...+1 H o2

i

2
Il

i=1
_ (_1) (p+q7§)(P+q) 1q
2, ,_
(p+q)2+q P (3>
and
(4)

uy iff p+ ¢ is odd or u is even
u =
7 —uy iff p+ ¢ is even and v is odd.

In constructing isomorphisms and representations of Clifford algebras, we
will be implicitly using the following universal property of Clifford algebras:
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Theorem 1.1. Let A be a real algebra and j : R — A be linear and have
the property that j(v)* = g(v,v)14 for all v € RPY, where 14 is the identity
element of A. Then there exists a unique homomorphism h : Cl, , — A such
that h(v) = j(v).

The function h is given by

h<Co+ZCi€i1-~-€ik> —co—i—ZcZ] ei,)---jlei)

where ¢; € R.
Cl, , has a graded structure provided by the involution «, induced by v — —wv
for v € R4, We define CI5 , = {u € Clpg : ou) = u} It is not hard to

verify that Cl g s a Subalgebra of Cl, 4, called the even algebra, of dimension
op+q—1

1.2 The Clifford Group

Suppose u is an invertible element in C1,, , such that p,(v) = uwva(u™') € RP4
for all v € RP%. Then p, is an orthogonal (i.e. preserves g) automorphism of
RP4. To see this, note that the inverse of p, is p,-1 and

9(pu(v), pu(v)) = pu(v)pu(v)
( ()) ()

The set of all such v € C1, , forms a group called the Clifford Group, and is
denoted by I'y 4. Define I') =T, , N CIL)

Let u € RP? not be null (ie. g(u u) 0). Then, by [I] u has inverse
Ty Further, we see that pu(u) = (g(uu) = —u and, if g(u,v) =
0, pu(v) = woa(u™) = —wou! = vuuil = v. Therefore u € T',, and

pu represents a reflection in the hyperplane perpendicular to u. Since any



orthogonal transformation is a composition of reflections, we see that the
map I',, — O(p,q), u — p, is surjective. Furthermore, we claim that the
map is actually a homomorphism with kernel R. It can easily be verified
that the map is a homomorphism. To see that its kernel is R, suppose that
pu(v) = v for all v € RP4. Then, for v € RP?, we have

wa(u™t) = v

uv = va(u).
Put v = v’ +u' withu® € I')  and u' € I', ,\I') . Then since a(u’) = u° and
a(u!) = u! we have u’v = vu® and ulv = —vul. We need to show that u’ € R
and u' = 0. Assume that u” ¢ R, then there exists a basis element ¢;, . .. €;,,
on which u° has a non-zero component. Then (e;, ... €, )e;, = —€Z €, ... €5,

but e;, (€, ... €i,,) = € €, ... e, since e; must pass an odd amount of el-
ements with which it anti-commutes. Contradiction. A similar argument
shows that u! = 0.

The above result also tells us that I',, is the group generated by non-null
vectors: since any orthogonal transformation is a product of reflections, for
any u € I'p, there exist vy,...,v, € I'y, such that p, = p,,. ,,. But since
the map u +— p, is injective up to scale, we have that v = kv;...v, for
some k € R. Note that the restriction of the homomorphism to ng gives a
surjective homomorphism to SO(p, q).

1.3 Pin(p,q) and Spin(p, q)

To limit the kernel of the homomorphism u — p, from ', (I} ) to O(p, q)
(SO(p,q)), we define the Pin (Spin) group:

Pin(p,q) = {vive ... v,|g(v;,v;) = £1 for all i}

Spin(p,q) = Pin(p,q) N Cl,,.

The maps Pin(p,q) — O(p,q) and Spin(p,q) — SO(p,q), u +— py, are now
surjective homomorphisms with kernel {1, —1}.

1.4 Representations of Clifford Algebras

We can always represent Cl, , as the set of all n x n matrices with entries in
R,C, or H (the quaternions). We denote the set of all n x n matrices with
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entries in F by F[n]. The representation space, i.e. F" is called the space of
spinors. If p—q # 1 (mod 4), then the representation is unique. If p—g =1
(mod 4), then there are two inequivalent representations; one has v = 1 and

the other has v = —1. Furthermore we can always chose our representations
such that e] = ¢; iff €2 = 1 and e/ = —e iff €2 = —1, where { is the conjugate
transpose.

The full matrix algebra that Cl,, is isomorphic to is determined by the
quantity 7 = ¢ —p — 1 mod 8:

R[2lP+4l/2] if 7 =56, or 7
Cly, ~ { H[2P+d/2-1]  if 7 =12 or 3,
Cl2rta=1/2]  if 71 =0, or 4

where [p + ¢| denotes the integer part of p + q. We say that Cl,, is type
[F if it is isomorphic to a full matrix algebra with entries in F (F = R, C or H).

Given a representation of Cl,, on C", we can get a representation on R** by
replacing ¢ with < (1) _01 > and 1 with ( (1) (1) ) Note that although C1, ,

is isomorphic to a proper subalgebra of R[2n], the spin spaces, C" and R*",
are isomorphic as real vector spaces. Similarly, if we have a representation of



Cl,, on H", we can get a representation on R*" by making the replacements

0 10 0
[ -100 0
¢ 0 00 —1
01 0
0 10
0 0 0 1
]—)
1.0 00
0 -1 0 0
0 0 0 1
0 0 —1 0
F=1 0 1 0 o0
10 0 0
1000
L Lloroo
0010
0001

Representations are built up from lower dimensional representations using
identities we will derive in later sections and tensor products of matrices.
For example, Cl,, ~ Cl,_1 ,-1 ® R[2]. To see this let {e;} be the standard

generators for Cl,_4 ,1. Put A = < ? é ), B = ( (1) _01 ), and C =

( _01 (1] ) We have that A2 = —B?>=(C? =1, AB= —BA, AC = —CA,
and BC = —CB. Therefore, {¢;, ® A} U{l ® C,I ® B} generate Cl,,.
Additionally, a form of Bott periodicity states that Cl, .5 ~ Cl,, @ R[16].
Upon seeing that Clyg ~ R[16], we can prove this as follows: let {e;} and
{E;} generate Cl,, and Clyg, respectively. Let v be the Clyg pseudoscalar
and note that 42 =1 and ~ anti-commutes with E; . Then it is easily
seen that {e; ® 7,1 ® E;} generate Cl, ,4s.



2 Space and Time Symmetry on the Clifford
Algebra Level

From a purely geometric standpoint, there is no difference between RP¢ and
R?P. Indeed, O(p,q) and SO(p,q) are naturally isomorphic to O(q,p) and
SO(q, p), respectively. However, the relationship with C1,, and Cl,, is not
immediately evident. We will see however, that Cl, , ~ Cl,, and Pin(p, q) ~
Pin(q,p) if and only if p — ¢ = 0 (mod 4) and that Spin(p,q) and Spin(q,p)
are always isomorphic.

2.1 Cl), and CI), and Spin(p,q) and Spin(q, p)

We begin by proving the following proposition.

Proposition 2.1. Cl, 1 = CI) = Cly, 1, assuming for the first isomor-
phism that ¢ > 1 and for the second isomorphism that p > 1.

Proof. Let {e;} and { E;} be standard generators for Cl, ,_, and Cl, , respec-
tively. We claim that the map ¢ from C’lg,q to Cl,,—1, defined on generators
by, where 7 < 7,

g d6  i=pta
B eje;  otherwise

is an isomorphism. To check that it is a homomorphism, it is sufficient,
because of the universal property, to verify that the elements {E;E,.,}
anti-commute with each other and that (E;E,,)*> = e7. Indeed, if i # j
then we have that (E;E, ) (E;Epry) = —EEEy By = EjEE, By, =
—(BjEp1q)(EiByrq) and (EiEyy,)* = BBy BBy, = _Ez?Eerq =i It
remains to show that ¢ is a bijection. Since ¢ is a linear map of finite di-
mensional vector spaces of the same dimension, it is a bijection if and only
if it is a surjection. We can easily see that ¢ is surjective since all of the

generators of Cl, ,_1 are in im(yp).

Let {e;} be the standard generators for Cl,,—1 and let { E;} be anti-commuting
generators for C’lg’q where we break convention by having:

E? —

-1 if1<i<q
1 ifg+1<i<p+gq.



Thus €2 = —F? for 1 <4 < ¢+ p — 1. By the same argument as before, we
see that the map ¢ : Cl)  — Clg,_1 defined on generators by

‘ i
i Ti=rta
eie;  otherwise

is an isomorphism. O
Corollary 2.1. CI) = CI0 .

Proof. One of p, ¢ must be non-zero (Cly o is not a very interesting algebra).
Without loss of generality we can assume that p # 0. Then from the previous
theorem we have that CIJ, = Cl,,—1. But we also have from the above
theorem that Cl,, 1 = C’lg’p. Thus we have that C’lg?q = C’lgyp. O

Though we now know that C1,, ~ Cl,,, we construct an isomorphism from
C1, to Cl), by composing the isomorphism from CI9  to Cl,,_1 with the
isomorphism from Cl, 4, to CI) . We do this to then show that it the map
restricts to an isomorphism of the Spin groups.

Let {e;} be standard generators for Cl,, and {E;} be generators for Cl,,
where E? = —e?. Also let g and g be the metrics on Cl,, and Cl,,, respec-
tively. By composing the type of maps constructed in the previous corollary,

we get an isomorphism 6 : Clqu — Clgjp,

€i€j — ElEJ (5)

Note that holds even when ¢ = j since e7 = —FE?. Denote the restriction
of 0 to Spin(p, q) by 0|s. To see that 0|; maps into Spin(q, p), it is sufficient
to check that a product of two unit vectors maps to a product of two unit
vectors, for then the fact that 6| is a group homomorphism (since 6 is an
algebra homomorphism) will establish that the image of a product of any
even amount of unit vectors in Spin(p, q) is a product of an even amount
of unit vectors in Spin(g,p). Thus let v = ), ue; and v = ) v;e; be unit
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vectors in RP?. Then

o= (B ()

= E —’Unﬂ)jEiEj
'7j

()5

is a product of two unit vectors since g (>, —w;E;, >, —u; E;) = —g(u,u) =
+1 and g (E] v;€}, D, vje;-,> = —g(v,v) = +1. Besides showing that 6|,
maps into Spin(q,p), the above calculation makes it clear that 6|, is sur-
jective. Finally, 0| is injective since @ is injective. This establishes that
Spin(p, q) = Spin(q, p).

One may think that since Spin(p, q) = Spin(q, p), a similar type of argument
can establish that Pin(p,q) = Pin(q,p). However, in the next section we
show that this is not generally true.

2.2 (l,, and Cl,, and Pin(p,q) and Pin(q,p)

We begin by proving the only affirmative case for Cl, , ~ Cl, .
Theorem 2.1. If ¢ —p =0 (mod 4) then Cl,, = Cl, .

Proof. Let {e;} be the standard generators for Cl,, and let {E;} be gener-
ators for Cl,, such that E? = —e?. Since 4|(¢ — p), ¢ — p is even so that
p+q=q—p+2piseven. Therefore 4| (p+¢q)? so that 4| ((p+q)®+q—p) =
W# is even. Thus, by (3] we see that v = [[, E; squares to the identity.
We claim that the map ¢ : Cl, , — Cl,, given on generators by

¢(€i) =E;

extends to an isomorphism. To see that ¢ is a bijection, we note that since ¢
is a linear map between two finite dimensional vector spaces with the same
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dimension, it is a bijection if and only if it is a surjection. Indeed, the map
is surjective since for any generator E; of Cl,,, im(¢) contains

H VE; = :t,-prrq*l H E;
J#i J#i
= :t’yp+q72”}/ H Ej
J#i
=+ ][5
J#i

where the third equality follows from the (crucial) fact that p + ¢ is even.
Finally, to show that ¢ is an isomorphism it is sufficient, by the universal
property, to show that the elements {7yFE;} obey the same Clifford relations
as {e;}, i.e. they anti-commute with each other and p of them square to
the identity and ¢ of them square to negative the identity. Since 7 anti-
commutes with each E; by (), for i # j we have that (vE;)(vE;) = vE;Eyy =
—(vE;)(vE;). Lastly, note that (yE;)*> = yE;vE; = —v*E? = —E? =¢?. [

Corollary 2.2. If ¢—p =0 (mod 4) then Pin(p,q) = Pin(q,p), an isomor-
phism being the restriction of ¢ (as above) to Pin(p,q).

Proof. As before, let {e;} and {E;} be generators for Cl,, and Cl,, respec-
tively. Let g and g be the metrics on Cl,, and Cl,,, respectively, and let
¢|, be the restriction of ¢ to Pin(p,q). Since Pin(p,q) is made up of unit
vectors, we need only check that ¢|, maps unit vectors to products of unit
vectors and that any unit vector in Cl,, is in im(¢,).

Let v = ) . v;e; be a unit vector in R4, ie. g(v,v) = £1. Then we have

that
Plp(v) = Z?JﬂEi =7 (Z Uz‘Ei) :

) %

But + is obviously a product of unit vectors and ), v;e; is a unit vector since

g (Z v B, Z%E) = —g(v,v) = FL.
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Thus ¢(v) is a product of unit vectors and so is in Pin(q, p).

Finally, to see that any unit vector in Pin(q,p) is in im(¢,), we first consider

¢|,(7") where 7' = [["*{e;. Since vy and E; anti-commute by and 2 =1

by we have

p+q

l,(v) = [[E:
=1

pt+q

_ (_1)(p+q)/2vp+q H E;

i=1
pt+q

= (—1)P+o/2 HEz
i=1

where the third equality follows from the fact that 7?*7 = 1 since p + ¢ =
p—q+2qis even. Now let uw =), u;E; be a unit vector in Pin(q, p). Then
u =), ue; € Pin(p,q) (since g = —g) and

Alp(Y'v') = dlp(v)(u)
=+ Z uvE;

= Fu. Z

]

Theorem 2.2. Ifp—q =1 or 3 (mod 4) then Cl,, % Cl,, and Pin(p,q) %
Pin(q,p).

Proof. Note that we need only prove this when p — ¢ = 1 (mod 4). For say
it holds for p — ¢ = 1 (mod 4) and we have that p — ¢ = 3 (mod 4). Then
¢ —p =1 (mod 4) so that Cl,, # Cl,,.

Let p—q = 1 (mod 4). Then ¢ — p = 3 (mod 4). We also have that
p+q=p—q+ 2qis odd since p — ¢ is odd. Thus p + ¢ is congruent to
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either 1 or 3 modulo 4. In either case, we have that (p + ¢)? = 1 (mod 4)
so that (p+ ¢)? + ¢ — p = 0 (mod 4). Thus from (3)) we have that v* = 1,
where 7 is the pseudoscalar in C1,,. However, (p+¢)* +p— ¢ =2 (mod 4)
so that the pseudoscalar 7" in Cl,, squares to -1. Since p + ¢ is odd, we see
from (4)) that v € Z(Cl,,) and ¥ € Z(Cl,,). Additionally, it is not hard to
see that Z(Cl,,) = {a+ by : a,b € R} and Z(Cl,,) = {a+ b0y : a,b € R}
However, these centers are certainly not isomorphic since the latter contains
an element (7') which squares to -1 but the former does not. Since the cen-
ters are not isomorphic, neither are the algebras. The same argument works
to show that Pin(p,q) ¥ Pin(q,p) since Z(Pin(p,q)) = {v,—7,1,—1} and

Z(Pin(q,p)) = {7, -, 1,-1}. 0

For the last case, p— ¢ = 2 (mod 4), there seems to be no natural argument
and we are forced to appeal to representations of Clifford algebras. By Bott
periodicity, we can know the type (R, C, or H) of a Clifford algebra by know-
ing the types of Cl,, for 0 < p, ¢ < 8. Such tables can be found throughout
the literature [3] and [2]. There we see that the types for Cl,, and Cl,, are
indeed different if p — ¢ = 2 (mod 4). The question now becomes how do
we know, for example, that R[4] % H[2]? After all, they are isomorphic as
(real) vector spaces. To show that they are not isomorphic as algebras, we
consider minimal left ideals.

Since the product of a matrix with a rank one matrix has rank at most one,
any minimal left ideal of F[n| is generated by one rank one matrix. Let [
be the ideal generated by the rank one matrix M and let v be a non-zero
column vector of M. We claim that the map AM +— Av gives a vector space
isomorphism from I to F". Clearly the map is linear and it is surjective since
for any non-zero vector w € F", there exists a matrix A such that Av = w.
To see that it is injective, suppose that Av = 0. Since M has rank one, all
column vectors are multiples of v. Thus A maps each column vector to 0, so
that AM = 0. Since [ is isomorphic to F", any minimal left ideal has real
dimension n dimg [F.

Now suppose that [Fy[n| and Fy[m] have the same real dimension. Then
n? dimp F; = m? dimg Fy. If they are isomorphic then their minimal left ide-
als must also be isomorphic and, in particular, must have the same dimension.
Therefore we must also have that n dimg F; = m dimg Fy. Dividing these two
equations gives n = m which further implies that dimg F; = dimg F5. Since
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F; is either R, C, or H, we must have that F; = IF,.

This shows that for p — ¢ = 2 (mod 4), Cl,, # Cl,,, but what about the
Pin groups? Since Cl, , is isomorphic to a matrix algebra, Pin(p, ¢) must be
isomorphic to a group that is a subset of the matrix algebra. Since Pin(p, q)
contains all of the generators for the algebra, if it were isomorphic to Pin(q, p)
then we could represent Cl,, and Cl,, on the same space. However, since
Cl,, and Cl, , have the same dimensions, it would then follow that they are
isomorphic.

3 Bilinear Forms on Spinors

Bilinear forms on spinors are discussed in [2] but from a different perspective.
Our approach is to look for bilinear forms on the space of spinors, S, such
that vectors are self-adjoint, up to sign. That is, a bilinear function (-,-) :
S xS — R such that

(¢, 09) = £(vo, ¥) (6)
for all v € RP4, ¢,1p € S. The form can be represented as (¢,1) — ¢ A,
where A € Cl,,. The condition (6] then becomes
Av = +u'A

for all v € R?4. If 1 < i < pthen el = ¢ and if p+1 < i < p+ ¢ then
T_

e; = —e;. Therefore we must have that
+e;, A i1 <i<p
A€Z‘ = X . .
Fe A ifp+1<i<p+q
Put

A= Z A]@[.

IC{1.2,....p+q}

Since e; either commutes or anti-commutes with each ey, if A; # 0 then we
must have that

teer f1<1<p
ere; = . .
! Feier ifp+1<i<p+q
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It follows that if A; # 0 then e; must be either ejes ... e, Or €p11€p19 ... €ptq.
Thus A is, up to scale, either ejey...e, or epri€pia. .. €14 We denote the
former element by v, and the latter by v,. We define two real bilinear forms

(6,9)4 = Re(¢T 1)
(6,9)- = Re(¢'40)).
We see that

o= (erea...ep)(e1es. .. ep) = (—1)PHE=2T ARl o2 — (—1)pp- D)/

and, similarly,
1 = (FDIA = = (-1

Thus (-, ) is symmetric if p = 0 or 1 (mod 4) and anti-symmetric if p = 2 or
3 (mod 4) and (-, -)_ is symmetric if ¢ = 0 or 3 (mod 4) and anti-symmetric
if p=1or 2 (mod 4).

Given any vector v € RP? we can put v = vy+v_, with vy € span{ey,eq,...e,}
and v_ € span{epi1,€pi2, ..., €prqt. We then have

(¢, v90) 1 = ¢lyp(vy + v )
= T ((=1)" vy + (=10 )0
= o ((=D)P ol + (1P o)y
= (=1 (v, 1)+ (7)

A similar calculation yields

(@, v)- = (=1)"(ve, ¥)—. (8)
Recall that the action of the Pin and Spin groups on vectors preserves the

metric. We also see that the action of the pin and spin groups on spinors
(which is just left multiplication) preserves (-, -)+ up to sign:

(U(b, uw)i = j:(¢7 w)i>

for all u € Pin(p,q),¢,¢» € S. This is evident from (7)), (§), and the fact
that for u € Pin(p,q),ut = +1. We can define a subgroup Pin(p,q) of

Pin(p,q) by

Pini(p,q) = {u € Pin(p,q) : uu = 1}.
Then we see that the action of Pin, (p,q) on spinors preserves (-, ), if p is
odd and preserves (-, -)_ if ¢ is even. Furthermore, Spin. (p,q) = Pin,(p,q)N
Spin(p, q) always preserves (-, ).
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3.1 Relations Between Spinors and Forms

Denote the exterior algebra on R»? by A(RP?). The metric g on RP? induces
a metric on A(RP9) by

g(€i iy ... €i €51 €5y .. €5 ) = H g(ei, . e;,).

=71

We can use the bilinear forms to associate an element v in the dual space of
A(RP?) with spinors ¢, ¢ by

v(u) = (¢, uh)x,u € A(RPY).

Since the metric provides an identification of forms with dual forms, we
can associate two spinors with an element of A(RP9). Denote the k-form
associated to the spinors ¢, using (-,-)+ by v%. Under this identification,
the component of vf along e;; Aey, A...Ae;, is (¢, e 6, ... e,0)+ and

g(vh k) = Z €ironin (B, €4y . €3, 0)°

1<ir<...<ip<p+q

where
_ _ 2 2
Cipin = 9(€iy - Cips €iy oo €5y) = €5 L5

3.2 Identities

Upon playing around with these constructions in certain dimensions, we
found some identities relating the norms of various forms associated with
spinors. We then used the scripting language Python and Mathematica to
search for similar identities in general. The identities resemble some of the
Fierz identities, as seen in the context of Clifford algebras, for example, in [2].

We use a Monte-Carlo method whereby we created random spinors and saw if
there were any identities which held in those special cases. We then checked
those to see if they held in general. We first give the cases when the Clifford
algebra is isomorphic to a real matrix algebra.
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3.2.1 Real Clifford algebras

We first consider the real corner algebras (non-universal Clifford algebras
where v = £1) up to dimension 13, from which we can derive identities in
the subordinate algebras. Recall that for corner algebras 7, = £, so that

there is only one bilinear form, which we denote by (-,-). We denote the

k — form which acts on a k — form u as (¢, u1)) as v*.

® Cl3722

29(v,v) + g(?}2,?}2) =0
—(6,9)* +g(v,v) =0

[ J Cl473 and Ol()jf

39(v,v) + g(v*,v?) =0
—7(¢, ) +4g(v,v) — g(v*,0*) =0
7(¢,0)(¥,9) + 3g(v,v) + g(v*,v%) =0

[ ] Clg,(), Cl5’4, and Cll’gi

28¢(v,v) + 7g(v*,v?) — 3g(v*,v*) — 2g(v*, v*) =0
—6(0, )% + 6g(v,v) + g(v*,v?) — g(v*,0?) =
—24(0, 0) (¥, %) + 24g(v,v) + Tg(v*,v*) — g(v°

S~—

Q
<
<

® Cll()’l, 016,57 and Clz}gi

—5(¢,9)* + 5g(v, v) + g(v*,v*) — 9(v3 vg) =0
759(v,v) + 21g(v?, v?) — 16g(v?, v*) — ( U )
159(v,v) + 3g(v?, v?) — 2g9(v*, v*) — g(v*, ) =

18



L] Cl1172, 01776, and 0137102

30g(v, v) + 5g(v*, v*) = 5g(v”, v%) — 2g(v*, v*) =
60g(v,v) + 21g(v*, v?) — 21g(v?,v*) — ( U5)
32g(v,v) + 9g(v?,v*) — Tg(v*,v*) + g(v°,0°) =
—4(,¥)* + 4g(v,v) + g(v*,v%) — g(v*,0*) =0

From the identities on corner algebras, we can get identities on the subor-
dinate algebras. Consider the corner algebra Cl,,, generated by {e;|1 <
i < p+q}. To pass to Cl,,_1 we use generators {E;|1 < i < p+q— 1}
where F; = e¢;. Letting v be the pseudoscalar in Cl,,_1, we have that
v = +epy4. Denote by g the metric on Cl,,,, g the metric on Cl,, 1, v* the
form (¢,) € A¥(RP9), and v% the form (¢, ())+ € A¥(RP471). Note that
(+,-)+ = (-, ) since the v, of the two algebras are the same.

Define
_ _ 2 2
€irpnix = G(€iy - Cipy €y €y ) = €5 €

€rroim = G(Eiy ... B By .. By ) =E. ... E .
Then we have

g(v® o) = Z €ir,i (D5 €y - - €0, 0)?

1<ii<...<ip<p+q

= > €ir,in (0 Eiy - By )t + > €irysin_1pra (0 Vi, -

1<y <...<ip <p+g—1 1<i1 <. <ig 1 <p+q—1
_ 2 _
= Z eil,...,ik (¢7 Eil e E’Lkd})-f - Z €i1,...,ik,1 (¢7 E
1<ir<..<ip<p+q—1 1<i1 <. <ip_1 <p+q—1
— k k—1 k-1
= g, o) — gt ot ). (9)

A similar argument yields the following equation for passing from CI, , to
Clp—lvq
g(v*, ") = g (v W) + g o). (10)

Using @D and we get the following identities
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Cl3712

—2(¢, ) +29(v4,v4) — g(v_,v-) + g(v?,v}) = 0

_<¢7 ¢)3— - (¢7 w)Z— + g(UJra U+) =0.

012,22

2(¢, ) + gy, v4) +2g(v-,v-) + g(v?,02) = 0

(6, 0)2 — (6, )% + g(v_,v_) =0.

01472 and Cloﬁi

=3(6,9)2 +3g(vy, v3) — glv_,v_) + g(v},v]) =0
—T(¢,9)F — 4(,¥)2 + 4g(vy,vy) + g7, v2) — g(v},v]) =0

7(¢7 ¢>+(¢a ¢)+ - 3(¢a ’QZ))2_ + 39(v+7 'U+) - g(’UE, 'Uz) + g(Ui, US) =0.

013732

3(¢, )% + g(vy, vy) +3g(v,v-) + g(v2,02) =0
4, 0)% = T(, )2 +4g(v_,v-) — g(v],v]) — g(v?,0%) =0

3(d, )% + T(h, 0)— (1, ) + 3g(v_,v_) + g(v,07) + g(v®,v*) = 0.
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o Cl573 and Cl1772

—28(¢, ¢)? + 28g(vy, vy) — Tg(v_,v_) + Tg(v?, v?) 4+ 3g(v”, v? ) —
3g(U+,U+) +29(U3,U )+ g(er?UJr) O

—6(, )% — 6(0,1)> + 6g(vy,vy) — glo_,v_) + g(v,v1) + g(v?,0%) — g(v,0}) =0

2106, 010 0) =246 + gl v4) = Talv-.)+
79(”3—»“4—) +9( - 2) —g(v+,v+) 0.

® Clg,o, Cl4,4, and Clo’gi

28(, )% + Tg(vy,v4) + 28g(v—,v_) — 3g(v,v2) + Tg(v2,v2)
—2g(v3,v3) — 3g(v?, 07 ) — 2g(v?,v1) =0

6(,10)% — 6(,1)2 + g(vs,v4) 4+ 6g(v_,v_) — g(v],v7) + g(v?,v2) — g(v*,v*) =0

_24(¢7 ¢)7(¢,¢)7 + 24(¢7 w) + 7g('U+,U+> + 249(10*?1)*)
—g(v,v3) + Tg(v2,v2) — g2, v?) = 0.

[ ] Cllo’(), Cl674, and Cl2781

—5(0, )% — 5(0,¥)> + 5g(vy,vy) — gloo,v_) + g(vh,01) + g(v?,0%) — g(v®, 0% ) = 0

—75(¢, )% + 75g(vy,vy) — 21g(v_,v_) + 219(1&, vi) + 16g(v?,v*)
—16g(v3,v3) + 5g(vt,vl) — bg(v?,v2) =0

—15(¢, )2 + 15g(vy, vy) = 3g(v_,v-) + 3g(v3,v7) + 2g9(v2, v?)
—2g(v+,v+) +g(v?,0v?) — g(v+, v+) 0.
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o Cl971, Cl575, and CZLQ:

5(0, )% = 5(¢,¥)2 + g(vy, vy) + Bg(v_,v_) — g(v,v7) + g(v*,v%) — g(v*, 0% ) =0

75(¢, )% + 21g(vy,v4) 4 T5g(v_, v_) — 169 (v, v3) + 21g(v*, v?)
_169(1}371}3) - 5g('Ui,Ui) - 59('057'05) =0

15(6,9)2 + 3g(vs, v1) + 15g(v_, v_) — 2g(v2,v%) + 3g(v%,v2)

—g(v},v}) = 29(v* 0?) — g(vt,0?) = 0.

® Clll,la 01775, and Clg}gi

—30(6, )2 + 30g(0, 04) — 5g(v_,v_) + 5g(e2,v2) + 5g(v?, %)
—5g(v3,v2) +2g(v*,v?) — 2g(v},v1) =0

—60(¢,1)% + 60g(vy,vy) — 21g(v—,v_) + 21g(v3, v3) + 21g(v2, v?)
_219(1)34 Ui) + 49(7}%7 Ui) - 49(”34 U+5) =0

—32(¢,¥)% + 32g(v4,v4) — 9g(v_,v_) + 9g(v3, v3) + Tg(v?, v )—
79(”3—7 Us) - g(via Ui) + g(Uﬁ_,Ui) =0

_4(¢7 ¢)3— - 4(¢7 ¢)2— + 4g(v+,v+) - g(U_,U_) + g(Ui,Ui) +g('U3,’U3) - g(’Ui,’Ui) = 0.
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L] Cl1072, CZG,Ga and 0127102

30(6,v) +5g(vy,v4) +30g(v-, v-) = 5g(v}, v3) +5g(v?,0%)
—2g(v2,v3) — 5g(v? ,v?) — 2g(v?,01) =0

60(¢7 1?)1 + 219(U+, U+) + GOQ(U—7 ) - 219(?}3_, ’Ui) + 219(”0%, ’Ui)
—21g(v?,v*) —4g(v],v}) — 4g(v”,07) = 0

32(¢, ¥)% + 9g(v, vy) + 32g(v—, v_) — Tg(v3,v7) + 9g(v” , v?)
=Tg(v2,v2) + g(vl,v]) + g(v2,02) =0

Ap, )5 — 4, ¥)* + glvg, vye) +4g(v_,v_) — g(v7, %) + g(v? ,0?) — g(v* 07

Since (-, )4 is symmetric if p = 0 or 1 (mod 4) and anti-symmetric otherwise,
we have that

(6.9)4 = (=1PFI2 (), ¢)..

Similarly, since (-, -)_ is symmetric if ¢ = 0 or 3 (mod 4) and anti-symmetric
otherwise, we can write

ww> = (-7, 9)_.
Combining this with (7)) and . we can find the conditions under which
v¥ # 0 when ¢ = w(fork:>0)
(¢7 €iy -+ Ciy, ) ( )k(p—i—l)( €i1¢a ¢)+
1)

( k(p+1)+k(k— 1)/2(@141 €D, ¢)+

_ (_1)k(p+1)+k(k 1)/2+p(p+3)/2(¢’ e .. €ik¢)+

Thus for v¥ to be nonzero it is necessary to have k(p + 1) + k(k — 1)/2 +
p(p+3)/2 =0 (mod 2). This is equivalent to

(k+p)*>—p+k=0 (mod 4).

A similar calculation shows that for v* to be nonzero we need
(k+q)* +q— k=0 (mod 4).

Therefore many of the terms in the above identities vanish when we specialize

to the case where ¢ = 1. The simplified identities for corner algebras are:
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Cl3722
g(v*,v*) =0

Cl4’3 and Cl(]ji
7(¢,0)" + g(v*,v%) =0

Clg,(), Cl5,4, and Cll’gi

14g(v,v) — g(v*,v*) =0
—(¢,¢) + g(v,v) =0

011071, Cl675, and Cl2791

59(v,v) + g(v*,v*) =0
759(v,v) + 21g(v*, v?) — 5g(v°,v°) = 0

Cly1, Clrg, and Cls 10:

g(UQ,U2) - g(U37U3> =0
99(v*,v*) = Tg(v*,v°) + g(v°,0%) = 0

and for subordinate algebras are:

[} Cl3712
g(’U_,U_> - g(’l]i,?]i) =0
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Clgygi
9oy, vy) +9(0*,0%) =0

Cl472 and 010,6:
_7(¢7 d))i + g(U%,’Uz) - g(viﬂ]i) =0

Cl3732
(0, 0)% + g(vi,01) + g(v*,0*) =0

Cl573 and Oll 7

~28(6, )2 + 1g(vy, v4) + g(v*,0%) + g(v},v1) = 0
(6, 0)% + (6, 0)2 — g(v+,v+) =0

Clgyg, Cl474, and Cl078:

14(¢, ¢)7 + 14g(v_,v_) — g(v?,v}) — g(v?,v1) =0
(¢,0)3 — (¢, ¢)2 +g(v_,v_) =0

011070, Cl6 4, and Clg 8-

—5(¢,0)% + 5g(vy,vy) — g(v_,v) + g(v,v}) =0
—T75(¢,¢)* + Thg(v4, vy) — 21g(v_,v_) + 21g(v},v7) + Bg(v?, v!) — Bg(v},v]) =0

Cl‘g,l, Cl575, and CngI

5(¢,9)% + g(v4,v4) + 5g(v_,v )+g(v v

2)=0
75(¢7 (b)i + 219(U+7 U+) + 759(1}*7 U*) + 219(1}—7 v ) 5 ( jlr i) - 59(1}27 Ui) = 0
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o Cl1171, 01775, and 013792

gv_,v_) = g(v3, vi)—g(2 v2) +g(vi,v}) =0

—9g(v-,v-) +9g(vi,v}) + Tg(v2,v2) = Tg(v,v}) — g(v2,02) + g(vl,0f) =

o 0510,2, CZ6,6a and 012,103

g(vy,vy) _9(U+=U+)+9( 3)—9(1)?1 3) =0

99(vy,vy) = Tg(v,v3) + 9g(v?,02) — 7g(v v2) 4 g(vl,vl) + g(vl,08) =

3.2.2 Quaternionic Clifford algebras

We consider first the quaternionic corner algebras, from which we can deduce
identities in the subordinate algebras using the same argument as the previ-
ous section. Recall that if we have a representation of C1,, on H", we can
get a representation on R". Given a type H corner algebra, C1, ,, we can find
generators for it using p+¢— 1 many generators from a type R corner algebra
in dimensions p+¢+2. By taking products of the three unused we generators,
we give a quaternionic structure on the spinors of Cl,, 4, i.e. three maps I, J, K
such that I? = J?> = K? = [JK = —1 by which we can define an action of H
on the space of spinors by (qo+ @11 +q2J + @3 K)o = @+ gl o+ qJ o+ g3 K .
Furthermore, these maps commute with C1,,. Lastly, this process is such
that it Ey,..., E,;, are generators for Cl,, then there is one of them, Ej,
such that Fy, ..., By, il jE;, kE; generate the type R algebra.

In this section e; and E; will be the generators, (+,-) and < -, - > the scalar
products, and g and g the metrics for type R and H algebras, respectively.
We denote the m-forms corresponding to ¢, [, ¢, Ji, and ¢, K¢ by w7,
Jp, and ko

Clygvia Clyo: By = ey, By = e5, and E3 = eqes. Note that since ejegezeses =
1, E3 is equal, up to sign, to ejeses. Quaternionic structure is given by
I = eje9, J = ezeq, and K = eze3. We see that eg = KFE3,e9 = JE3,e3 =
IE5,e4 = Ey,e5 = E;. We see that (where everything is modulo sign)

(0,0) = ¢'eaest) = ¢'Estp =< ¢, Estp > .
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Therefore
3 5

9(077}) = Z(¢7 eiw>2 - Z(¢> €i¢)2

i=1 i=4

=< o, I > P+ <, JY>P+ < d, Kp >2 — < ¢, Frip >2 — < ¢, Eop >2 |
Hence the identity —(¢,¢)? + g(v,v) = 0 becomes

<o, I >2 4+ < ¢, JY >2 4+ < ¢, Kip >? +g(v,v) = 0.
We have

g ) = Y (fieieh)’ + (deaest) — Y Y (feiejih)?

1<i<j<3 1<i<34<5<5
=< ¢, 1Bt >+ < ¢, JE3h) >% 4+ < ¢, KFEg1p > + < ¢, 1) >2
2
N (<6 IExp >+ < ¢, JEx) >* + < ¢, KEp >?)

i—1
So by the Cls 5 identity 2g(v,v) + g(v?,v?) = 0, we have that

2< P, I >242< ¢, JY ST 42 < ¢, Kip >2 =2 < ¢, By >2 =2 < ¢, Eytp >2
+ < ¢, IEs) >* 4+ < ¢, JEsh >% + < ¢, KEsip > + < ¢, 1) >>

2
=Y (< ¢ IEx) >* + < ¢, JEnp >* + < ¢, KE) >%) =0
i=1

By symmetry, the above equation must be valid if we permute FE;, F;, F,.
Thus we get three equations which, when added together, give

3< > 46 < ¢, I >2 46 < ¢, Jip > 46 < ¢, Kop > +
4g(v, v) + g('v,"v) + glv/ v) + g(*v,fv) = 0

If we go down to Clys then < ¢, >,=< ¢, > and < 9,9 >_=<
¢, E31p >. Hence

g(v,v) =< ¢, I >* + < ¢, JY >* + < ¢, Kyp >* —g(v,v)

g(v}v?) =< ¢, [ >2 +<¢Jw> + < ¢, K >3 + < ¢, >2

—g(‘v,'v) = gCv) v) = g(*v,fv).
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Cl174 via Cl4732 El = 64,E2 = 65,E3 = 66,E4 = 67,E5 = 64656667,I =
e1ea,J = eze;, K = eges. Hence ey = KEs5,e0 = JE5,e3 = [FE5,eq4 =
Ei,e5 = Ey, e = B3, 67 = Ey.

For Cly 3 we take E, Es, E3, E4 and E5 becomes 7. Then (¢, ) = ¢'esegerth =
' EyE3Ey) =< ¢, >_. We have

4 7

g(v,v) =D (.e))* = > (6, ext))

i=1 =5
4

=<KW > + <o Iy >t + <o Iy >t + <O B> - ) <6 Eip >

=2

=< ¢, I > + < ¢, JY > + < ¢, K > +g(v_,v_)

and

4 7
g ) = D (eieid) + D (deed)? =D ) (¢, eenh)

1<i<j<4 5<i<j<T i=1 j=5

—< ¢, ) >2 + <, JY >2 + < ¢, Kp >2 + < ¢,y [E) >2 + < ¢,y JE) >2
4

+ < VKEW > + Y <o EiEpp >t = (< ¢ IEnp > + < ¢,7JEnp >2

2<i<j<4 =2
+ < ¢ KB > + < ¢, ErEp >2)
=< ¢, I > + < ¢, JY > + < ¢, Kb > +5('vy, vy) + g0vs 7 0y) + §(Foy Fog) +g(02 0?)

and

g(v®, %) =< ¢, ¢ >% +§(iv-f vo) + glo_Jvo) + g(Fv_F o)

+g(lvivl Ui) +g( U+7 ) +g<kv<2wk Ui) g(U+,U+>

4 Conclusion

In the area of bilinear forms on spinors, there is still much work to be done.
This includes identifying a pattern with the identities, studying the rela-
tionships between algebras of different type, and considering more general
expressions, like g(v, w) where v(u) = (¢, wp)+ and w(u) = (o, uf)+.
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